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·§≈§Ÿ≈— ‡∫◊ÈÕßµâπ
1. ≈‘¡‘µ ·≈–§«“¡µàÕ‡π◊ËÕß¢Õßøíß°å™—π

1.1 ≈‘¡‘µ¢Õßøíß°å™—π

 ”À√—∫øíß°å™—π y = f(x) „¥Ê ∑’Ë¡’‚¥‡¡π·≈–‡√π®å ‡ªìπ —∫‡™µ¢Õß‡™µ®”π«π®√‘ß :
1. ≈‘¡‘µ ấ“¬¢Õß f ∑’Ë a  §◊Õ §à“¢Õß f(x) ‡¡◊ËÕ x ¡’§à“‡¢â“„°≈â a ∑“ß´â“¬ ‡¢’¬π

·∑π¥â«¬ —≠≈—°…≥å 
  
lim

x a→ -
f(x)

2. ≈‘¡‘µ¢«“¢Õß f ∑’Ë a §◊Õ §à“¢Õß f(x) ‡¡◊ËÕ x ¡’§à“‡¢â“„°≈â a ∑“ß¢«“ ‡¢’¬π·∑π
¥â«¬ —≠≈—°…≥å 

  
lim

x a→ +
f(x)

➤ ∂â“ 
  
lim

x a→ -
f(x) = 

  
lim

x a→ +
f(x) = L ·≈â« ®–°≈à“«‰¥â«à“øíß°å™—π f ¡’≈‘¡‘µ‡∑à“°—∫ L

∑’Ë a ‡¢’¬π·∑π¥â«¬ —≠≈—°…≥å 
  
lim
x a→

f(x) = L

➤ ∂â“ 
  
lim

x a→ -
f(x) ≠ 

  
lim

x a→ +
f(x) ·≈â« ®–°≈à“«‰¥â«à“ øíß°å™—π f ‰¡à¡’≈‘¡‘µ∑’Ë a

µ—«Õ¬à“ß∑’Ë 1 °”Àπ¥ y = f(x) = x + 4 ®ßÀ“

1.
  
lim

x→3-
f(x) 2.

  
lim

x→3+
f(x) 3.

  
lim
x→3

f(x)

«‘∏’∑” æ‘®“√≥“®“°°√“ø

1

0-1-2-3-4-5 4321

2
3
4
5
6
7
8

Y

X

f(x)=x+4
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y = x + 6

1

0-5 5

2
3
4
5
6
7
8

9

Y

X

y=x2

1.  ®“°°√“ø®–‡ÀÁπ«à“ ‡¡◊ËÕ x ‡¢â“„°≈â 3 ∑“ß¥â“π´â“¬ §à“¢Õß f(x) = x + 4 ¡’
§à“‡æ‘Ë¡¢÷Èπ‡¢â“„°≈â 7
∴ 

  
lim

x→3-
f(x)  = 

  
lim

x→3-
(x + 4)  =  7

2. ®“°°√“ø®–‡ÀÁπ«à“ ‡¡◊ËÕ x ‡¢â“„°≈â 3 ∑“ß¥â“π¢«“ §à“¢Õß f(x) = x + 4 ¡’
§à“≈¥≈ß‡¢â“„°≈â 7
∴

  
lim

x→3+
f(x)  =

  
lim

x→3+
(x + 4) = 7

3. ∴
  
lim
x→3

f(x)  =  
  
lim
x→3

(x + 4) = 7

x2 ‡¡◊ËÕ x ≥ 3
µ—«Õ¬à“ß∑’Ë 2 °”Àπ¥ f(x) =

x + 6 ‡¡◊ËÕ x < 3

®ßÀ“  1.  
  
lim

x→3-
f(x) 2.

  
lim

x→3+
f(x) 3.

  
lim
x→3

f(x)

«‘∏’∑” æ‘®“√≥“®“°°√“ø

®“°°√“ø®–‰¥â«à“

1. ‡¡◊ËÕ x < 3 ®–‰¥â
  
lim

x→3-
f(x) =

  
lim

x→3-
f(x + 6) = 9

2. ‡¡◊ËÕ x ≥ 3 ®–‰¥â
  
lim

x→3+
f(x) =

  
lim

x→3+
x2 =  9

3.     
  
lim

x→3-
f(x)  =  

  
lim

x→3+
f(x)  ∴ 

  
lim
x→3

f(x)  =  9∴
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µ—«Õ¬à“ß∑’Ë 3 °”Àπ¥  f(x)  =  
  
| |x
x   ®ßÀ“

1.
  
