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The Thirty - Ninth International Mathematical Olympiad

Taipeh, Taiwan

10 - 21 July 1998

Day I (15 July 1998)

1.   ABCD  AC  BD 

 AB  DC 

 P  AB  DC   ABCD

  ABCD    ABP   CDP 

2.  a   b   b  b  3

 “  ”  “  ” 

 k 

  k 

 a
k   b2

1b

3.  n

 d(n) =  n (  1  n )

 k  n  )n(d
)n(d 2

 = k

Day II (16 July 1998)

4.  (a, b)  a 2b  + b + 7  2a b + a + b 

5.  I   ABC

K, L, M   ABC  BC, CA, AB 

 B  MK  LM, LK  R, S 

 SÎR  

6.  f(1998)  f  N  N

 f( 2n f(m)) = m(f(n)) 2   m, n
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The Thirty - Ninth International Mathematical Olympiad Solutions

Taipeh, Taiwan, 10 - 21 July 1998

1.

 1998.1.1

 E  AC  BD

 P   ABCD  P   ABE   BCE   CDE   DAE

 P   ABE

 N  BD  PN  BD ... (1)

 M  AC  PM  AC ... (2)

 (1)  (2)   PMEN   PN = ME  PM = NE ... (3)

  XYZ  =   XYZ

 1998.1.2.1  1998.1.2.2

ABP = ABE  - PAE  - PBE

= 2
1 (AE BE) - PAE  - PBE (  ABE  AE  BE)

= 2
1 (AE BE) - 2

1 (AE PM) - PBE (  APE  PM  AE)

= 2
1 (AE BE) - 2

1 (AE PM) - 2
1 (BE PN) (  BPE  PN  BE)

 2 ABP  = (AE BE) - (AE PM) - (BE PN)

= (AM + ME)(BN + NE) - (AM + ME) PM - (BN + NE) PN
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= (AM + PN)(BN + PM) - (AM + PN) PM - (BN + PM) PN (  (3))

= AM BN + AM PM + PN BN + PM PN - AM PM - PM PN - BN PN - PM PN

 2 ABP  = AM BN - PM PN ... (4)

CDP = ECD  + EPD  + EPC

= 2
1 (CE DE) + EPD  + EPC (  ECD  CE  DE)

= 2
1 (CE DE) + 2

1 (DE PN) + EPC (  EPD  PN  ND  DE  ND)

= 2
1 (CE DE) + 2

1 (DE PN) + 2
1 (CE PM) (  EPC  PM  MC  CE  MC)

 2 CDP  = (CE DE) + (DE PN) + (CE PM)

= (CM - ME)(DN - NE) + (DN - NE) PN + (CM - ME) PM

= (CM - PN)(DN - PM) + (DN - PM) PN + (CM - PN) PM (  (3))

= CM DN - CM PM - DN PN + PM PN + DN PN - PM PN + CM PM - PN PM

 2 CDP  = CM DN - PM PN ... (5)

 (4)  (5)  2 ABP  - 2 CDP  = (AM BN - PM PN) - (CM DN - PM PN)

 2( ABP  - CDP ) = AM BN - CM DN ... (6)

 P  AB  DC

 AP = BP  CP = DP ... (7)

  ABCD    ABP   CDP   1

  ABCD 

 ABCDCir    ABCD

 P  AB  DC  ABCDCir

 P  ABCDCir

 (2) PM  AC  AM = CM ... (8)

 BN = DN ... (9)

 2( ABP  - CDP ) = AM BN - CM DN (  (6))

= AM BN - AM BN (  (8)  (9))

= 0

 ABP  = CDP

  ABP   CDP    ABCD   1

  ABP   CDP 

 (6)  AM BN = CM DN ... (10)

 PA  PC ... (11)

 PA  PC ... (12)

 (2) PM  AC   PMA   PMC 



The Thirty - Ninth IMO 1998, Taipeh, Taiwan4

      
2AM = 2AP  - 2PM (  PMA )

 2CP  - 2PM (  (12))

= 2CM (  PMC )

 AM  CM ... (13)

 (1) PN  BD   PNB   PND 

 2BN = 2BP  - 2PN (  PNB )

= 2AP  - 2PN (  (7))

 2CP  - 2PN (  (12))

= 2DP  - 2PN (  (7))

= 2DN (  PND )

 BN  DN ... (14)

 (13)  (14)  AM BN  CM DN  (10) AM BN = CM DN

 (11) PA  PC 

 PA = PC

 (7)  AP = BP = CP = DP

 P   ABCD

  ABCD 

  ABCD    ABP   CDP   2

  ABCD 

 1998.1.3.1  1998.1.3.2

 ABCD Cir    ABCD

 P  AB  DC  AP = BP, CP = DP

 P  ABCD Cir
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         ABCD = BDA  + BDC

