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คํานํา 
 วิชา ทฤษฎีจํานวน มีความสําคัญในการศึกษาคณิตศาสตร์ทั้งคณิตศาสตร์บริสุทธิ์และคณิตศาสตร์ประยุกต์หลาย
สาขา มหาวทิยาลัยหลายแห่งจัดให้เป็นวิชาบังคับในการเรยีนระดับปริญญาตรี สําหรับนักเรียนท่ีต้องการเป็นตัวแทน
ประเทศไทยเพื่อสอบคณิตศาสตร์โอลิมปิกระหว่างประเทศ (IMO) ต้องถือว่าวิชาทฤษฎีจํานวนเป็นวิชาบังคับที่ต้องรู้
เป็นอย่างยิ่ง เนื่องจากข้อสอบคัดเลือก IMO ต้ังแต่รอบแรกของประเทศไทยผู้ออกข้อสอบต้องออกข้อสอบทฤษฎี
จํานวนแน่นอน จนกระทั้งนักเรียนได้เป็นตัวแทนของประเทศไทยในการสอบคณิตศาสตร์โอลิมปิกระหว่างประเทศ 
(IMO) ข้อสอบท่ีแข่งขันกันยังต้องออกเน้ือหาทฤษฎีจํานวน เพราะฉะนั้นมีความจําเป็นอย่างยิ่งสําหรับนักเรยีนท่ี
ต้องการเป็นตัวแทนประเทศไทยเพ่ือเข้าสอบคณิตศาสตร์โอลิมปิกระหว่างประเทศทุกคนต้องมีความรูท้ฤษฎีจํานวน  
 หนังสือ โลกทฤษฎีจํานวน เล่มนี้รวบรวมเนื้อหาของทฤษฎีจํานวนท่ีสําคัญสามารถใชเ้ป็นตําราประกอบการเรียน
การสอนวิชาทฤษฎีจํานวนในระดับปริญญาตรีได้ สําหรับนักเรียนท่ีต้องการเป็นตัวแทนประเทศไทยเพ่ือสอบ
คณิตศาสตร์โอลิมปิกระหว่างประเทศ สามารถใช้เป็นหนังสือเล่มนี้เป็นตําราเพ่ือศึกษาเน้ือหาของทฤษฎีจํานวนเพ่ือ
เตรียมสอบได้ 
 เน้ือหาภายในเล่มมี บทนิยาม ทฤษฎบีท ตัวอย่าง และ แบบฝึกหัดที่มีเฉลยทุกข้อเพ่ือประโยชน์ในการเตรยีมสอบ 
โดยมีเนื้อหาที่สําคัญเช่น 

● หลักอุปนัยเชิงคณิตศาสตร์ การหารลงตัว ข้ันตอนวิธีการหาร 
● ตัวหารรว่มมาก ตัวคูณร่วมน้อย จํานวนเฉพาะ ทฤษฎีบทหลักมูลของเลขคณิต  
● ลงรอย สมการลงรอย  
● ฟังก์ชันเลขคณิต ฟังก์ชันแยกคูณ ฟังก์ชันพ้ืน ฟังก์ชันเพดาน ฟังก์ชันเลอจองด์ 
● สมการไดโอแฟนไทน์เชิงเส้น 
● ทฤษฎีบทเศษเหลือของจีน 
● Gauss's theorem, Wilson's theorem, Euler's theorem 
● Fermat's theorem, Fermat's little theorem 
● รากปฐมฐาน 
● จํานวนแฟร์มาต์ จํานวนแมร์เซน จํานวนสมบูรณ์ จํานวนฟิโบนักชี จํานวนสามเหล่ียม 

 สุดท้ายน้ีขอขอบคุณผู้อ่านทุกท่านท่ีติดตามผลงานคณิตศาสตร์ปรนัยมาโดยตลอด 
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ข้อตกลงเก่ียวกับสัญลักษณ์ 
Z  เซตของจํานวนเต็ม         Z   เซตของจํานวนเต็มบวก, เซตของจํานวนนับ 


 Z   เซตของจํานวนเต็มลบ        N  เซตของจํานวนเต็มบวก, เซตของจํานวนนับ 
0N  เซตของจํานวนเต็มบวกหรือศูนย ์     Q  เซตของจํานวนตรรก 
Q  เซตของจํานวนตรรกบวก       Q  เซตของจํานวนตรรกลบ 
0Q  เซตของจํานวนตรรกบวกหรือศูนย ์    R  เซตของจํานวนจริง 
R  เซตของจํานวนจริงบวก        R  เซตของจํานวนจริงลบ 
0R  เซตของจํานวนจริงบวกหรือศูนย ์     C  เซตของจํานวนเชิงซ้อน 

ให้ a เป็นจํานวนจริง 
Floor function  a  คือจํานวนเต็มค่ามากสุดที่น้อยกว่าหรือเท่ากับ a เช่น  2.4  = 2 
Ceiling function  a   คือจํานวนเต็มค่าน้อยสุดที่มากกว่าหรือเท่ากับ a เช่น  2.4  = 3 
Fractional part function { a } = a –  a  
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1.1 
 (Z, +,  )  ( Z )  ( + )

 (  ) 

1.  a, b  Z  a + b  Z ( )

2.  a, b  Z  a + b = b + a ( )

3.  a, b, c  Z  (a + b) + c = a + (b + c) ( )

4.  0  Z  a + 0 = a = 0 + a  a  Z ( )

5.  a  Z  -a  Z  a + (-a) = 0 = (-a) + a ( )

 a  b  ab

6.  a, b  Z  ab  Z ( )

7.  a, b  Z  ab = ba ( )

8.  a, b, c  Z  (ab)c = a(bc) ( )

9.  1  Z  a  1 = a = 1  a  a  Z ( )

10.  a, b, c  Z  a(b + c) = ab + ac  (a + b)c = ac + bc ( )

1.2  ( Well ordering principle )
 1.2.1  S  N  S    x  S  x  a  a  S

 N   N  1

  S  N  S     x  S  x = min(S)
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 1.2.2  0  1

  T = { a  Z  0  a  1 }

 T   ... (1)

 T   m  T ... (2)

 m  a  a  T  m  T  0  m  1

 0  m  1  m  0  2m   m ... (3)

 0  2m   m  0  m  1  0  2m   1  2m   T

 2m   T  (3) 0  2m   m  (2)  (1) 

 T =   0  1

 1.2.3  (Archimedean property)

 a, b  n  an  b

  “  a, b  n  an  b ” ... (1)

 a, b  n  an  b

 b - an  0 ... (2)

 S = { b - ax  x  N  b - ax  0  }  S  N

 (2)  b - an  S  S  

 S  N  S  

 S   m  S ... (3)

 k  m = b - ak ... (4)

 S = { b - ax  x  N  b - ax  0  }  k + 1  N

 b - (k + 1)a  N ... (5)

 (b - (k + 1)a) - (b - ak) = -a  a 

 (b - (k + 1)a) - (b - ak)  0  b - (k + 1)a  b - ak

 m = b - ak  b - (k + 1)a  m ... (6)

 (3), (5)  (6)  m  S

 (1) 

 a, b  n  an  b

1.3  ( Principle of mathematical induction )
 P(n)  n

 P(n) 

 1 (1) P(1) 

(2)  P(k)   k  1  P(k + 1) 

 P(n)   n  N
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 2  m  m  1

(1) P(m) 

(2)  P(k)   k  m  P(k + 1) 

 P(n)   n = m, m + 1, m + 2, ...

 3 (1) P(1) 

(2)  P(k)   k  n  P(n) 

 P(n)   n  N

 4  (Principle of strong mathematical induction)

 m  m  1

(1) P(m) 

(2)  P(m), P(m + 1), ... , P(k)   k  m  P(k + 1) 

 P(n)   n  m

 1.3.1  
21

1  + 
32

1  + 
43

1  + ... + )1n(n
1  = 1n

n   n  N

  P(n)  “ 
21

1  + 
32

1  + 
43

1  + ... + )1n(n
1  = 1n

n  ”

(1)  P(1) 

 11
1  = 

2
1  = 21

1   P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1

 
21

1  + 
32

1  + 
43

1  + ... + 
)1k(k

1  = 
1k

k   )2k)(1k(
1  

21
1  + 

32
1  + 

43
1  + ... + 

)1k(k
1  + )2k)(1k(

1  = 
1k

k  + )2k)(1k(
1

= 
1k

k (k + 
2k

k ) = 
1k

k (
2k

1k2k2
) = 

)2k)(1k(
)1k( 2

 = 
1)1k(

)1k(

 P(k + 1)    P(n)   n  N

 
21

1  + 
32

1  + 
43

1  + 
54

1  + ... + )1n(n
1  = 1n

n   n  N 

 1.3.2  n2   n!  n  4

  P(n)  “ n2   n! ”

(1)  P(4) 

 42  = 16  24 = 4!  P(4) 

(2)   P(k)   k  4  P(k + 1) 

 P(k)   k  4  k2   k!  k  4 ... (1)

 1k2 = 2( k2 )

 (k + 1)( k2 ) (k  4)
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 (k + 1)(k!) (  (1))

= (k + 1)!