lim

x→0-
f(x) 2.

  
lim

x→0+
f(x) 3.

  
lim
x→0

f(x)

-x ‡¡◊ËÕ x < 0
«‘∏’∑”  |x| =

x ‡¡◊ËÕ x > 0

-
  
x
x  = -1 ‡¡◊ËÕ x < 0

∴
  
| |x
x =

  
x
x  = 1 ‡¡◊ËÕ x > 0

1.
  
lim

x→0-
f(x) =

  
lim

x→0-   
| |x
x =

  
lim

x→0-
(-1) = - 1

2.
  
lim

x→0+
f(x) =

  
lim

x→0+   
| |x
x =

  
lim

x→0+
1 = 1

3.
  
lim

x→0-
f(x)  ≠ 

  
lim

x→0+
f(x)

∴
  
lim
x→0

f(x) À“‰¡à‰¥â

π—Ëπ§◊Õ øíß°å™—π f ‰¡à¡’≈‘¡‘µ∑’Ë x = 0

∑ƒ…Æ’∫∑‡°’Ë¬«°—∫≈‘¡‘µ¢Õßøíß°å™—π
‡¡◊ËÕ a, L1 ·≈– L2 ‡ªìπ®”π«π®√‘ß„¥Ê ∂â“ f ·≈– g ‡ªìπøíß°å™—π∑’Ë¡’‚¥‡¡π·≈–‡√π®å

‡ªìπ —∫‡´µ¢Õß‡´µ¢Õß®”π«π®√‘ß ‚¥¬∑’Ë 
  
lim
x a→

f(x) = L1 ·≈– 
  
lim
x a→

g(x) = L2

1.
  
lim
x a→

c  = c  ‡¡◊ËÕ  c ∈ R

2.
  
lim
x a→

x = a

3.
  
lim
x a→

xn =  an  ‡¡◊ËÕ  n ∈ I+

4.
  
lim
x a→

cf(x) =  c
  
lim
x a→

f(x) = cL1

5.
  
lim
x a→

(f(x) + g(x)) =
  
lim
x a→

 f(x) + 
  
lim
x a→

g(x) = L1 + L2

6.
  
lim
x a→

(f(x) - g(x)) =
  
lim
x a→

 f(x) - 
  
lim
x a→

g(x) = L1 - L2

7.
  
lim
x a→

(f(x) ⋅ g(x)) =
  
lim
x a→

 f(x) ⋅ 
  
lim
x a→

g(x) = L1 ⋅ L2

1

-1

0

Y

X

∴

∴

∴
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8.
  
lim
x a→   

f x
g x
( )
( )

⎡

⎣
⎢

⎤

⎦
⎥ =

  

x a
f x

x a
g x

→

→

lim ( )

lim ( )  =  
  

L
L

1
2
  ‡¡◊ËÕ  L2 ≠ 0

9.
  
lim
x a→

[f(x)]n =
  

lim ( )
x a

f x n

→( )  =   (L1)
n  ‡¡◊ËÕ n ∈ I+

10.
  
lim
x a→

 
  

f xn ( ) =
  

lim ( )
x a

f xn
→

 =  
  

Ln 1 ‡¡◊ËÕ n ∈ I+ ‚¥¬∑’Ë n ≥ 2 ·≈– 
  

Ln 1 ∈ R

µ—«Õ¬à“ß∑’Ë 4 ®ßÀ“  
  
lim

x→-1
 (x + 3)(x2 + 2)

«‘∏’∑”
  
lim

x→-1
 (x + 3)(x2 + 2)

=
  
lim

x→-1
 (x + 3) × 

  
lim

x→-1
(x2 + 2)

=   
lim lim

x
x

x→ →( )-1
+

-1
  3

  
lim lim

x
x

x→ →( )-1
 +

-1
  2

= ((-1) + 3) ((-1)2 + 2)

= 2 × 3  =  6

µ—«Õ¬à“ß∑’Ë 5 ®ßÀ“  
  
lim
x→1  

1- x
1- x

⎡

⎣
⎢

⎤

⎦
⎥

«‘∏’∑”
  
lim
x→1  

1- x
1- x

⎡

⎣
⎢

⎤

⎦
⎥ =

  
lim
x→1  

1 

   

- x
(1 + x (1- x) )

=
  
lim
x→1  

1 

 1 + x

=  
  

lim

lim
x

x

→

→

1
1

1

 

1 + x

 

  