= 2
1 BD AE + 2

1 BD EC (AE  BD  CE  BD)

= 2
1 BD(AE + EC)

       ABCD = 2
1 BD AC ... (1)

 Ptolemy theorem  AD BC + AB CD = AC BD ... (2)

  Ptolemy theorem   32   108

 (1)  (2)  2(   ABCD) = AD BC + AB CD ... (3)

 PQ  AC (  1998.1.3.2)

 D   D  PQ

 AD  CD   PQ  AD  CD   PQ  E

 AD  PD   F   PD  CD   F

 AD = CD   AD  = CD ... (4)

  PAD    PCD  DPA  = PCD ... (5)

 PEF  = FPE   EDF  = FED  ... (6)

  PCD    PAD  DPC  = PAD ... (6)

 (5)  (6)    ABCD =   ABCD ... (7)

 x = DÂB ... (8)

 180

 DĈB  = 180  - x ... (9)

   ABCD = DAB  + DCB

= 2
1 AB AD  sin DÂB  + 2

1 BC CD  sin DĈB

= 2
1 AB CD sin x + 2

1 BC AD sin(180  - x) (  (8)  (9))

= 2
1 AB CD sin x + 2

1 BC AD sin x

= 2
1 (AB CD + BC AD) sin x

    2(   ABCD ) = (AB CD + BC AD) sin x

      2(   ABCD) = (AB CD + BC AD) sin x (  (7))

      AD BC + AB CD = (AB CD + BC AD) sin x (  (3))

 sin x = 1

 0  x  180   x = 90

 DÂB  = x = 90

 BD    ABCD

 BD    ABCD
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 BP = PD   B, P, D    APB  = DAP

 (5) DPA  = PCD   APB  = PCD

  ABCD    ABP   CDP   3

  ABCD 

 1998.1.4

 ABCDCir    ABCD

 P  AB  DC

 AP = BP  CP = DP

 P  ABCDCir

 R  ABCD Cir   R = AP = BP = CP = DP ... (1)

 BP̂A  = 2 BD̂A   DP̂C  = 2 DÂC

 ED̂A  = BD̂A   DÂE  = DÂC   BP̂A  = 2 ED̂A   DP̂C  = 2 DÂE

   BP̂A  + DP̂C = 2( ED̂A  + DÂE )

= 2(180  - DÊA ) (   AED)

= 2(180  - 90 ) (AE  ED)

= 180

 BP̂A  = 180  - DP̂C

 sin BP̂A  = sin(180  - DP̂C ) = sin DP̂C ... (2)

APB = 2
1

 PA PB sin BP̂A

= 2
1 2R sin BP̂A (  (1)) ... (3)

PCD = 2
1

 PC PD sin DP̂C

= 2
1 2R sin DP̂C (  (1))

= 2
1 2R sin BP̂A (  (2)) ... (4)

 (3)  (4)  APB  = PCD
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  ABP   CDP    ABCD  2

  ABP   CDP 

 1998.1.5

 F  AB  AF = BF = 2
1 AB  PF  AB ... (1)

 G  CD  CG = GD = 2
1 CD  PG  CD ... (2)

 P, B, C  FG

 BÊA  = 90   F  A, B, E

 FE = FB = FA = 2
1 AB ... (3)

 DÊC  = 90   G  C, D, E

 EG = CG = DG = 2
1 CD ... (4)

 (1) PF  AB  ABP  = 2
1

 AB PF

 (2) PG  CD  CDP  = 2
1

 CD PG

 ABP  = CDP    2
1

 AB PF = 2
1

 CD PG

      EF PF = EG PG (  (3)  (4))

   PG
PF = EF

EG ... (5)

 (3) FB = FE   BEF 

  = EB̂F  = BÊF  = EB̂A ... (6)

 (3) FA = FE   AEF 

  = FÊA  = EÂF  = EÂB ... (7)

 AE  EB   +  = EB̂A  + EÂB  = 90 ... (8)

 (4) GE = GC   CEG 

  = CÊG  = EĈG  = EĈD ... (9)

 (4) GE = GD   GDE 

  = DÊG  = ED̂G  = ED̂C ... (10)

 CE  ED   +  = EĈD  + ED̂C  = 90 ... (11)
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 1998.1.6

 PC  BD  X  PG  BD  Y  EC  PG  Z

  = XB̂P    = PB̂F    = EĈX ... (12)

  +  = DB̂P  + PB̂F  = EB̂F  =  ... (13)

 CXE  XÊC  = 90

 YX̂C  = EX̂C  = 90  - EĈX  = 90  -  ... (14)

 YX̂C , PX̂B    PX̂B  = YX̂C  = 90  - ... (15)

XP̂B = 180  - XB̂P  - PX̂B  (   BPX)