 P(k + 1)    P(n)   n  4

 n2   n!  n  4

 1.3.3  n  t  m  n = t2 m

 m  t 

  P(n)  “  n  t  m  n = t2 m

 m  t  ”

(1)  P(1) 

 1 = 02  1  t = 0  m = 1  1 = 02  1

 P(1) 

(2)   P(1), P(2), ... , P(n - 1)   n  1  P(n) 

 P(1), P(2), ... , P(n - 1)   n  1 ... (1)

 1 n 

 n = 02 n  t = 0  m = n  n = 02 n

 2 n 

 m  m  n  n = 2m  (1)  P(m) 

 r  k  m = r2 k  ... (2)

 k  r 

 n = 2m = 2( r2 k) = 1r2 k

 n = 1s2 g  g  s + 1 

 1r2 k = n = 1s2 g  1r2 k = 2m = 1s2 g  r2 k = m = s2 g ... (3)

 (2)  (3)  r = s  k = g  n 

 P(n) 

  P(n)   n  1 

1.4 

 1.4.1  a, b  b  0

b  a  (b divides a)   n  a = bn

 4  16, 2  16, 3  15

 1. b  a   b  a  b  a   b  a

2.  b  a  b    a  a    b

3.  x  0  x  0  0 
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 1.4.1  a, b, c  

1. a  a  1  a

2. a  b  a
b  

3. a  1  a =  1

4.  a  b  b  c  a  c

5.  a  b  c  d  ac  bd

6.  a  b  b  0   a    b 

7.  a  b  b  a  a =  b

8.  a  b  a  c  a  (bx + cy)  x  y

  a  b  a  c  a  (b + c)

9.  x  y  x  (y + z)  x  z (   x  y  x  (y - z)  x  z)

10.  x  y  y  0  x
y

  y

11.  z  0  (x  y  xz  yz)

 1.  a = 1  a  a  a

 a = 1  a  1  a

2.    a  b   x  b = ax

  x  x = a
b

 a
b  

 a  b  a
b  

3. ( )  a  1  x  1 = ax  1 =  ax  =  a   x 

  a  = 1   x  = 1  a = 1  a = -1

( )  a =  1  a = 1  a = -1  a  1

4.  a  b  b  c

 x, y  b = ax  c = by  c = (ax)y = a(xy)

 xy   a  c

5.  a  b  c  d

 x, y  b = ax  c = dy  bd = (ac)(xy)

 xy   ac  bd

6.  a  b  b  0

 c  b = ac
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 b  0  c  0   c   1 ... (1)

   b =  ac 

=  a   c 

  a  (1) (  (1))

=  a 

7.  a  b  b  a  a  0  b  0

 6   a    b    b    a    a  =  b   a =  b

8.  a  b  a  c  m, n  b = am  c = an

 x, y 

 bx = a(mx)  cy = a(ny)  bx + cy = a(mx + ny)  a  (bx + cy)

9.  x  y  x  (y + z)  8  x  ((y + z) + (-1)y)  x  z

10.  x  y  y  0

 z  y = xz  z  y  z = x
y

 z = x
y   z  y  x

y
  y

11.  z  0

( )  x  y

 m  y = mx  yz = m(xz)  xz  yz

( )  xz  yz

 m  yz = m(xz)

 z  0  y = mx  x  y

 1.4.2  (The division algorithm)

 a, b  b  0

 q  r  a = qb + r  0  r  b

 q   (quotient)  r   (remainder)

  1  q  b
a   u = b

a  - q

 b
a  = q + u, q  u  0  u  1

 b
a , q  u = b

a  - q  u 

 b
a  = q + u  a = bq + bu

 bu = a - bq

 bu 
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 r = bu

 r   b  0  0  u  1  0  bu  b

 r = bu  0  bu  b  0  r  b

 q  r  a = bq + r  0  r  b ... (1)

  q, r  a = bq + r  0  r  b

 q , r   a = bq  + r   0  r   b ... (2)

 0  r   b  -b  -r   0 ... (3)

 bq + r = a = bq  + r   -b  -r   0 ... (4)

 -b  -r   0  0  r  b  -b  r - r   b

 b  0  -b  r - r   b  -1  b
rr   1 ... (5)

 (4)    bq + r = a = bq  + r  bq  - bq = r - r

 q  - q = b
rr (b  0)

 -1  q  - q  1 (  (5))

 q  - q = 0 (q  - q )

 q  = q ... (6)

 (4) bq + r = a = bq  + r   (6) q  = q  r = r

 q, r  a = bq + r  0  r  b

 2  S = { a - bx  x  a - bx  0 }  S  N  { 0 }

 1 a = 0  0 = 0 - b  0  0  0  S

 2 a  0  a = a - b  0  0  a  S

 3 a  0   a   1

    a - (-  a  )b = a +  a  b

 a +  a  (b  1   a  b   a  )

= a + (-a) (a  0   a  = -a)

= 0

 x = -  a   a - bx  0  a - bx  S

 3  S  

 S  N  { 0 }  S    S 

 r  S ... (1)

 r  S  q  r = a - bq ... (2)

 r  S  0  r ... (3)
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 r  b ... (4)

 r - b  0

 r - b = a - bq - b = a - b(q + 1)  r - b  0  r - b  S

 r - b  S  r - b  r  (1)

 (4) 

 r  b ... (5)

 (3)  (5)  0  r  b ... (6)

 (2)  (6)  a = bq + r  0  r  b ... (7)

  q, r  a = bq + r  0  r  b

 q , r   a = bq  + r   0  r   b ... (8)

 0  r   b  -b  -r   0 ... (9)

 bq + r = a = bq  + r   -b  -r   0  0  r  b ... (10)

      r  - r = b(q - q ) ... (11)

  r  - r =  b(q - q ) 

=  b   q - q  

= b  q - q  (b  0) ... (12)

 0  r   b  -b  -r   0

 (7) 0  r  b  (9) -b  -r   0  -b  r - r   b  0   r  - r   b ... (13)

 (12)  (13)  0  b  q - q    b

 b  0  0   q - q    1

  q - q    0   q - q    1

 q - q  = 0  q  = q

 bq + r = a = bq  + r   q  = q  r = r

 q, r  a = bq + r  0  r  b

 1.4.3  a, b  b  0

 q  r  a = qb + r  0  r   b 

  1 b  0   b  = b

 1.4.2  q  r  a = qb + r  0  r  b

 q  r  a = qb + r  0  r   b 

 2 b  0   b  = -b   b   0  b = -  b    b   0 ... (1)

 1.4.2  q , r   a = q   b  + r   0  r    b ... (2)
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 q = -q ... (3)

 a = q   b  + r  (  (2))

= (-q)  b  + r (  (3))

= q(-  b ) + r (  r = r )

= qb + r (  (1))

 q = -q   r = r   a = qb + r  0  r   b   

 1.4.2  a    c  a = 2c

 a    c  a = 2c + 1

 a   2  a

 1.4.3 1.  k  1a , 2a , ... , ka  

  m  ia  = m + i, i = 1, 2, ... , k

2.  k  1a , 2a , ... , ka  

  m  ia  = m + 2i, i = 1, 2, ... , k

3.  k  1a , 2a , ... , ka  

  m  ia  = m + 2i, i = 1, 2, ... , k

 1.4.1  2  n(n + 1)  n

  1 n   2  n  2  n(n + 1)

 2 n   c  n = 2c + 1  n + 1 = 2c + 2 = 2(c + 1)

 2  (n + 1)  2  n(n + 1) 

 1.4.2  n  m   m  n(n + 1)(n + 2) ... (n + m - 1)

 m   m 

  1  n  m 

 q  r  n = mq + r  0  r  m  ... (1)

 1 r = 0  m  n  m  n(n + 1)(n + 2) ... (n + m - 1)

 2 1  r  m  1  r  m  1  m - r  m - 1

 n + 1  n + m - r  n + m - 1

 n + 1  mq + r + m - r  n + m - 1 (  (1) n = mq + r)

 n + 1  mq + m  n + m - 1

 n + 1  m(q + 1)  n + m - 1

 m(q + 1)  { n + 1, n + 2, ... , n + m - 1 }

 m  m(q + 1)  k  { n + 1, n + 2, ... , n + m - 1 }  m  k
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 m  n(n + 1)(n + 2) ... (n + m - 1)

 2  m  na  = n(n + 1)(n + 2) ... (n + m - 1)

 P(n)  “ m  na  ”

(1)  P(1) 

 1a  = (1)(1 + 1)(1 + 2) ... (1 + m - 1) = 1  2  3 ... m  m  1a

 P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1

  1ka  - ka = (k + 1)((k + 1) + 1)((k + 1) + 2) ... ((k + 1) + m - 1) - k(k + 1)(k + 2) ... (k + m - 1)

= (k + 1)(k + 2)(k + 3) ... (k + m) - k(k + 1)(k + 2) ... (k + m - 1)

= (k + 1)(k + 2) ... (k + m - 1)((k + m) - k)

= m(k + 1)(k + 2) ... (k + m - 1)

 1ka  = ka  + m(k + 1)(k + 2) ... (k + m - 1)

 (P(k)   m  ka )  m  m(k + 1)(k + 2) ... (k + m - 1)  m  1ka

 P(k + 1) 

  P(n)   n  N

 m  n(n + 1)(n + 2) ... (n + m - 1)  n  N

 3  n, n + 1, n + 2, ... , n + m - 1  n 

 n, n + 1, n + 2, ... , n + m - 1  n 

 m  n(n + 1)(n + 2) ... (n + m - 1)

 1.4.3  7  ( 7n  - n)  n  N

  na  = 7n  - n

 P(n)  “ 7  na  ”

(1)  P(1) 

 1a  = 0  7  1a   P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1

  1ka  - ka = ((k + 1) 7  - (k + 1)) - ( 7k  - k)

= (k + 1) 7  - 7k  - 1

= ( 7k  + 7 6k  + 21 5k  + 35 4k  + 35 3k  + 21 2k  + 7k + 1) - 7k  - 1

= 7 6k  + 21 5k  + 35 4k  + 35 3k  + 21 2k  + 7k

= 7( 6k  + 3 5k  + 5 4k  + 5 3k  + 3 2k  + k)
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 1ka  = 7( 6k  + 3 5k  + 5 4k  + 5 3k  + 3 2k  + k) + ka

 (P(k)   7  ka )  7  7( 6k  + 3 5k  + 5 4k  + 5 3k  + 3 2k  + k)

 7  1ka   P(k + 1) 

  P(n)   n  N

 7  ( 7n  - n)  n  N

 1.4.4  a, b   (a + b)  ( n2a  - n2b )  n  N

  P(n)  “ (a + b)  ( n2a  - n2b ) ”

(1)  P(1) 

 2a  - 2b  = (a + b)(a - b)  (a + b)  ( 2a  - 2b )  P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1

 (a + b)  ( k2a  - k2b ) ... (1)