=  
  

 
 + x

 

 

1

1
1

1
lim lim
x x→ →

=
  

 
 +

 

  

1
1 1  =  

  
1
2

2

∴

∴
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1. °”Àπ¥ f(x) = x ®ßÀ“

1)
  
lim

x→2-
f(x)

_____________________________________________________________

2)
  
lim

x→2+
f(x)

_____________________________________________________________

3) À“ 
  
lim
x→2

f(x) ‰¥âÀ√◊Õ‰¡à ‡æ√“–‡Àµÿ„¥ ·≈–∂â“À“‰¥â®–¡’§à“‡ªìπ‡∑à“‰√

_____________________________________________________________

_____________________________________________________________

_____________________________________________________________

2. °”Àπ¥ f(x) = x+2 ®ßÀ“

1)
  
lim

x→1-
f(x)

_____________________________________________________________

2)
  
lim

x→1+
f(x)

_____________________________________________________________

3) À“ 
  
lim
x→1

f(x) ‰¥âÀ√◊Õ‰¡à ‡æ√“–‡Àµÿ„¥ ·≈–∂â“À“‰¥â®–¡’§à“‡ªìπ‡∑à“‰√

_____________________________________________________________

_____________________________________________________________

_____________________________________________________________

3. °”Àπ¥ f(x) = 3-x ®ßÀ“

1)
  

lim
x→- -2

f(x)

_____________________________________________________________

2)
  

lim
x→-2+

f(x)

_____________________________________________________________

· ∫ ∫ Ωñ ° À— ¥ ∑’Ë  1.1
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3) À“ 
  

lim
x→-2f(x) ‰¥âÀ√◊Õ‰¡à ‡æ√“–‡Àµÿ„¥ ·≈–∂â“À“‰¥â®–¡’§à“‡ªìπ‡∑à“‰√

_____________________________________________________________

_____________________________________________________________

_____________________________________________________________

4. °”Àπ¥ f(x) = x2 ®ßÀ“

1)
  
lim

x→2-
f(x) ____________________________________________________

2)
  
lim

x→2+
f(x) ____________________________________________________

3) À“ 
  
lim
x→2

f(x) ‰¥âÀ√◊Õ‰¡à ‡æ√“–‡Àµÿ„¥ ·≈–∂â“À“‰¥â®–¡’§à“‡ªìπ‡∑à“‰√

_____________________________________________________________

_____________________________________________________________

_____________________________________________________________

5. °”Àπ¥ f(x) =   x  ®ßÀ“

1)
  
lim

x→4-
f(x) ____________________________________________________

2)
  

lim
x→4+

f(x) ____________________________________________________

3) À“ 
  
lim
x→4

f(x) ‰¥âÀ√◊Õ‰¡à ‡æ√“–‡Àµÿ„¥ ·≈–∂â“À“‰¥â®–¡’§à“‡ªìπ‡∑à“‰√

_____________________________________________________________

_____________________________________________________________

_____________________________________________________________

6. °”Àπ¥ f(x) = | x | ®ßÀ“

1)
  
lim

x→3-
f(x) ____________________________________________________

2)
  
lim

x→3+
f(x) ____________________________________________________

3) À“
  
lim
x→3

f(x) ‰¥âÀ√◊Õ‰¡à ‡æ√“–‡Àµÿ„¥ ·≈–∂â“À“‰¥â®–¡’§à“‡ªìπ‡∑à“‰√

_____________________________________________________________

_____________________________________________________________

_____________________________________________________________
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7. °”Àπ¥ f(x) = 
  
x2

  

  

- 4
x-2  ®ßÀ“

1)
  
lim

x→2-
f(x) ____________________________________________________

2)
  
lim

x→2+
f(x) ____________________________________________________

3) À“ 
  
lim
x→2

f(x) ‰¥âÀ√◊Õ‰¡à ‡æ√“–‡Àµÿ„¥ ·≈–∂â“À“‰¥â®–¡’§à“‡ªìπ‡∑à“‰√

_____________________________________________________________
_____________________________________________________________
_____________________________________________________________