= 180  -  - (90  - ) (  (12)  (14))

= 90  -  +  ... (16)

 PF  AB  F  AB  PA = PB

 AP̂F  = BP̂F  = 90  - ... (17)

 PG  CD  G  CD  PC = PD

 GP̂C  = GP̂D  = 90  -  - ... (18)

 GÊF = BÊF  + CÊB  + GÊC  =  + 90  +  ... (19)

 GP̂F = 360  - BP̂F  - XP̂B  - GP̂X

= 360  - (90  - ) - XP̂B  - GP̂X (  (17))

= 360  - (90  - ) - (90  -  + ) - GP̂X (  (16))
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= 360  - (90  - ) - (90  -  + ) - GP̂C ( GP̂C , GP̂X  )

= 360  - (90  - ) - (90  -  + ) - (90  -  - ) (  (18))

= 90  +  +  + 

= 90  +  + (  (13)  +  = ) ... (20)

= GÊF (  (19))

 (5) PG
PF  = EF

EG   GP̂F  = GÊF

  FPG,  FEG  (  64)

  64   32   92

  EFPG 

     PF̂E = PĜE ( )

= 180  - CÊG  - GĈE  - ZĜC (   CGE)

= 180  -  -  - 90

= 90  - 2( ) ... (21)

  EFPG 

 180  = PF̂E  + GP̂F = (90  - 2( )) + (90  +  + ) (  (20)  (21))

  = 

 DB̂A  = DĈA    EFPG (  39.1)

  39.1   32   48

2.  A = { x  x  }

 a   n(A) = a ... (1)

 B = { y  y  }

 b   b  b  3  n(B) = b ... (2)

T = { (x, { y, z })  { y, z }  x  }

TD  = { x  x  y, z  x  }

 TD   A ... (3)

 x  A

 b  3  “  ”  “  ”

 x

 x 

 y, z  x 

 (x, { y, z })  T  x  TD

 A  TD ... (4)

 (3)  (4)  A = TD ... (5)
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 TR  = { { y, z }  y, z  }

 n(B) = b   TR   = 2
b ... (6)

 }z ,y{n  =  y, z 

  k 

 }z ,y{n   k ... (7)

  n(T) = 
TR  }z ,y{

}z ,y{n

 
TR  }z ,y{

k (  (6))

= k
TR  }z ,y{

(1)

= k 2
b (  (7))

  n(T)  k 2
)1b(b ... (8)

 p   x  p 

 x

 b - x  p 

 pn  =  2  p 

 2  p  = 2
x  

 2   p  = 2
xb    pn  = 2

x  + 2
xb

 1  pn  = 2
x  + 2

xb   4
)1b( 2

... (9)

  n(T) = 
TD  p

pn

 
TD  p 4

)1b( 2
(  (9))

= 4
)1b( 2

TD  p
(1)

= 4
)1b( 2

A  p
(1) (  (5))

= 4
)1b( 2

(a) (  (1) n(A) = a)

  n(T)  a 4
)1b( 2

... (10)

 (8)  (10)  k 2
)1b(b   n(T)  a 4

)1b( 2

 a
k   b2

1b
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 1  b   2
x  + 2

xb   4
)1b( 2

  x = 0, 1, 2, ... , b

  1   2
x  + 2

xb = 2
)1x(x  + 2

)1xb)(xb(

= 2
1 ( 2x  - x + 2b  - 2bx + 2x  - b + x)

= 2
1 (2 2x  - 2bx + 2b  - b)

= 2x  - bx + 2
1 2b  - 2

1 b

= ( 2x  - bx + 4
1 2b ) + 4

1 2b  - 2
1 b

= (x - 2
b ) 2  + 4

1 2b  - 2
1 b

 4
1 2b  - 2

1 b

= 4
)1b( 2

 - 4
1

 b   4
)1b( 2

 

 2
x  + 2

xb    2
x  + 2

xb   4
)1b( 2

 - 4
1

 2
x  + 2

xb   4
)1b( 2

 2    2( 2
x  + 2

xb ) = x(x - 1) + (b - x)(b - x - 1)

= ( 2x  - x) + ( 2b  - 2bx + 2x  - b + x)

= 2x  + ( 2b  - 2bx + 2x ) - b
= 2x  + (b - x) 2  - b ... (1)

 b   b = 2r + 1  r 

 2x  + (b - x) 2   2r  + (b - r) 2

( 2x  + (b - x) 2 ) - ( 2r  + (b - r) 2 ) = ( 2x  + (2r + 1 - x) 2 ) - ( 2r  + (r + 1) 2 )

= ( 2x  - 2r ) + ((2r + 1 - x) 2  - (r + 1) 2 )

= (x - r)(x + r) + ((2r + 1 - x) - (r + 1))((2r + 1 - x) + (r + 1))