  )1k(2a  - )1k(2b = 2a k2a  - 2b k2b

= 2a k2a  - 2a k2b  + 2a k2b  - 2b k2b ( )

= 2a ( k2a  - k2b ) + k2b ( 2a  - 2b )

 (a + b)  ( k2a  - k2b ) (  (1))  (a + b)  ( 2a  - 2b )

 (a + b)  ( )1k(2a  - )1k(2b )  P(k + 1) 

  P(n)   n  N

 (a + b)  ( n2a  - n2b )  n  N

 1.4.5  a, b  a  b  (a - b)  ( na  - nb )  n  N

  P(n)  “ (a - b)  ( na  - nb ) ”

(1)  P(1) 

 (a - b)  (a - b)  P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1

 (a - b)  ( ka  - kb ) ... (1)

    1ka  - 1kb = a ka  - kb b

= a ka  - a kb  + a kb  - kb b ( )

= a( ka  - kb ) + kb (a - b)

 (a - b)  ( ka  - kb ) (  (1))  (a - b)  (a - b)  (a - b)  ( 1ka  - 1kb )

 P(k + 1)    P(n)   n  N

 (a - b)  ( na  - nb )  n  N
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 1.4.6  a, b   (a + b)  ( 1n2a  + 1n2b )  n  N

  P(n)  “ (a + b)  ( 1n2a  + 1n2b ) ”

(1)  P(1) 

 1)1(2a  + 1)1(2b  = a + b  (a + b)  ( 1)1(2a  + 1)1(2b )

 P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1

 (a + b)  ( 1k2a  + 1k2b ) ... (1)

  1)1k(2a  + 1)1k(2b = 1k2a  + 1k2b

= 2a 1k2a  + 2b 1k2b

= 2a 1k2a  + 2a 1k2b  - 2a 1k2b  + 2b 1k2b  ( )

= 2a ( 1k2a  + 1k2b ) - 1k2b ( 2a  - 2b )

 (a + b)  ( 2a  - 2b )  (a + b)  ( 1k2a  + 1k2b ) (  (1))

 (a + b)  ( 1)1k(2a  + 1)1k(2b )  P(k + 1) 

  P(n)   n  N

 (a + b)  ( 1n2a  + 1n2b )  n  N   

 1. na  - nb  = (a - b)( 1na  + 2na b + 3na 2b  + ... + 1nb )

2. 1n2a  + 1n2b  = (a + b)( n2a  - 1n2a b + ... - a 1n2b  + n2b )

3. n2a  - n2b  = (a + b)( 1n2a  - 2n2a b + 3n2a 2b  - ... - 1n2b )

 1.4.7  n2   2(n + 1)  n  5

  P(n)  “ n2   2(n + 1) ”

(1)  P(5) 

 52  = 32  2(5 + 1)  P(5) 

(2)   P(k)   k  5  P(k + 1) 

 P(k)   k  5  k2   2(k + 1) ... (1)

 1k2 = 2( k2 )

 2(2(k + 1)) (  (1))

= 2((k + 1) + k + 1)

 2((k + 1) + 1)

 P(k + 1) 

  P(n)   n  5

 n2   2(n + 1)  n  5
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 1
1.  4n   n2   n  16

2.  3  ( n7  + 2)  n  N

3.  4  ( n5  + 3)  n  N

4.  9  ( 3n  + (n + 1) 3  + (n + 2) 3 )  n  N

5.  4  n(n + 1)(n + 2)  4  n  4  (n + 1)  4  (n + 2)

6.  6400  ( n29  - 80n - 1)  n  N

7.  3  ( n4  + 2)  n  N

8.  13  ( 1n24  + 2n3 )  n N

9.  24  (713( 2n39 ) + 15)  n  N

10.  24  ( n16  + 2n39  - 1)  n  N

11.  9  ((2) n10  + (3) 1n10  + 4)  n  N

12.  11  ((8) n210  + (6) 1n210  + 9)  n  N

13.  n  

13.1 n2  

13.2 n3  

14.  k 

 { ( 1n , 2n , ... , kn )  1n , 2n , ... , kn    
1n

1  + 
2n

1  + ... + 
kn

1  = 1 } = 

15.  1, 2, 3, 4, 5, 6, 7 

 5  1a , 2a , 3a , 4a , 5a   a = 1a 2a 3a 4a 5a

 a 

16.  n   2  ( )n2(3  + 1)  4  ( )n2(3  + 1)

17.  1001001001  10000

18.  a, b, c, d, e, f 

 

 2013

 a + b + c + d + e + f

19.  1a   2a   3a   4a   5a   6a  

 ia   1ia   i = 1, 2, 3, 4, 5  6  79

 6a

20.  n  (n + 10)  ( 3n  + 100)
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21.  ABCDEFGH  3R   M : ax + by + cz = d

 A, B, C, D, E, F, G, H  M  0, 1, 2, 3, 4, 5, 6, 7 

22.  2a  + 2b  - 2c

 a, b, c  a  b  c

23.   +  -   1  2  3  4  ...  (4n + 1)

 (2n + 1)(4n + 1)

24.  m  p(m) =  m

 3
n2   1

)1(p  + 2
)2(p  + ... + n

)n(p   3
)1n(2   n

25.  r  a, b, c, d

 r))!abcd((   14 
1bcd)!a( , 1acd)!b( , 1abd)!c( , 1abc)!d( ,

1cd))!ab(( , 1bd))!ac(( , 1bc))!ad(( , 1ad))!bc(( , 1ac))!bd(( , 1ab))!cd(( ,
1d))!abc(( , 1c))!abd(( , 1b))!acd(( , 1a))!bcd((
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 1

1.   P(n)  “ 4n   n2  ”

(1)  P(16) 

 416  = 162   P(16) 

(2)   P(k)   k  16  P(k + 1) 

 P(k)   k  16

 (k + 1) 4 = 4k  + 4 3k  + 6 2k  + 4k + 1

 k2  + 4 3k  + 6 2k  + 4k + 1 (P(k)   4k   k2 )

 k2  + 4 3k  + 6 3k  + 4 3k  + 3k (k  16  k  3k , 2k   3k )

 k2  + 15 3k

 k2  + 4k  (  k  16)

 k2  + k2 (P(k)   4k   k2 )

 1k2
 P(k + 1) 

  P(n)   n  16

 4n   n2   n  16

2.   P(n)  “ 3  ( n7  + 2) ”

(1)  P(1) 

 3  (7 + 2)  P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1
1k7  + 2 = 7( k7 ) + 2 = 7( k7  + 2) - 7(2) + 2 = 7( k7  + 2) - 12

 (P(k)   3  ( k7  + 2))  3  12  3  ( 1k7  + 2)

 P(k + 1) 

  P(n)   n  N

 3  ( n7  + 2)  n  N

3.   P(n)  “ 4  ( n5  + 3) ”

(1)  P(1) 

 4  (5 + 3)  P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1
1k5  + 3 = 5( k5 ) + 3 = 5( k5  + 3) - 15 + 3 = 5( k5  + 3) - 12
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 (P(k)   4  ( k5  + 3))  4  12  4  ( 1k5  + 3)

 P(k + 1) 

  P(n)   n  N

 4  ( n5  + 3)  n  N

4.   P(n)  “ 9  ( 3n  + (n + 1) 3  + (n + 2) 3 ) ”

(1)  P(1) 

 ( 31  + 32  + 33 ) = 36  9  ( 31  + 32  + 33 )  P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1

 9  ( 3k  + (k + 1) 3  + (k + 2) 3 ) ... (1)

(k + 1) 3  + (k + 2) 3  + (k + 3) 3  = 3k  + (k + 1) 3  + (k + 2) 3  + (k + 3) 3  - 3k  ... (2)

  (k + 3) 3  - 3k = (k + 3 - k)((k + 3) 2  + (k + 3)k + 2k )

= (3)( 2k  + 6k + 9 + 2k  + 3k + 2k )

= (3)(3 2k  + 9k + 9)

= (9)( 2k  + 3k + 3) ... (3)

 (2)  (3) 

(k + 1) 3  + (k + 2) 3  + (k + 3) 3  = 3k  + (k + 1) 3  + (k + 2) 3  + (9)( 2k  + 3k + 3) ... (4)

 (1)  (4)  9  ((k + 1) 3  + (k + 2) 3  + (k + 3) 3 )  P(k + 1) 

  P(n)   n  N

 9  ( 3n  + (n + 1) 3  + (n + 2) 3 )  n  N

5.  ( )  4  n  4  (n + 1)  4  (n + 2)

 4  n(n + 1)(n + 2)

( )  4  n(n + 1)(n + 2) ... (1)

 n  4k  4k + 1  4k + 2  4k + 3  k 

 1 n = 4k  4  n

 2 n = 4k + 1

 n(n + 1)(n + 2) = (4k + 1)(4k + 2)(4k + 3) = 64 3k  + 96 2k  + 44k + 6

 4  n(n + 1)(n + 2)  (1)  n = 4k + 1 

 3 n = 4k + 2  4  (n + 2)

 4 n = 4k + 3  4  (n + 1)

 4  n  4  (n + 1)  4  (n + 2)
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6.   P(n)  “ 6400  ( n29  - 80n - 1) ”

(1)  P(1) 

 29  - 80 - 1 = 0  6400  0  P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1

   )1k(29  - 80(k + 1) - 1 = (81) k29  - 80k - 81

= (80)( k29  - 1) + ( k29  - 80k - 1)

= (80)( k81  - 1) + ( k29  - 80k - 1) ... (1)

P(k)   6400  ( k29  - 80k - 1) ... (2)

 1.4.5  (81 - 1)  ( k81  - 1)  80  ( k81  - 1)  6400  (80)( k81  - 1) ... (3)

 (1), (2)  (3)  6400  ( )1k(29  - 80(k + 1) - 1)  P(k + 1) 

  P(n)   n  N

 6400  ( n29  - 80n - 1)  n  N

7.   P(n)  “ 3  ( n4  + 2) ”

(1)  P(1) 