8. °”Àπ¥ f(x) = 
  
| |x
x  ®ßÀ“

1)
  
lim

x→0-
f(x) ____________________________________________________

2)
  
lim

x→0+
f(x) ____________________________________________________

3) À“ 
  
lim
x→0

f(x) ‰¥âÀ√◊Õ‰¡à ‡æ√“–‡Àµÿ„¥ ·≈–∂â“À“‰¥â®–¡’§à“‡ªìπ‡∑à“‰√

_____________________________________________________________
_____________________________________________________________
_____________________________________________________________

x + 3 ‡¡◊ËÕ x ≤ 2
9. °”Àπ¥ f(x) = ®ßÀ“

5 ‡¡◊ËÕ x > 2

1)
  
lim

x→2-
f(x) ____________________________________________________

2)
  
lim

x→2+
f(x) ____________________________________________________

3) À“ 
  
lim
x→2

f(x) ‰¥âÀ√◊Õ‰¡à ‡æ√“–‡Àµÿ„¥ ·≈–∂â“À“‰¥â®–¡’§à“‡ªìπ‡∑à“‰√

_____________________________________________________________
_____________________________________________________________
_____________________________________________________________

x + 1 ‡¡◊ËÕ x ≤ 3
10. °”Àπ¥ f(x) =   ®ßÀ“

2 ‡¡◊ËÕ x > 3
1)

  
lim

x→3-
f(x) ____________________________________________________
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2)
  
lim

x→3+
f(x) ____________________________________________________

3) À“ 
  
lim
x→3

f(x) ‰¥âÀ√◊Õ‰¡à ‡æ√“–‡Àµÿ„¥ ·≈–∂â“À“‰¥â®–¡’§à“‡ªìπ‡∑à“‰√

_____________________________________________________________
_____________________________________________________________
_____________________________________________________________

11. °”Àπ¥ f(x) = 
  

( -3)
x-3

  

  

2x  ®ßÀ“

1)
  
lim

x→3-
f(x) ____________________________________________________

2)
  
lim

x→3+
f(x) ____________________________________________________

3) À“ 
  
lim
x→3

f(x) ‰¥âÀ√◊Õ‰¡à ‡æ√“–‡Àµÿ„¥ ·≈–∂â“À“‰¥â®–¡’§à“‡ªìπ‡∑à“‰√

_____________________________________________________________
_____________________________________________________________
_____________________________________________________________

x2   ‡¡◊ËÕ  x ≤ 2
12. °”Àπ¥ f(x) = ®ßÀ“

2x  ‡¡◊ËÕ  x > 2

1)
  
lim

x→2-
f(x) ____________________________________________________

2)
  
lim

x→2+
f(x) ____________________________________________________

3) À“ 
  
lim
x→2

f(x) ‰¥âÀ√◊Õ‰¡à ‡æ√“–‡Àµÿ„¥ ·≈–∂â“À“‰¥â®–¡’§à“‡ªìπ‡∑à“‰√

_____________________________________________________________
_____________________________________________________________

_____________________________________________________________

13. ®ßÀ“§à“¢Õß

1)
  
lim
x→2

(x) = _________________________________________________

2)
  
lim
x→5

x2 = _________________________________________________

3)
  
lim
x→4   x = _________________________________________________
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4)
  
lim
x→0

(x + 3) = ________________________________________

5)
  
lim
x→5

(x2 - 2x) = ________________________________________

6)
  
lim
x→3

(x2 - 5x + 10) = ________________________________________

7)
  
lim
x→1

(x + 2)(x + 3) = ________________________________________

8)
  
lim

x→-1  
x  

  

+
x +

3
2 = ________________________________________

9)
  

lim
x→-2   x2

    + 2x +5 = ________________________________________

10)
  
lim
x→2   

x  

  

-
x +

1
2 = ________________________________________

11)
  

lim
x→-5

(x + 1)2 = ________________________________________

12)
  
lim
x→0  

x x2 2  -
x = ________________________________________

13)
  

lim
x→-2   

x x2 2 8    

  

- -
x +2 = ________________________________________

14)
  
lim
x→2   

x2 4  

  

-
x- 2 = ________________________________________

15)
  
lim
x→2   

x3 8  

  

-
x- 2 = ________________________________________

16)
  
lim
x→1  

x
x

  

  

-
-

1
1 = ________________________________________

17)
  
lim
x→0  

x
x

    + -1 1 = ________________________________________

18)
  
lim
x→0  

x
x

    + - 24 = ________________________________________

19)
  
lim
x→8

 
  

x
x
   

  

-
-
8
23 = ________________________________________

20)
  
lim
x→4   

(2-
-

   

  

x
x

)
4 = ________________________________________

21)
  
lim
x→0  

x
x

     + 1-3 1 = ________________________________________
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1.2 §«“¡µàÕ‡π◊ËÕß¢Õßøíß°å™—π