= (x - r)(x + r) + (r - x)(3r + 2 - x)
= (x - r)((x + r) - (3r + 2 - x))
= (x - r)(2x - 2r - 2)

= 2(x - r)(x - (r + 1)) ... (2)

 (x - r)(x - (r + 1))  0  1 ... (3)

 1 0  x  r - 1  x - r  0  x - (r + 1)  0  (x - r)(x - (r + 1))  0

 2 x = r  x - r = 0  (x - r)(x - (r + 1))  0

 3 r + 1  x  2r + 1 = b  x - r  0  x - (r + 1)  0
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 (x - r)(x - (r + 1))  0

 (x - r)(x - (r + 1))  0

 (x - r)(x - (r + 1))  0  2

  (x - r)(x - (r + 1)) = (x - 2
1b )(x - ( 2

1b  + 1))

= 2
1 (2x - b + 1)(x - 2

1b ))

= 4
1 (2x - b + 1)(2x - b - 1))

= 4
1 ((2x - b) 2  - 1)

 2x  b   (2x - b) 2   1

 (x - r)(x - (r + 1))  0

 (2)  (3)  ( 2x  + (b - x) 2 ) - ( 2r  + (b - r) 2 ) = 2(x - r)(x - (r + 1))  0

   2x  + (b - x) 2  2r  + (b - r) 2

2x  + (b - x) 2  - b  2r  + (b - r) 2  - b
  2( 2

x  + 2
xb )  2r  + (b - r) 2  - b (  (1))

= 2r  + 2b  - 2rb + 2r  - b
= 2 2r  - 2rb + 2b  - b

  4( 2
x  + 2

xb )  4 2r  - 4rb + 2 2b  - 2b

= (2r - b) 2  + 2b  - 2b

= 1 + 2b  - 2b (  b = 2r + 1)

= (b - 1) 2

  2
x  + 2

xb  4
)1b( 2

3.  1  1  d(1) = 1

 2  1, 2  d(2) = 2

 3  1, 3  d(3) = 2

 n  n = 1
1p 2

2p  ... t
tp

 1p , 2p , ... , tp   1 , 2 , ... , t  

 w  n

 n = 1
1p 2

2p  ... t
tp

  1p   w  1  + 1 

 2p   w  2  + 1 

:

 tp   w  t  + 1 
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 w  = ( 1  + 1)( 2  + 1) ... ( t  + 1) 

d(4) = d( 22 ) = 2 + 1 = 3  4  1, 2, 4

d(5) = 1 + 1 = 2  5  1, 5

d(6) = d((2)(3)) = (1 + 1)(1 + 1) = 4  6  1, 2, 3, 6

d(7) = 2  7  1, 7

d(8) = d( 32 ) = 3 + 1 =  8  1, 2, 4, 8

d(9) = d( 23 ) = 2 + 1 = 3  4  1, 3, 9

 n 

 1p , 2p , ... , tp   1 , 2 , ... , t  

 n = 1
1p 2

2p  ... t
tp

 d(n) = ( 1  + 1)( 2  + 1) ... ( t  + 1)

 2n  = 12
1p 22

2p  ... t2
tp   d( 2n ) = (2 1  + 1)(2 2  + 1) ... (2 t  + 1)

 d( 2n ) 

 k = )n(d
)n(d 2

  k d(n) = d( 2n )

 d( 2n )   k d(n) = d( 2n )  k 

 k  k 

 k = 1
12

1
1

1
12

2
2  ... 1

12
t
t  = 1

1)1(2
1

1
1

1)1(2
2

2  ... 1
1)1(2

t
t

 ik  = i  + 1, i = 1, 2, ... , t  k = 
1

1
k

1k2
2

2
k

1k2  ... 
t

t
k

1k2

  k = 
1

1
d

1d2
2

2
d

1d2  ... 
s

s
d

1d2   id  , i = 1, 2, ... , s

 i  = id  - 1, i = 1, 2, ... , s

 n = 1
1p 2

2p  ... ssp   1p , 2p , ... , sp  

 )n(d
)n(d 2

= 1
12

1
1

1
12

2
2  ... 1

12
s
s

= 1)1d(
1)1d(2

1
1

1)1d(
1)1d(2

2
2  ... 1)1d(

1)1d(2
s
s  = 

1
1
d

1d2
2

2
d

1d2  ... 
s

s
d

1d2  = k

 k  ik , i = 1, 2, ... , r

 k = 
1

1
k

1k2
2

2
k

1k2  ... 
r

r
k

1k2   k  n  )n(d
)n(d 2

 = k

 1  k  ik , i = 1, 2, ... , r

 k = 
1

1
k

1k2
2

2
k

1k2  ... 
r

r
k

1k2

 P(n) 