 4 + 2 = 6  3  6  P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1
1k4  + 2 = 4 k4  + 2 = 4( k4  + 2 ) - 6

 (P(k)   3  ( k4  + 2))  3  6

 3  ( 1k4  + 2)   P(k + 1) 

  P(n)   n  N

 3  ( n4  + 2)  n  N

8.   P(n)  “ 13  ( 1n24  + 2n3 ) ”

(1)  P(1) 

 1)1(24  + 213  = 64 + 27 = 91 = 13(7)  P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1

  1)1k(24  + 2)1k(3 = 16( 1k24 ) + 3( 2k3 )

= 16( 1k24  + 2k3 ) - 13( 2k3 )

 (P(k)   13  ( 1k24  + 2k3 ))  13  13( 2k3 )

 13  ( 1)1k(24  + 2)1k(3 )
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 P(k + 1) 

  P(n)   n

 13  ( 1n24  + 2n3 )  n  N

9.   P(n)  “ 24  (713( 2n39 ) + 15) ”

(1)  P(1) 

 713( 2)1(39 ) + 15 = 713(9) + 15 = 6432 = 268(24)  P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1

    713( 2)1k(39 ) + 15 = 713( 39 ( 2k39 )) + 15

= 39 (713( 2k39 ) + 15) - 15( 39  - 1)

= 729(713( 2k39 ) + 15) - 24(455)

 (P(k)   24  (713( 2k39 ) + 15))  24  24(455)

 24  (713( 2)1k(39 ) + 15)  P(k + 1) 

  P(n)   n  N

 24  (713( 2n39 ) + 15)  n  N

10.   P(n)  “ 24  ( n16  + 2n39  - 1) ”

(1)  P(1) 

 16 + 9 - 1 = 24  P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1

    1k16  + 2)1k(39  - 1 = 16( k16 ) + 39 ( 2k39 ) - 1

= 16( k16 ) + 729( 2k39 ) - 1

= 16( k16  + 2k39  - 1) - 16( 2k39 ) + 729( 2k39 ) + 16 - 1

= 16( k16  + 2k39  - 1) + 713( 2k39 ) + 15

 (P(k)   24  ( k16  + 2k39  - 1))  24  (713( 2k39 ) + 15) (  9)

 24  ( 1k16  + 2)1k(39  - 1)  P(k + 1) 

  P(n)   n  N

 24  ( n16  + 2n39  - 1)  n  N

11.   P(n)  “ 9  ((2) n10  + (3) 1n10  + 4) ”

(1)  P(1) 

 (2) 110  + (3) 1110  + 4 = 20 + 3 + 4 = 27  P(1) 

(2)   P(k)   k  1  P(k + 1) 
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 P(k)   k  1

  (2) 1k10  + (3) 1)1k(10  + 4 = 10(2) k10  + 10(3) 1k10  + 4

= 10((2) k10  + 10(3) 1k10  + 4 ) - 36

 (P(k)   9  ((2) k10  + (3) 1k10  + 4))  9  36

 9  ((2) 1k10  + (3) 1)1k(10  + 4  P(k + 1) 

  P(n)   n  N

 9  ((2) n10  + (3) 1n10  + 4)  n  N

12.   P(n)  “ 11  ((8) n210  + (6) 1n210  + 9) ”

(1)  P(1) 

 (8) 210  + (6) 1210  + 9 = 800 + 60 + 9 = 869 = 79(11)  P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1

   (8) )1k(210  + (6) 1)1k(210  + 9 = 100(8) k210  + 100(6) 1k210  + 9

= 100(8) k210  + 100(6) 1k210  + 9

= 100((8) k210  + (6) 1k210  + 9) - 900 + 9

= 100((8) k210  + (6) 1k210  + 9) - 891

 (P(k)   11  ((8) k210  + (6) 1k210  + 9)))  11  891

 11  ((8) )1k(210  + (6) 1)1k(210  + 9 )  P(k + 1) 

  P(n)   n  N

 11  ((8) n210  + (6) 1n210  + 9)  n  N

13.  13.1  n2  = 2( 1n2 ) = 1n2  + 1n2  = ( 1n2  - 1) + ( 1n2  + 1)

 1n2  - 1, 1n2  + 1 

 n2  

13.2  n3  = 3  1n3  = 1n3  + 1n3  + 1n3  = ( 1n3  - 1) + 1n3  + ( 1n3  + 1)

 n3  

14.   k  ... (1)

 { ( 1n , 2n , ... , kn )  1n , 2n , ... , kn   
1n

1  + 
2n

1  + ... + 
kn

1  = 1 }    ... (2)

 1n , 2n , ... , kn    
1n

1  + 
2n

1  + ... + 
kn

1  = 1 ... (3)

1 = 
1n

1  + 
2n

1  + ... + 
kn

1  = 
k21 n ... nn

1 (
1

k21
n

n ... nn  + 
2

k21
n

n ... nn  + ... + 
k

k21
n

n ... nn )

 is  = 
i

k21
n

n ... nn , i = 1, 2, ... , k
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 1n , 2n , ... , kn    is  , i = 1, 2, ... , k ... (4)

 1 = 
k21 n ... nn

1 ( 1s  + 2s  + ... + ks )

 1n 2n  ... kn  = 1s  + 2s  + ... + ks ... (5)

 (4) is   i  (1) k 

 1s  + 2s  + ... + ks  ... (6)

 1n , 2n , ... , kn    1n 2n  ... kn   ... (7)

 (5), (6)  (7)   (2) 

 { ( 1n , 2n , ... , kn )  1n , 2n , ... , kn   
1n

1  + 
2n

1  + ... + 
kn

1  = 1 } = 

15.   s = 1 + 2 + 3 + 4 + 5 + 6 + 7 = 28  s ... (1)

 { x, y } = { 1, 2, 3, 4, 5, 6, 7 } - { 1a , 2a , 3a , 4a , 5a  }  a = 1a 2a 3a 4a 5a ... (2)

 xy = a
!7  = a

5040 ... (3)

 a  xy ... (4)

  { 1, 2, 3, 4, 5, 6, 7 }  2  42 ... (5)

  z  { 2, 3, ... , 42 } - { 6, 12 }  x, y  { 1, 2, 3, 4, 5, 6, 7 }  x  y

 xy = z  xy = 12  xy = 6 ... (6)

 { 1, 2, 3, 4, 5, 6, 7 }  12

 2  { 2, 6 }  { 3, 4 } ... (7)

 { 1, 2, 3, 4, 5, 6, 7 }  6

 2  { 1, 6 }  { 2, 3 } ... (8)

 a = 840  xy = 840
5040  = 6

 { x, y } = { 2, 3 }  { x, y } = { 1, 6 } (  (8))

 x + y = 5  7

 1a  + 2a  + 3a  + 4a  + 5a  = 23  21 (  (1)  (2))

 1a  + 2a  + 3a  + 4a  + 5a  

 a = 420  xy = 420
5040  = 12

 { x, y } = { 2, 6 }  { x, y } = { 3, 4 } (  (7))

 x + y = 7  8

 1a  + 2a  + 3a  + 4a  + 5a  = 21  20 (  (1)  (2))

 a = 420 

16.   )n2(3    )n2(3  + 1   2  ( )n2(3  + 1)

 )n2(3  = )1n2(23  = )1n2(9  = (8 + 1) )1n2(  = 
1n2

0 r r
2 1n r8  = 1 + 

1n2

1 r r
2 1n r8
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 )n2(3  + 1 = 2 + 
1n2

1 r r
2 1n r8 ... (1)

 4  
r

2 1n r8   r = 1, 2, ... , 1n2   4  

1n2

1 r r
2 1n r8

 4  (2 + 
1n2

1 r r
2 1n r8 ) ... (2)

 (1)  (2)  4  ( )n2(3  + 1)

  4  ( )n2(3  + 1)  2  6

    23  1 (mod 4)

    ( 23 ) 1n2  1 (mod 4)

   ( 23 ) 1n2  + 1  2 (mod 4)

    )n2(3  + 1  2 (mod 4)  0 (mod 4)

 4  ( )n2(3  + 1)

17.  1001001001 = 1001  610  + 1001 = 1001( 610  + 1) = (7  11  13)( 610  + 1)

 6x  + 1 = ( 2x  + 1)( 4x  - 2x  + 1)

 610  + 1 = (100 + 1)(10000 - 100 + 1) = 101  9901

 1001001001 = 7  11  13  101  9901

     7  11  13  101 = 101101  10000

 11  13  101 = 14443  10000

   7  13  101 = 9191  9901

 A  { 7, 11, 13, 101 }  A  9901

 10000

 1001001001  10000  9901

  1001001001 

1, 7, 11, 13, 77, 91, 101, 143, 707, 1001, 1111, 1313, 7777, 9191, 9901, 14443,

69307, 101101, 108911, 128713, 762377, 900991, 1000001, 1415843, 7000007,

9910901, 11000011, 13000013, 77000077, 91000091, 143000143, 1001001001

18.   (a, f), (b, d), (c, d) 

    2013 = abc + abe + acd + ade + bcf + bef + cdf + def

= (a + f)(b + d)(c + e)

 2013 = (3)(11)(61)  { (a + f), (b + d), (c + e) } = { 3, 11, 61 }

 (a + f) + (b + d) + (c + e) = 75  a + b + c + d + e + f = 75
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19.  1a  + 2a  + 3a  + 4a  + 5a  + 6a  = 79  1a   2a   3a   4a   5a   6a ... (1)

 ia   1ia   i = 1, 2, 3, 4, 5  1a   2a   3a   4a   5a   6a

 6a   2 5a , 5a   2 4a , 4a   2 3a , 3a   2 2a , 2a   2 1a ... (2)

 6a   2 5a   4 4a   8 3a   16 2a   32 1a ... (3)

5a   2 4a   4 3a   8 2a   16 1a  ... (4)

4a   2 3a   4 2a   8 1a ... (5)

3a   2 2a   4 1a ... (6)

2a   2 1a ... (7)

 79 = 1a  + 2a  + 3a  + 4a  + 5a  + 6a  (  (1))