∫∑π‘¬“¡ „Àâ a ‡ªìπ®”π«π®√‘ß„¥Ê øíß°å™—π f ‡ªìπøíß°å™—πµàÕ‡π◊ËÕß∑’Ë  x = a

‡¡◊ËÕøíß°å™—π f ¡’ ¡∫—µ‘¥—ßµàÕ‰ªπ’È

1.  À“ f(a) ‰¥â

2.  À“ 
  
lim
x a→

f(x) ‰¥â

3.  
  
lim
x a→

f(x)  =  f(a)

¥—ßπ—Èπ f ®–‡ªìπøíß°å™—πµàÕ‡π◊ËÕß∑’Ë x = a ‰¥â  ‡¡◊ËÕ¡’ ¡∫—µ‘§√∫∑—Èß 3 ¢âÕ ®–¢“¥ ¡∫—µ‘

¢âÕ„¥¢âÕÀπ÷Ëß‰¡à‰¥â

µ—«Õ¬à“ß∑’Ë 1 °”Àπ¥ f(x) = | x-2 | ®ßæ‘®“√≥“«à“øíß°å™—π f ‡ªìπøíß°å™—πµàÕ‡π◊ËÕß∑’Ë x = 2
À√◊Õ‰¡à

x - 2 ‡¡◊ËÕ  x ≥ 2
«‘∏’∑” f(x) =

-x + 2 ‡¡◊ËÕ x < 2

1. f(2)  =  |2 - 2|  =  0

2.
  
lim

x→2-
f(x)  = 

  
lim

x→2-
(-x + 2)  =  0

     
  
lim

x→2+
f(x)  = 

  
lim

x→2+
(x - 2)   =  0

∴  
  
lim
x→2

f(x)  =  0

 3.       
  
lim
x→2

f(x)  =  f(2)  =  0

¥—ßπ—Èπ  f  ‡ªìπøíß°å™—πµàÕ‡π◊ËÕß∑’Ë  x  =  2

µ—«Õ¬à“ß∑’Ë 2 °”Àπ¥  f(x) = 
  
| |x
x  ®ßæ‘®“√≥“«à“ f ‡ªìπøíß°å™—πµàÕ‡π◊ËÕß∑’Ë x = 0 À√◊Õ‰¡à

-
  
x
x   =  -1 ‡¡◊ËÕ  x < 0

«‘∏’∑” f(x)  =   
  
| |x
x   =

 
  
x
x   =  1 ‡¡◊ËÕ x > 0

∴
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1. f(0) À“§à“‰¡à‰¥â

2.
  
lim

x→0-
f(x)  =  -1

  
lim

x→0+
f(x)  =  1

  
lim

x→0-
f(x)  ≠ 

  
lim

x→0+
f(x)

∴
  
lim
x→0

f(x)  À“§à“‰¡à‰¥â

¥—ßπ—Èπ  f ‡ªìπøíß°å™—π‰¡àµàÕ‡π◊ËÕß∑’Ë  x  =  0

µ—«Õ¬à“ß∑’Ë 3 °”Àπ¥ f(x) = 
  
x2

    

  

- x- 6
x-3  ®ßæ‘®“√≥“«à“ f ‡ªìπøíß°å™—πµàÕ‡π◊ËÕß∑’Ë x = 3 À√◊Õ‰¡à

«‘∏’∑” f(x)  =  
  
x2

    

  

- x- 6
x-3

1. f(3) =  
  
3 3

3
3

    

  

- - 6
-3 =

  
0
0  À“§à“‰¡à‰¥â

2.
  
lim
x→3

f(x) =
  
lim
x→3

 
  
x2

    

  

- x- 6
x-3

=
  
lim
x→3

 
  

( )( )x x
x

     

  

- +
-3

3 2

=
  
lim
x→3

 (x + 2)  =  5

∴  
  
lim
x→3

f(x)  À“§à“‰¥â

¥—ßπ—Èπ  f ‡ªìπøíß°å™—π‰¡àµàÕ‡π◊ËÕß∑’Ë x = 3

1. °”Àπ¥ f(x) = x + 5 ®–æ‘®“√≥“«à“ f ‡ªìπøíß°å™—πµàÕ‡π◊ËÕß∑’Ë x = -5 À√◊Õ‰¡à
__________________________________________________________________
__________________________________________________________________
__________________________________________________________________
__________________________________________________________________
__________________________________________________________________
__________________________________________________________________

· ∫ ∫ Ωñ ° À— ¥ ∑’Ë  1.2
∴