“ 2n - 1  ik , i = 1, 2, ... , r  2n - 1 = 
1

1
k

1k2
2

2
k

1k2  ... 
r

r
k

1k2  ”
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(1)  P(1) 

 1 = 1
1)1(2   P(1) 

(2)   P(1), P(2), P(3), ... , P(n - 1)   P(n) 

 P(1), P(2), P(3), ... , P(n - 1) ... (1)

 1 n 

 k  n = 2k - 1 ... (2)

 k = 2
1n   k  { 1, 2, ... , n - 1 }

 (1)  P(k) 

 ik , i = 1, 2, ... , r  2k - 1 = 
1

1
k

1k2
2

2
k

1k2  ... 
r

r
k

1k2 ... (3)

 n  ik , i = 1, 2, ... , r 

   2n - 1 = n
1n2 (n)

= n
1n2 (2k - 1) (  (2))

= n
1n2 (

1
1
k

1k2
2

2
k

1k2  ... 
r

r
k

1k2 ) (  (3))

 2 n 

 w  k  n = w2 k

 2n - 1 = 2( w2 k) - 1  w2  - 1  1 ... (4)

 t = w + 1  t  2  2n - 1 = t2 k - 1 ... (5)

2n - 1 = 
12

)1k2)(12(
t

tt

= ( t2 ( t2  - 1)k - ( t2  - 1))
12

1
t

= 
)12(k)12(2

)12(k)12(2
1tt1t

ttt

)12(k)12(2
)12(k)12(2

2tt2t

1tt1t

)12(k)12(2
)12(k)12(2

3tt3t

2tt2t
 ...

... 
)12(k)12(2
)12(k)12(2

2t2

3t3

)12(k)12(2
)12(k)12(2

1t1

2t2

)12(k)12(2
)12(k)12(2

0t0

1t1
(k)

 02 ( t2  - 1)k - ( 02  - 1)  ( t2  - 1)k

= 
)12(k)12(2

)12(k)12(2
1tt1t

ttt

)12(k)12(2
)12(k)12(2

2tt2t

1tt1t

)12(k)12(2
)12(k)12(2

3tt3t

2tt2t
 ...

... 
)12(k)12(2
)12(k)12(2

2t2

3t3

)12(k)12(2
)12(k)12(2

1t1

2t2

k)12(
1k)12(2

t

t
(k)

= 
)12(k)12(2

)12(k)12(2
1tt1t

ttt

)12(k)12(2
)12(k)12(2

2tt2t

1tt1t

)12(k)12(2
)12(k)12(2

3tt3t

2tt2t
 ...

... 
)12(k)12(2
)12(k)12(2

2t2

3t3

)12(k)12(2
)12(k)12(2

1t1

2t2

z
1z2 (k) (  z = ( t2  - 1)k)

 id  = i2 ( t2  - 1)k - ( i2  - 1), i = 1, 2, 3, ... , t - 1
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1

1
d

1d2  = 
)12(k)12(2

1))12(k)12(2(2
1t1

1t1
 = 

)12(k)12(2
1)22(k)12(2

1t1

2t2
 = 

)12(k)12(2
)12(k)12(2

1t1

2t2

2
2
d

1d2  = 
)12(k)12(2

1))12(k)12(2(2
2t2

2t2
 = 

)12(k)12(2
1)22(k)12(2

2t3

3t3
 = 

)12(k)12(2
)12(k)12(2

2t2

3t3

:

1t
1t

d
1d2  = 

)12(k)12(2
1))12(k)12(2(2

1tt1t

1tt1t
 = 

)12(k)12(2
1)22(k)12(2

1tt1t

ttt
 = 

)12(k)12(2
)12(k)12(2

1tt1t

ttt

 2n - 1 = 
1t

1t
d

1d2
2t

2t
d

1d2
3
3t

d
1d2  ... 

2
2
d

1d2
1

1
d

1d2
z

1z2 (k) ... (6)

 k  2n - 1 ... (7)

 k  2n - 1  w2 k  1w2 k - w2   n  k w2  + w2 k - w2  (  (4))

 n  n + w2 k - w2  (  (4))  0  w2 k - w2

 w2   w2 k  1  k  k = 0 

 (7) k  2n - 1 

 k  2n - 1  k  2n - 3  k  { 1, 3, ... , 2n - 3 }

 ik , i = 1, 2, ... , r 

k = 
1

1
k

1k2
2

2
k

1k2  ... 
r

r
k

1k2 ... (8)

 (6)  (8) 

2n - 1 = 
1t

1t
d

1d2
2t

2t
d

1d2
3
3t

d
1d2  ... 