 1a  + 2 1a  + 4 1a  + 8 1a  + 16 1a  + 32 1a  (  (2) - (7))

= 63 1a

 1.25  1a

 1a  = 1  (1)  2a  + 3a  + 4a  + 5a  + 6a  = 78 ... (8)

 (2)  (8)  78 = 2a  + 3a  + 4a  + 5a  + 6a   2a  + 2 2a  + 4 2a  + 8 2a  + 16 2a  = 31 2a

 2.5  2a   1a  = 1  1a   2a   2.5  2a

 2a  = 2  (8)  3a  + 4a  + 5a  + 6a  = 76 ... (9)

 (2)  (9)  76 = 3a  + 4a  + 5a  + 6a   3a  + 2 3a  + 4 3a  + 8 3a  = 15 3a

 5.06  3a

 2a   3a   5.06  3a   2  3a   5.06  3a

 3a  = 4  (9)  4a  + 5a  + 6a  = 72 ... (10)

 (2)  (10)  72 = 4a  + 5a  + 6a   4a  + 2 4a  + 4 4a  = 7 4a   10.28  4a

 3a   4a   10.28  4a   4  4a   10.28  4a

 4a  = 8  (10)  5a  + 6a  = 64 ... (11)

 (2)  (11)  64 = 5a  + 6a   5a  + 2 5a  = 3 5a   21.33  5a

 4a   5a   21.33  5a   8  5a   21.33  5a

 5a  = 16  (11)  6a  = 64 - 16 = 48

20.   (n + 10)  ( 3n  + 100)  (n + 10)  ( 3n  + 1000 - 900)

 (n + 10)  ((n + 10)( 2n  - 10n + 100) - 900)

 (n + 10)  ((n + 10)( 2n  - 10n + 100) - 900)

 (n + 10)  900

 n = 890
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21.   ABCDEFGH 

A(0, 0, 0), B(0, 0, 1), C(0, 1, 0), D(0, 1, 1), E(1, 0, 0), F(1, 0, 1), G(1, 1, 0), H(1, 1, 1)

 A, B, C, D, E, F, G, H 

A(0, 0, 0)  (000) 2  = (0) 22  + (0) 12  + (0) 02  = 0

B(0, 0, 1)  (001) 2  = (0) 22  + (0) 12  + (1) 02  = 1

C(0, 1, 0)  (010) 2  = (0) 22  + (1) 12  + (0) 02  = 2

D(0, 1, 1)  (011) 2  = (0) 22  + (1) 12  + (1) 02  = 3

E(1, 0, 0)  (100) 2  = (1) 22  + (0) 12  + (0) 02  = 4

F(1, 0, 1)  (101) 2  = (1) 22  + (0) 12  + (1) 02  = 5

G(1, 1, 0)  (110) 2  = (1) 22  + (1) 12  + (0) 02  = 6

H(1, 1, 1)  (111) 2  = (1) 22  + (1) 12  + (1) 02  = 7

  ( 0x , 0y , 0z )  ax + by + cz = d  
222

000

cba

|dczbyax|

 A, B, C, D, E, F, G, H  M : 22 x + 12 y + 02 z = 0

 
1416

0 , 
1416

1 , 
1416

2 , ... , 
1416

7  

 A (0, 0, 0), B (0, 0, 21 ), C (0, 21 , 0), D (0, 21 , 21 ), E ( 21 , 0, 0),

F ( 21 , 0, 21 ), G ( 21 , 21 , 0), H ( 21 , 21 , 21 )  M : 4x + 2y + z = 0

 0, 1, 2, ... , 7 

22.  222 8741 , 222 8762 , 222 7643 , 222 111054 ,
222 6545 , 222 10956 , 222 151467 , 222 9858

 1  k   a, b, c  k = 2a  + 2b  - 2c

 a  b  c  c = b + 1 ... (1)

 k = 2a  + 2b  - (b + 1) 2  = 2a  + 2b  - ( 2b  + 2b + 1) = 2a  - (2b + 1)

 b = 2
)1k(a2
 = 2

1)ka( 2
... (2)

 b   2  (( 2a  - k) - 1)  2a  - k 

 2a    k 

 a   k 

 a  k  ... (3)

 a  b  a  2
)1k(a2
  2a  2a  - (k + 1)  k + 1  2a  - 2a

  k + 2  2a  - 2a + 1  k + 2  (a - 1) 2   2k   a - 1  1 + 2k   a

 a  b  1 + 2k   a ... (4)

 a, b, c  k = 2a  + 2b  - 2c
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 k 

1.  a  k (  (3))

2.  a  1 + 2k   a (  (4))

3.  b = 2
)1k(a2

(  (2))

4.  c = b + 1 (  (1))

 a, b, c  k = 2a  + 2b  - 2c   a  b  c

 2  k  k  9

 1 k   k  10

 n  k = 2n

 (3n) 2  + (4n - 1) 2  - (5n - 1) 2  = 2n  3n  4n - 1  5n - 1  n  5

 a = 3n, b = 4n - 1, c = 5n - 1  k = 2a  + 2b  - 2c   a  b  c

 2 k   k  9

 n  k = 2n + 3

 (3n + 2) 2  + (4n) 2  - (5n + 1) 2  = 2n + 3  3n + 2  4n  5n + 1  n  3

 a = 3n + 2, b = 4n, c = 5n + 1  k = 2a  + 2b  - 2c   a  b  c 

23.   P(n)  “  +  - 

  1  2  3  4  ...  (4n + 1)  (2n + 1)(4n + 1) ”

(1)  P(1) 

    1 - 2 + 3 + 4 - 5 = 1 -1 + 2 + 3 + 4 - 5 = 3 -1 + 2 + 3 - 4 + 5 = 5

-1 + 2 - 3 + 4 + 5 = 7 -1 - 2 + 3 + 4 + 5 = 9   1 - 2 + 3 + 4 + 5 = 11

-1 + 2 + 3 + 4 + 5 = 13   1 + 2 + 3 + 4 + 5 = 15

 (2(1) + 1)(4(1) + 1) = 15  P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1

 P(k) 

 +  -   1  2  3  4  ...  (4k + 1)

 (2k + 1)(4k + 1) ... (1)

 - (4k + 2) + (4k + 3) + (4k + 4) - (4k + 5) = 0  (1)

 +  - 

  1  2  3  4  ...  (4k + 1)  (4k + 2)  (4k + 3)  (4k + 4)  (4k + 5)

 (2k + 1)(4k + 1) ... (2)
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  m  (2k + 1)(4k + 1) + 2  (2k + 3)(4k + 5)

 +  - 

  1  2  3  4  ...  (4k + 1)  (4k + 2)  (4k + 3)  (4k + 4)  (4k + 5) = m

(2k + 3)(4k + 5) = ( 2
5k4 )(1 + (4k + 5)) = 1 + 2 + 3 + ... + (4k + 5)

(2k + 3)(4k + 5) - 2 = 1 + 2 + 3 + ... + (4k + 4) + (4k + 5) - 2 = -1 + 2 + 3 + ... + (4k + 4) + (4k + 5)

(2k + 3)(4k + 5) - 4 = 1 + 2 + 3 + ... + (4k + 4) + (4k + 5) - 4 = 1 - 2 + 3 + ... + (4k + 4) + (4k + 5)

(2k + 3)(4k + 5) - 6 = 1 + 2 + 3 + ... + (4k + 4) + (4k + 5) - 6 = 1 + 2 - 3 + ... + (4k + 4) + (4k + 5)

:

(2k + 3)(4k + 5) - 2(4k + 5) = 1 + 2 + 3 + ... + (4k + 4) + (4k + 5) - 2(4k + 5)

= 1 + 2 - 3 + ... + (4k + 4) - (4k + 5)

 1 + 2 + 3 + ... + (4k + 4) - (4k + 5) = 8 2k  + 14k + 3

 (2k + 1)(4k + 1) + 2(4k + 1) = 8 2k  + 14k + 3

(2k + 1)(4k + 1) + 2(4k) = 8 2k  + 14k + 1

= (8 2k  + 14k + 3) - 2(1)

= -1 + 2 + 3 + ... + (4k + 4) - (4k + 5)

(2k + 1)(4k + 1) + 2(4k - 1) = 8 2k  + 14k - 1

= (8 2k  + 14k + 3) - 2(2)

= 1 - 2 + 3 + ... + (4k + 4) - (4k + 5)

:

(2k + 1)(4k + 1) + 4 = 8 2k  + 6k + 5

= 8 2k  + 14k + 3 - 2(4k - 1)

= ((1 + 2 + 3 + ... + (4k - 2) + (4k - 1) + (4k) + ... + (4k + 4) - (4k + 5)) - 2(4k - 1)

= (1 + 2 + 3 + ... + (4k - 2) - (4k - 1) + (4k) + ... + (4k + 4) - (4k + 5)

(2k + 1)(4k + 1) + 2 = 8 2k  + 6k + 3

= 8 2k  + 14k + 3 - 2(4k)

= ((1 + 2 + 3 + ... + (4k - 1) + (4k) + (4k + 1) + (4k + 4) - (4k + 5)) - 2(4k)

= 1 + 2 + 3 + ... + (4k - 1) - (4k) + (4k + 1) + (4k + 4) - (4k + 5)

 P(k + 1) 

  P(n)   n = 1, 2, 3, ...

 +  -   1  2  3  4  ...  (4n + 1)

 (2n + 1)(4n + 1) 
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24.  m  p(m) =  m

 p(1) = 1, p(2) = 1, p(3) = 3, p(4) = 1, p(5) = 5, p(6) = 3

 n
)n(p   1  n  p(n) = 1  n ... (1)

 t = p(2m)

 t  (2m)  t   t   gcd(t, 2) = 1

 gcd(t, 2) = 1  t  (2m)  t  m

 p(m)  t  p(m)  p(2m)

 u = p(m)

 u  m  u   u  (2m)

 p(2m)  2m  u  (2m)

 p(2m)  u  p(2m)  p(m)

 p(m) = p(2m) ... (2)

 s(n) = 1
)1(p  + 2

)2(p  + ... + n
)n(p

 s(1) = 1
)1(p  = 1

1  = 1, s(2) = 1
)1(p  + 2

)2(p  = 1
1  + 2

1  = 2
3

 P(n)  “ 3
n2   s(n)  3

)1n(2  ”

(1)  P(1), P(2) 

 3
)1(2   1 = s(1)  3

4  = 3
)11(2   P(1) 

 3
)2(2  = 3

4   2
3  = s(2)  2 = 3

)12(2   P(2) 

(2)   P(1), P(2), ... , P(k)   k  2  P(k + 1) 

 P(1), P(2), ... , P(k)   k  2 ... (3)

 1 k 

 m  k = 2m  1  m  k  k + 1 = 2m + 1 ... (4)

 (3)  3
m2   s(m)  3

)1m(2 ... (5)

 s(k + 1) = s(2m + 1) (  (4))

= 1
)1(p  + 2

)2(p  + 3
)3(p  + 4

)4(p  + 5
)5(p  + 6

)6(p  + ... + m2
)m2(p  + 1m2

)1m2(p

= ( 1
)1(p  + 3

)3(p  + 5
)5(p  + ... + 1m2

)1m2(p ) + ( 2
)2(p  + 4

)4(p  + 6
)6(p  + ... + m2

)m2(p )

 (1 + 1 + 1 + ... + 1) + ( 2
)2(p  + 4

)4(p  + 6
)6(p  + ... + m2

)m2(p ) (  (1))

= (m + 1) + ( 2
)2(p  + 4

)4(p  + 6
)6(p  + ... + m2

)m2(p )

= (m + 1) + ( 2
)1(p  + 4

)2(p  + 6
)3(p  + ... + m2

)m(p ) (  (2))
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= (m + 1) + 2
1 ( 1

)1(p  + 2
)2(p  + 3

)3(p  + ... + m
)m(p )

= (m + 1) + 2
1 s(m) ... (6)

 (5)  3
m   2

1 s(m)  3
1m

(m + 1) + 3
m   (m + 1) + 2

1 s(m)  (m + 1) + 3
1m

3
3m4   s(k + 1)  3

4m4 (  (6)) ... (7)

3
)1k(2  = 3

)1m2(2  = 3
2m4   3

3m4 ... (8)

3
4m4  = 3

)11m2(2  = 3
)11k(2 ... (9)

 (7), (8)  (9)  3
)1k(2   s(k + 1)  3

)2k(2

 2 k 

 m  k = 2m + 1

 1  m  k  k + 1 = 2m + 2 ... (10)

k = 2m + 1  k + 1 = 2m + 2  m + 1 = 2
1k   m + 1 = 2

1k   k

 (3)  3
)1m(2   s(m + 1)  3

)2m(2  ... (11)

 s(k + 1) = s(2m + 2) (  (10))

= 1
)1(p  + 2

)2(p  + 3
)3(p  + 4

)4(p  + 5
)5(p  + 6

)6(p  + ... + m2
)m2(p  + 1m2

)1m2(p  + 2m2
)2m2(p

= ( 1
)1(p  + 3

)3(p  + 5
)5(p  + ... + 1m2

)1m2(p ) + ( 2
)2(p  + 4

)4(p  + 6
)6(p  + ... + 2m2

)2m2(p )

 (1 + 1 + 1 + ... + 1) + ( 2
)2(p  + 4

)4(p  + 6
)6(p  + ... + 2m2

)2m2(p ) (  (1))

= (m + 1) + ( 2
)2(p  + 4

)4(p  + 6
)6(p  + ... + 2m2

)2m2(p )

= (m + 1) + ( 2
)1(p  + 4

)2(p  + 6
)3(p  + ... + 1m

)1m(p ) (  (2))

= (m + 1) + 2
1 ( 1

)1(p  + 2
)2(p  + 3

)3(p  + ... + 1m
)1m(p )

= (m + 1) + 2
1 s(m + 1) ... (12)

 (11)     3
)1m(2   s(m + 1)  3

)2m(2

3
1m   2

1 s(m + 1)  3
2m

(m + 1) + 3
1m   (m + 1) + 2

1 s(m + 1)  (m + 1) + 3
2m

(m + 1) + 3
1m   s(k + 1)  (m + 1) + 3

2m (  (12))

3
4m4   s(k + 1)  3

5m4 ... (13)

3
)1k(2  = 3

)2m2(2  = 3
4m4 ... (14)
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3
5m4   3

4m4  = 3
)2m2(2  = 3

)1k(2   3
)2k(2 ... (15)

 (13), (14)  (15)  3
)1k(2   s(k + 1)  3

)2k(2

 P(k + 1) 

  P(n)   n = 1, 2, 3, ...

25.   p  14 

 p = 1bcd)!a( 1acd)!b( 1abd)!c( 1abc)!d( 1cd))!ab(( 1bd))!ac(( 1bc))!ad(( 1ad))!bc((

  1ac))!bd(( 1ab))!cd(( 1d))!abc(( 1c))!abd(( 1b))!acd(( 1a))!bcd((

 b = c = d = 1  p = 11)!a( ( 11)!a( ) 3 ( 11)!a( ) 3  = 662)!a(  = 14)!a(

 p  r))!abcd((   14)!a(   r)!a(   14  r ... (1)

1. 1bcd)!a( 1a))!bcd((  = ( 1))!bcd(( bcd)!a( )( 1)!a( a))!bcd(( ) = ( )!bcd( bcd)!a( )(a! a))!bcd(( )

2.  abcd   bcd   a  
)!bcd()!a(

)!abcd(
bcd  

 
)!bcd()!a(

)!abcd(
bcd    ( )!bcd( bcd)!a( )  ((abcd)!) ... ( i )

3.  abcd   a   bcd  
!a))!bcd((

)!abcd(
a  

 
!a))!bcd((

)!abcd(
a    (a! a))!bcd(( )  ((abcd)!) ... ( ii )

    36   85

 ( 1bcd)!a( 1a))!bcd(( )  2))!abcd(( ... (2)

 ( 1acd)!b( 1b))!acd(( )  2))!abcd(( ... (3)

( 1abd)!c( 1c))!abd(( )  2))!abcd(( ... (4)

( 1abc)!d( 1d))!abc(( )  2))!abcd(( ... (5)

 1. 1cd))!ab(( 1ab))!cd((  = ( )!ab( ab))!cd(( )( )!cd( cd))!ab(( )

2. ( )!ab( ab))!cd(( )  ((abcd)!) (  ( i ))

3. ( )!cd( cd))!ab(( )  ((abcd)!) (  ( i ))

 ( 1cd))!ab(( 1ab))!cd(( )  2))!abcd(( ... (6)

 ( 1bd))!ac(( 1ac))!bd(( )  2))!abcd(( ... (7)

( 1bc))!ad(( 1ad))!bc(( )  2))!abcd(( ... (8)

 (2), (3), ... , (8)  p  14))!abcd(( ... (9)

 (1)  (9)  r = 14



 2

2.1  ( greatest common divisor )
 2.1.1  a  b 

d   (common divisor)  a  b  d  a  d  b

 2  4  12

1.  a = 0  b = 0  a  b

2.  a  0  b  0  a  b 

3.  (d  a  b  -d  a  b)

    a  b 

4.  (d  a  b)  d   d  d   a  b

     a  b  a  b

 2.1.2  a  b  a  0  b  0  d 

d   (greatest common divisor)  a  b

1. d  a  d  b

 2.  c  Z   (c  a  c  b)  c  d

  c  a  b  c  d

  a  b  (a, b)  gcd(a, b)

 gcd(12, 15) = 3, gcd(20, 35) = 5, gcd(4, 22) = 2, gcd(5, 15) = 5, gcd(24, 32) = 8

gcd(40, 220) = 20, gcd(125, 625) = 125, gcd(42, 56) = 14
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 2.1.3  1a , 2a , ... , na  

 1 1a  + 2 2a  + ... + n na   1 , 2 , ... , n  

  (linear combination)  1a , 2a , ... , na

 a, b  ax + by  a, b  x, y 

gcd(a, b)  ax + by  x, y 

 gcd(a, b)  a, b 

 2.1.1  a, b  a, b  

1.  d = gcd(a, b)  x, y  d = ax + by

2. d = gcd(a, b) = min { am + bn  m, n  Z  am + bn  0 }

  a  b

 S = { am + bn  m, n  Z  am + bn  0 }  S  N

 1 a  0  a  1 + b  0 = a  0  a  1 + b  0  S

 2 a = 0

 a, b   b  0

 2.1 b  0  a  0 + b  1 = b  0  a  0 + b  1  S

 2.2 b  0  a  0 + b  (-1) = -b  0  a  0 + b  (-1)  S

 3 a  0  a  (-1) + b  0 = -a  0  a  (-1) + b  0  S

 3  S  

 S  N  S    S 

 d  S  d  S ... (1)

 d  S  x, y  Z  d = ax + by  d  0 ... (2)

 d = gcd(a, b)

 d  a

 q, r  a = dq + r  0  r  d ... (3)

 r  0 ... (4)

 (2)  (3)   a = (ax + by)q + r

 r = a - (ax + by)q

= a(1 - xq) + b(-yq) ... (5)

 (4)  (5)  a(1 - xq) + b(-yq) = r  0

 r = a(1 - xq) + b(-yq)  S ... (6)

 (3)  (6)  r  d  r  S

 (1)  d  S
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 (4) r  0 

 r  0 ... (6)

 (3) 0  r  d  (6) r  0  r = 0

 r = 0  (3)  a = dq  d  a

 d  b

  c  (c  a  c  b)  c  d

 c  c  a  c  b

 c  ax  c  by  c  (ax + by)

 (2) d = ax + by  c  d  1.4.1   c    d 

 c, d   c  d

 1. d  a  d  b

 2.  c   (c  a  c  b)  c  d

 d = gcd(a, b)