2
2
d

1d2
1

1
d

1d2
z

1z2 (
1

1
k

1k2
2

2
k

1k2  ... 
r

r
k

1k2 )

 P(n) 

 P(n)   n = 1, 2, 3, ...

 n  i , i = 1, 2, ... , r 

2n - 1 = 
1

1 12
2

2 12  ... 
r

r 12 ... (9)

 k 

 w  w  k = 2w - 1  (9)  i , i = 1, 2, ... , r

 k = 2w - 1 = 
1

1 12
2

2 12  ... 
r

r 12 ... (10)

 n = 11
1p 12

2p  ... 1rrp   1p , 2p , ... , rp  

 d(n) = 1 2  ... r ... (11)

 2n  = )11(2
1p )12(2

2p  ... )1r(2
rp

 d( 2n ) = (2 1  - 1)(2 2  - 1) ... (2 r  - 1) ... (12)

 (9), (10)  (11)  )n(d
)n(d 2

 = 
1

1 12
2

2 12  ... 
r

r 12  = k

 k  n  )n(d
)n(d 2

 = k
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 2  P(n)  “  w  2n - 1 = )w(d
)w(d 2
 ”

(1)  P(1) 

 )1(d
)1(d 2

 = 1  P(1) 

(2)   P(1), P(2), ... , P(n - 1)   n  1  P(n) 

 P(1), P(2), ... , P(n - 1) 

 x  { 1, 3, ... , 2n - 3 }

 P(1), P(2), ... , P(n - 1)   xq   )q(d
)q(d

x

2
x  = x ... (1)

 m  r  )r(d
)r(d 2
 = m2 x - 1

 m 

 1 m = 1

 r = 1xp xq   p   p  xq

 )r(d
)r(d 2
 = 

)qp(d
)qp(d

x
1x

2
x

)1x(2

 p, xq    )1x(2p , 2
xq  

 1xp , xq  

 1  
)qp(d

)qp(d

x
1x

2
x

)1x(2
= 

)q(d)p(d
)q(d)p(d

x
1x

2
x

)1x(2
 = 

)p(d
)p(d

1x

)1x(2

)q(d
)q(d

x

2
x

= 
)p(d

)p(d
1x

)1x(2
(x) (  (1))

= 1)1x(
1)1x(2 (x) = 2x - 1

= 12 x - 1
 2 m  1

 r = 2x31m2
1p 2x232m2

2p ... 2x1m32
1mp 1x1m3

mp xq

 1p , 2p , ... , mp   xq

 2r = ( 2x31m2
1p ) 2 ( 2x232m2

2p ) 2 ... ( 2x1m32
1mp ) 2 ( 1x1m3

mp ) 2 2
xq

= 4x3m2
1p 4x231m2

2p ... 4x1m322
1mp 2x1m32

mp 2
xq

   d(r) = d( 2x31m2
1p 2x232m2

2p ... 2x1m32
1mp 1x1m3

mp xq )

= d( 2x31m2
1p )d( 2x232m2

2p ) ... d( 2x1m32
1mp )d( 1x1m3

mp )d( xq ) (  1)

= (( 1m2 3x - 2) + 1)(( 2m2 23 x - 2) + 1) ... ((2 1m3 x - 2) + 1)(( 1m3 x - 1) + 1)d( xq )

= ( 1m2 3x - 1)( 2m2 23 x - 1) ... (2 1m3 x - 1)( 1m3 x)d( xq )
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       d( 2r ) = d( 4x3m2
1p 4x231m2

2p ... 4x1m322
1mp 2x1m32

mp 2
xq )

= d( 4x3m2
1p )d( 4x231m2

2p ) ... d( 4x1m322
1mp )d( 2x1m32

mp )d( 2
xq ) (  1)

= (( m2 3x - 4) + 1)(( 1m2 23 x - 4) + 1) ... (( 22 1m3 x - 4) + 1)((2 1m3 x - 2) + 1)d( 2
xq )

= ( m2 3x - 3)( 1m2 23 x - 3) ... ( 22 1m3 x - 3)(2 1m3 x - 1)d( 2
xq )

   )r(d
)r(d 2

= 
1x32

3x32
1m

m

1x32
3x32

22m
21m

 ... 
1x32
3x32

1m
1m2

x3
1x32

1m
1m

)q(d
)q(d

x

2
x

= 
1x32
)1x2(3

1m

m

1x32
)1x32(3

22m

1m
 ... 