 (2)  x, y  d = ax + by

2.  (1)  d = gcd(a, b) = min { am + bn  m, n  Z  am + bn  0 }

  x, y  d = ax + by   d = gcd(a, b) 

 a = 4, b = 6  d = 10 = (4)(1) + (6)(1)  (4, 6) = 2  10

 2.1.2  a, b  a, b   d = gcd(a, b)

 { am + bn  m, n  Z } = { x  Z  d  x }

  S = { am + bn  m, n  Z }  T = { x  Z  d  x }

 s  S

 m, n  Z  s = am + bn

 d = gcd(a, b)  d  a  d  b  d  (am + bn)  d  s

 d  s  s  T

 S  T ... (1)

 t  T

 d  t

 n  t = nd

 d = gcd(a, b)

 2.1.1  0x , 0y   d = a 0x  + b 0y

 t = nd = n(a 0x  + b 0y ) = a(n 0x ) + b(n 0y )  n 0x , n 0y   Z

 t  S
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 T  S ... (2)

 (1)  (2)  T = S 

 2.1.4  p  p  1

p   (prime number)  p  2  1  p

 p   p   (composite number)

  n    a, b  n = ab  1  a, b  n

  p  1   p  4  1, -1, p, -p

 50  2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47

 2.1.5 a  b   (relatively prime)  gcd(a, b) = 1

 gcd(14, 25) = 1  14  25 

 gcd(20, 33) = 1  20  33 

 gcd(12, 15) = 3  12  15 

 2.1.3  a, b  a, b  

 gcd(a, b) = 1   x, y  ax + by = 1

 ( )  gcd(a, b) = 1  2.1.1  x, y  ax + by = 1

( )  x, y  ax + by = 1 ... (1)

 d = gcd(a, b)

 S = { am + bn  m, n  Z  am + bn  0 }

 (1)  x, y  ax + by = 1  1  S ... (2)

 2.1.1  d = min { am + bn  m, n  Z  am + bn  0 }  d  0 ... (3)

 (2)  (3)  d  1  d  0  d = 1

 gcd(a, b) = 1

 2.1.4  a, b  a, b 

 gcd(a, b)  (ax + by)  x, y 

  x, y 

 gcd(a, b)  a  gcd(a, b)  b  gcd(a, b)  ax  gcd(a, b)  by

 gcd(a, b)  ax + by (  1.4.1)

 2.1.5  a  b  a  0  b  0 

1. gcd(a, b) = gcd(b, a)  gcd(a, 0) =  a   gcd(a, 1) = 1

2. gcd(a, b)  gcd(a, bc)  c
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3.  p  p  a  gcd(a, p) = 1

4.  a  bc  gcd(a, b) = 1  a  c

5. (gcd(a, b) = 1  gcd(a, c) = 1)  gcd(a, bc) = 1

6. (gcd(a, 1b ) = gcd(a, 2b ) = ... = gcd(a, nb ) = 1)  gcd(a, 1b 2b  ... nb ) = 1

7.  a  c  b  c  gcd(a, b) = 1  ab  c

8.  d = gcd(a, b)  gcd( d
a , d

b ) = 1

  d = gcd(a, b)  d
a   d

b  

9.  a   gcd(a, b) = a  a  b

10.  gcd(a, b) = 1  c  (a + b)  gcd(c, a) = 1 = gcd(c, b)

11.  gcd(a, c) = 1  b  c  gcd(a, b) = 1

12.  x, y  ax + by = gcd(a, b)  gcd(x, y) = 1

13. gcd(a, a + n)  n  n

14.  p  k  1  k  p  p  k
p

15. gcd(a, b) = gcd(-a, -b) = gcd(a, -b) = gcd(-a, b) = gcd(  a ,  b  )

16.  m, n   gcd( ma , nb ) = 1  gcd(a, b) = 1

 1.  gcd(a, b) = gcd(b, a)

x = gcd(a, 0)  x  a  x   a   x   a   gcd(a, 0)   a  ... (1)

  a   a   a   0   a   gcd(a, 0) ... (2)

 (1)  (2)  gcd(a, 0) =  a 

 gcd(a, 1)  1 ... (3)

 gcd(a, 1)  1  gcd(a, 1)  1 ... (4)

 (3)  (4)  gcd(a, 1) = 1

2.  d = gcd(a, b)  d  a  d  b  d  a  d  bc

 d  a  bc

 d  gcd(a, bc)

 gcd(a, b)  gcd(a, bc)

3.  p  p  a  d = gcd(a, p) ... (1)

 d  1 ... (2)

 d  p  d  a

 p  d  p  d = p

 d  a  d = p  p  a  p  a (  (1))



 2 34

 (2) d  1 

 d = 1  gcd(a, p) = 1

4.  a  bc  gcd(a, b) = 1 ... (1)

 1 c = 0   a  bc  gcd(a, b) = 1  a  c 

 2 c  0  (1) gcd(a, b) = 1  x, y  ax + by = 1

 acx + bcy = c ... (2)

 (1)  a  bcy  a  acx  a  bcy  a  (acx + bcy) ... (3)

 (2)  (3)  a  c

5. ( )  gcd(a, b) = 1  gcd(a, c) = 1 ... (1)

 1  2.1.1  0x , 0y   a 0x  + b 0y  = 1

 2.1.1  1x , 1y   a 1x  + c 1y  = 1

  1 = (a 0x  + b 0y )(a 1x  + c 1y )

= a(a 0x 1x  + 0x c 1y  + b 0y 1x ) + bc( 0y 1y )

 gcd(a, bc) = 1 (  2.1.3)

 2  d = gcd(a, bc)

 d = gcd(a, bc)  1 ... (2)

 p  p  d ... (3)

 d = gcd(a, bc)  d  a  d  bc ... (4)

 (3)  (4)  p  a  p  bc (  1.4.1) ... (5)

 1 p  b  p  b  p  c

 2 p  b  3  gcd(b, p) = 1

 p  bc  gcd(b, p) = 1  4  p  c

 p  b  p  c  ... (6)

   (5)  (6)  p  a  (p  b  p  c)

 (p  a  p  b)  (p  a  p  c)

 (p  gcd(a, b))  (p  gcd(a, c))

 (p  gcd(a, b))  (p  gcd(a, c))

 (p  1)  (p  1) (  (1))

 p = 1  (3) p   (2) d  1 

 d = 1  gcd(a, bc) = 1

( )  gcd(a, bc) = 1

 2  gcd(a, b)  gcd(a, bc)  1  gcd(a, b)  1  gcd(a, b) = 1
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 gcd(a, c) = 1

6. ( )  P(n) 

“  gcd(a, 1b ) = gcd(a, 2b ) = ... = gcd(a, nb ) = 1  gcd(a, 1b 2b  ... nb ) = 1 ”

(1)  P(2) 

  gcd(a, b) = gcd(a, c) = 1  gcd(a, bc) = 1 (  5)  P(2) 

(2)   P(2), P(3), ... , P(k)   k  2  P(k + 1) 

 P(2), P(3), ... , P(k)   k  2

 gcd(a, 1b ) = gcd(a, 2b ) = ... = gcd(a, kb ) = gcd(a, 1kb ) = 1

 P(k)   gcd(a, 1b 2b  ... kb ) = 1

 gcd(a, 1b 2b  ... kb ) = 1  gcd(a, 1kb ) = 1

 P(2)   gcd(a, 1b 2b  ... kb 1kb ) = 1

 P(k + 1) 

  P(n)   n = 2, 3, 4, ...

( )  gcd(a, 1b 2b  ... nb ) = 1

 i  { 1, 2, ... , n }

 2  gcd(a, ib )  gcd(a, 1b 2b  ... nb )  1  gcd(a, ib )  1

 gcd(a, ib ) = 1

 gcd(a, ib ) = 1  i = 1, 2, ... , n

7.  a  c  b  c  gcd(a, b) = 1

 a  c  b  c  d  e  c = ad  c = be ... (1)

 gcd(a, b) = 1  x, y  ax + by = 1 (  2.1.3) ... (2)

   c = cax + cby (  (2))

= (be)ax + (ad)by (  (1))

= ab(ex + dy)

 ab  c

8.  d = gcd(a, b) ... (1)

 d  a  d  b  
d
a   

d
b  

 2.1.1  x, y  d = ax + yb ... (2)

 (2)     d = ax + yb  1 = (
d
a )x + (

d
b )y

 gcd(
d
a , 

d
b ) = 1 (  2.1.3)
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9.  a 

( )  gcd(a, b) = a  gcd(a, b)  b  a  b

( )  a  b

 c  c  a  c  b

 a, c  c  a  c  a

 1. a  a  a  b

 2.  c   c  a  c  b  c  a

 a = gcd(a, b)

10.  gcd(a, b) = 1  c  (a + b) ... (1)

 d = gcd(c, a) ... (2)

 d  c  d  a ... (3)

 c  (a + b)  t  a + b = ct ... (4)

 b = a - ct ... (5)

 (3) d  c  d  a  d  (a - ct)  d  b (  (5))

 d  a  d  b  d  gcd(a, b)

 (1) gcd(a, b) = 1  d  gcd(a, b)  d  1

 d = gcd(c, a)  1  d = 1  gcd(c, a) = 1

 gcd(c, b) = 1

11.  gcd(a, c) = 1  b  c ... (1)

 d = gcd(a, b) ... (2)

 d  a  d  b ... (3)

 d  b (  (3))  b  c (  (1))  d  c ... (4)

 d  a (  (3))  d  c (  (4))  d  gcd(a, c) (  2.1.2)

 gcd(a, c) = 1 (  (1))  d  1

 d = gcd(a, b)  1  d = 1  gcd(a, b) = 1

12.  x, y  ax + by = gcd(a, b)

 gcd(a, b)  a  gcd(a, b)  b  )b,agcd(
a   )b,agcd(

b  

 ax + by = gcd(a, b)  )b,agcd(
a x + )b,agcd(

b y = 1

 2.1.3  gcd(x, y) = 1

13.  n   d = gcd(a, a + n)

d = gcd(a, a + n)  d  (a + n)  d  a  d  ((a + n) - (a))  d  n  gcd(a, a + n)  n
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14.  p  k  1  k  p

 p   gcd(p, k) = 1

 k k
p  = k )!kp(!k

!p  = p )!kp()!1k(
)!1p(  = p 1k

1p   p  k k
p

 gcd(p, k) = 1  p  k k
p    p  k

p

15.  d = gcd(a, b)  d  = gcd(-a, -b)

 d = gcd(a, b)  d  a  d  b

 d  (-a)  d  (-b)  d  d ... (1)

 d  = gcd(-a, -b)  d  (-a)  d  (-b)

 d  a  d  b  d   d ... (2)

 (1)  (2)  d = d   gcd(a, b) = gcd(-a, -b)

 gcd(a, b) = gcd(-a, -b) = gcd(a, -b) = gcd(-a, b) = gcd(  a ,  b  )

16.  gcd( ma , nb ) = 1

 t = gcd(a, b)  t  a  t  b  t  ma   t  nb   t  gcd( ma , nb )  t  1  t = 1

 gcd(a, b) = 1

 2.1.6  a, b  a, b   d  

d = gcd(a, b) 1. d  a  d  b

 2.  c  a  c  b  c  d

 ( )  1. d  a  d  b ... (1)

 2.  c  a  c  b  c  d ... (2)

 c  c  a  c  b  (2)  c  d

 1.4.1   c    d 

 c, d   c    d   c  d

  c  c  a  c  b  c  d ... (3)

 (1)  (3)  d = gcd(a, b)

( )  d = gcd(a, b)  d  a  d  b ... (4)

 c  a  c  b ... (5)

 d = gcd(a, b)  2.1.1  x, y  d = ax + by

 c  a  c  b  c  ax  c  by  c  (ax + by)  c  d

  c  a  c  b  c  d
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 aD   a  aD = { x  Z   x  a }

 aD   bD   a  b 

gcd(a, b) =  aD   bD  = max( aD   bD )

 2.1.7  a  b  a  0  b  0  gcd(a, b) = max( aD   bD )

 d = gcd(a, b)  d  a  d  b

 d  aD   d  bD

 d  aD   bD

 d  max( aD   bD ) ... (1)

           x  aD   bD  x  aD   x  bD

 x  a  x  b

 x  gcd(a, b)

 x  gcd(a, b)  x  aD   bD   max( aD   bD )  gcd(a, b) ... (2)

 (1)  (2)  gcd(a, b) = max( aD   bD )

 a = 12, b = 15  aD  = { 1, 2, 3, 4, 6, 12 }  bD  = { 1, 3, 5, 15 }

 aD   bD  = { 1, 3 }  gcd(a, b) = 3

 2.1.8 kD  = kD   k

   a  kD  a  k

 a  (-k)

 a  kD

 kD  = kD

1.  a  b  aD   bD

2.  aD   bD   xD   yD   gcd(a, b)  gcd(x, y)

    aD   bD  = xD   yD   gcd(a, b) = gcd(x, y)

 2.1.9  a, b, c  

1. gcd(a, b) = gcd(a, -b) = gcd(-a, b) = gcd(-a, -b) = gcd(  a ,  b )

2.  b  c  gcd(b, c) =  b 

3.  b  c  gcd(a, b)  gcd(a, c)

4. gcd(a, b) = gcd(a, b + ca)

 1.         aD   bD = aD   bD  (  2.1.8)

= aD   bD  (  2.1.8)

= aD   bD  (  2.1.8)
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= |a|D   |b|D (  2.1.8)

   max( aD   bD ) = max( aD   bD ) = max( aD   bD )

= max( aD   bD ) = max( |a|D   |b|D )

 gcd(a, b) = gcd(a, -b) = gcd(-a, b) = gcd(-a, -b) = gcd(  a ,  b  )

2.  b  c  bD   cD

   bD   cD  bD   cD  = bD

 max( bD   cD ) = max( bD )

 gcd(b, c) =  b ... (1)

3.  b  c  bD   cD

   bD   cD  aD   bD   aD   cD

 max( aD   bD )  max( aD   cD )

 gcd(a, b)  gcd(a, c) ... (2)

4.  d = gcd(a, b)  d  = gcd(a, b + ca)

    d = gcd(a, b)  d  a  d  b

 d  a  d  b  d  ca

 d  a  d  (b + ca)

 d  gcd(a, b + ca)

 d  d ... (1)

 d  = gcd(a, b + ca)  d   a  d   (b + ca)

 d   a  d   (-ca)  d   (b + ca)

 d   a  d   ((b + ca) + (-ca))

 d   a  d   b

 d   gcd(a, b)

 d   d ... (2)

 (1)  (2)  d  = d  gcd(a, b) = gcd(a, b + ca)

 2.1.10  a = qb + r  gcd(a, b) = gcd(b, r)

  a = qb + r  r = a - qb ... (1)

 d = gcd(a, b)

 d  a  d  b  d  (a - qb) ... (2)

 (1)  (2)  d  r ... (3)

 c  c  r  c  b
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 c  (qb + r) ... (4)

 (1)  (4)  c  a  c  a  c  b  c  gcd(a, b)

 c  d ... (5)

 1. d  b  d  r (  (2)  (3))

 2.  c  c  r  c  b  c  d (  (5))

 gcd(b, r) = d  gcd(a, b) = gcd(b, r)

 2.1.11  b  a  gcd(a, b) =  b 

  b  a  q  a = qb  a = qb + 0

 2.1.10  gcd(a, b) = gcd(qb + 0, b) = gcd(b, 0) = b

 1 b  0  gcd(a, b) = b =  b 

 2 b  0  gcd(a, b) = -b =  b 

  b  a  gcd(a, b) =  b 

 2.1.12 gcd(n, n + 1) = 1  n

  1   gcd(n, n + 1) = gcd(n, n + 1 + (-n)) (  2.1.9)

= gcd(n, 1)

= 1 (  2.1.9)

 2  2.1.6  gcd(n, n + 1)  1  gcd(n, n + 1) = 1

 2.1.1  n   gcd(n! + 1, (n + 1)! + 1) = 1

 gcd(n! + 1, (n + 1)! + 1) = gcd(n! + 1, (n + 1)! + 1 - (n! + 1)(n + 1)) (  2.1.9)

= gcd(n! + 1, -n)

= gcd(-n, n! + 1) (  2.1.5)

= gcd(-n, n! + 1 - n(n - 1)!) (  2.1.9)

= gcd(-n, 1)

= 1 (  2.1.5) 

 2.1.2  3n14
4n21    n

 gcd(14n + 3, 21n + 4) = gcd(14n + 3, 21n + 4 - (14n + 1)) (  2.1.9)

= gcd(14n + 3, 7n + 1) = gcd(7n + 1, 14n + 3)

= gcd(7n + 1, 14n + 3 - 2(7n + 1)) (  2.1.9)

= gcd(7n + 1, 1)

= 1 (  2.1.9)

 14n + 3, 21n + 4   3n14
4n21  
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 2.1.13  ( The division algorithm )

 a, b  

 a = b 1q  + 1 r , 0  1 r   b ... (1)

 b = 1 r 2q  + 2 r , 0  2 r   1 r ... (2)

1 r = 2 r 3q  + 3 r ,  0  3 r   2 r ... (3)

:

 2n r = 1n r nq  + n r ,  0  n r   1n r ... (4)

 1n r = n r 1nq  ... (5)

 n r  = gcd(a, b)

  gcd(a, b) = gcd( 1bq  + 1 r , b) (  (1))

= gcd( 1 r , b) (  2.1.10)

= gcd( 1 r , 1 r 2q  + 2 r ) (  (2))

= gcd( 1 r , 2 r ) (  2.1.10)

= gcd( 2 r 3q  + 3 r , 2 r ) (  (3))

= gcd( 3 r , 2 r ) (  2.1.10)

:

= gcd( 1nr , n r )

= gcd( n r 1nq , n r ) (  (5))

= n r (  2.1.9)

 x, y  ax + by = gcd(a, b)

 a = b 1q  + 1 r , 0  1 r   b ... (1)

 b = 1 r 2q  + 2 r , 0  2 r   1 r ... (2)

    1 r = 2 r 3q  + 3 r , 0  3 r   2 r ... (3)

    2 r = 3 r 4q  + 4 r , 0  4 r   3 r ... (4)

:

 2k r = 1k r kq  + k r , 0  k r   1k r ... (5)

 1k r = k r 1kq ... (6)

 k r  = gcd(a, b)

 (1)       1 r = a - b 1q ... (7)
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= a 1  + b 1

 1  = 1  1  = - 1q

 (2)      2 r = b - 2q 1 r

= b - 2q (a 1  + b 1 ) (  (7))

= -a 2q 1  + b(1 - 2q 1 ) ... (8)

= a 2  + b 2

 2  = - 2q 1   2  = 1 - 2q 1

 (2)      3 r = 1 r  - 2 r 3q

= a 1  + b 1  - 3q (a 2  + b 2 ) (  (7)  (8))

= a( 1  - 3q 2 ) + b( 1  - 3q 2 )

= a 3  + b 3

 3  = 1  - 3q 2   3  = 1  - 3q 2

 i r  = a i  + b i   i = 1, 2, ... , k

 1i  = 1i  - 1iq i  i = 2, 3, ... , k

1i  = 1i  - 1iq i  i = 2, 3, ... , k

 d = gcd(a, b) = k r  = a k  + b k

 x = k   y = k   ax + by = d

 2.1.3  gcd(216, 84)  x, y  gcd(216, 84) = 216x + 84y

   216 = (84)(2) + 48 ... (1)

84 = (48)(1) + 36 ... (2)

48 = (36)(1) + 12 ... (3)

36 = (12)(3)

 gcd(216, 84) = 12

    12 = 48 - (36)(1) (  (3))

= 48 - 36

= 48 - (84 - (48)(1)) (  (2))

= 2(48) - 84

= 2(216 - (84)(2)) - 84 (  (1))

= (216)(2) + (84)(-5)

 x = 2  y = -5  12 = 216x + 84y
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