1x32
)1x32(3

1m

2m2

x3
1x32

1m
1m

x (  (1))

= 1m3
1x32

1x2
1m

m

1x32
1x32

22m
1m

 ... 
1x32
1x32

1m
2m2

1m
1m

3
1x32

= 
1x32

1x2
1m

m

1x32
1x32

22m
1m

 ... 
1x32
1x32

1m
2m2

1
1x32 1m

= m2 x - 1

 m  r  )r(d
)r(d 2
 = m2 x - 1 ... (2)

 m  x  2n = m2 x  2n - 1 = m2 x - 1 ... (3)

 x  2n - 1 ... (4)

 x  2n - 1  m2 x  1m2 n - m2   2n  1m2 n - m2  (  (3))

 n  m2 n - 1m2   n  m2 n + m2 n - m2   n  n + m2 n - m2  (  m2   1)

 0  m2 n - m2   m2   m2 n  1  n  n = 0 

 (4) x  2n - 1 

 x  2n - 1  x   x  { 1, 3, ... , 2n - 3 }

 (2)  r  )r(d
)r(d 2
 = m2 x - 1  (3)  )r(d

)r(d 2
 = 2n - 1

 P(n) 

 P(n)   n = 1, 2, 3, ...

 n  w  2n - 1 = )w(d
)w(d 2

... (5)

 k   n  k = 2n - 1

 (5)  w  )w(d
)w(d 2
 = 2n - 1  )w(d

)w(d 2
 = k

 k  k  )w(d
)w(d 2
 = k

 1  x, y   d(xy) = d(x)d(y)

  x = 1x
1p 2x

2p  ... tx
tp   y = 1y

1q 2y
2q  ... uy

uq

 1p , 2p , ... , tp , 1q , 2q , ... , uq  

 1x , 2x , ... , tx , 1y , 2y , ... , uy  
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 x, y   { 1p , 2p , ... , tp  }  { 1q , 2q , ... , uq  } = 

 xy = 1x
1p 2x

2p  ... tx
tp 1y

1q 2y
2q  ... uy

uq

    d(x) = ( 1x  + 1)( 2x  + 1) ... ( tx  + 1)

    d(y) = ( 1y  + 1)( 2y  + 1) ... ( ty  + 1)

  d(xy) = ( 1x  + 1)( 2x  + 1) ... ( tx  + 1)( 1y  + 1)( 2y  + 1) ... ( ty  + 1)

 d(xy) = d(x)d(y)

4.

 1  (a 2b  + b + 7)  ( 2a b + a + b)  a, b 

 a 2b  + b + 7  2a b + a + b ... (1)

 a  b ... (2)

 b  a + 1 ... (3)

  a 2b  + b + 7  a 2b  + b

= b(ab + 1)

 (a + 1)(ab + 1) (  (3))

= 2a b + a + ab + 1

 2a b + a + ab

 2a b + a + (1)b (  a  1)

 a 2b  + b + 7  2a b + a + b  (1)

 (2) a  b 

 a  b … (4)

 (a 2b  + b + 7)  ( 2a b + a + b)

 k  2a b + a + b = k(a 2b  + b + 7) … (5)

    ( b
a  + b

1 )(a 2b  + b + 7) = 2a b + a + b
a7  + ab + 1 + b

7

= 2a b + a + ab + ( b
a7  + 1 + b

7 )

 2a b + a + ab

 2a b + a + (1)b (  a  1)

     ( b
a  + b

1 )(a 2b  + b + 7)  2a b + a + b … (6)

 (5)  (6)      ( b
a  + b

1 )(a 2b  + b + 7)  k(a 2b  + b + 7)

   b
a  + b

1  k … (7)

 b   3  b = 1, b = 2  b  3

 1 b = 1

 (a 2b  + b + 7)  ( 2a b + a + b)  (a + 8)  ( 2a  + a + 1)



The Thirty - Ninth IMO 1998, Taipeh, Taiwan 19

 c  2a  + a + 1 = c(a + 8) ... (8)

 a(a + 8) - ( 2a  + a + 1) = 7a - 1  7(a + 8) - (7a - 1) = 57

   57 = 7(a + 8) - (a(a + 8) - ( 2a  + a + 1))

= 7(a + 8) - (a(a + 8) - c(a + 8)) (  (8))

= (7 - a + c)(a + 8)

 (a + 8)  57

 a + 8  9  57 = (19)(3)  a + 8 = 19  57

 a = 11  49

 1.1 (a, b) = (11, 1)

a 2b  + b + 7 = (11)(1) + 1 + 7 = 19  2a b + a + b = 121 + 11 + 1 = 133 = (19)(7)

 (a, b) = (11, 1)  (a 2b  + b + 7)  ( 2a b + a + b)

 1.2 (a, b) = (49, 1)

a 2b  + b + 7 = (49)(1) + 1 + 7 = 57  2a b + a + b = 2401 + 49 + 1 = 2451 = (57)(43)

 (a, b) = (49, 1)  (a 2b  + b + 7)  ( 2a b + a + b)

 2 b = 2

 (a 2b  + b + 7)  ( 2a b + a + b)  (4a + 9)  (2 2a  + a + 2)

 c  2 2a  + a + 2 = c(4a + 9) ... (9)

 a(4a + 9) - 2(2 2a  + a + 2) = 7a - 4  7(4a + 9) - 4(7a - 4) = 79

   79 = 7(4a + 9) - 4(a(4a + 9) - 2(2 2a  + a + 2))

= 7(4a + 9) - 4(a(4a + 9) - 2(c(4a + 9))) (  (9))

= (4a + 9)(7 - 4a + 8c)

 (4a + 9)  79

 4a + 9  13, 17, 21, 25, 29, 33, 37, 41, 45, 49, 53, 57, 61, 65, 69, 73,

77, 81, …  4a + 9  79  a = 1, 2, 3, …

 b = 2  a  (a 2b  + b + 7)  ( 2a b + a + b)

 3 b  3

 2b   9  2b  - 7  2  0

 b
7b2

  0  b - 
b
7   0 ... (10)

   (
b
a  - 

b
1 )(a 2b  + b + 7) = 2a b + a + b

a7  - ab - 1 - 
b
7

= 2a b + a - ab + b
a7  - 1 - 

b
7

 2a b + a - ab + b
a7 (-1 - 

b
7   0)

= 2a b + a - a(b - 
b
7 )
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 2a b + a (  (10) b - 
b
7   0  a  1)

 2a b + a + b

 (
b
a  - b

1 )(a 2b  + b + 7)  2a b + a + b ... (11)

 (5) 2a b + a + b = k(a 2b  + b + 7)

 (
b
a  - 

b
1 )(a 2b  + b + 7)  k(a 2b  + b + 7)

 a 2b  + b + 7  1  
b
a  - 

b
1   k ... (12)

 (7)  (12)  
b
a  - 

b
1   k  

b
a  + 

b
1

a - 1  kb  a + 1

 a - 1, kb, a + 1   kb = a ... (13)

 (5) 2a b + a + b = k(a 2b  + b + 7)  a = kb

  2k 3b  + kb + b = k(k 3b  + b + 7)

= 2k 3b  + kb + 7k

  b = 7k ... (14)

 (13)  (14)  a = 7 2k   (a, b) = (7 2k , 7k)

 (a, b) = (11, 1), (49, 1)  (7 2k , 7k)  (a 2b  + b + 7)  ( 2a b + a + b)

 2  (a 2b  + b + 7)  ( 2a b + a + b)  b( 2a b + a + b) - a(a 2b  + b + 7) = 2b  - 7a

 (a 2b  + b + 7)  ( 2b  - 7a) ... (1)

  (a 2b  + b + 7) - ( 2b  - 7a) = (a 2b  - 2b ) + b + (7 + 7a)

= 2b (a - 1) + b + 7(a + 1)

 2b (a - 1) (  b + 7(a + 1)  0)

 0 (  a  1)

 a 2b  + b + 7  2b  - 7a ... (2)

 2b  - 7a  0 ... (3)

 (1) (a 2b  + b + 7)  ( 2b  - 7a)  2b  - 7a  0  a 2b  + b + 7  0

 a 2b  + b + 7  2b  - 7a  (2)

 (3) 2b  - 7a  0 

 2b  - 7a  0

 1 2b  - 7a = 0

 7a = 2b   7  
2b   7  b

 k  b = 7k  7a = 2b   a = 7 2k

 a 2b  + b + 7 = 37 4k  + 7k + 7
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 2a b + a + b = 37 5k  + 7 2k  + 7k = k( 37 4k  + 7k + 7) = k(a 2b  + b + 7)

 (a 2b  + b + 7)  ( 2a b + a + b)

 (a, b) = (7 2k , 7k)  (a 2b  + b + 7)  ( 2a b + a + b)

 2 2b  - 7a  0

 7a - 2b   0  7a - 2b   7a ... (4)

 b  3 ... (5)

  a 2b  + b + 7  a 2b

 9a (  b  3)

 7a

 7a - 2b

 0 (  (4))

 a 2b  + b + 7  7a - 2b   0 ... (6)

 (1) (a 2b  + b + 7)  ( 2b  - 7a)

 (a 2b  + b + 7)  (7a - 2b )

 7a - 2b   0  a 2b  + b + 7  7a - 2b ... (7)

 (6)  (7) 

 (5) b  3 

 b  3

 b   b = 1  b = 2

 2.1 b = 1

 (a 2b  + b + 7)  ( 2a b + a + b)  (a + 8)  ( 2a  + a + 1) ... (8)

 (8)  8a
1aa2

 = a - 7 + 8a
57   8a

57  

 (a + 8)  57

 a + 8  9  57 = (19)(3)  a + 8 = 19  57

 a = 11  49

 2.1.1 (a, b) = (11, 1)

a 2b  + b + 7 = (11)(1) + 1 + 7 = 19  2a b + a + b = 121 + 11 + 1 = 133 = (19)(7)

 (a, b) = (11, 1)  (a 2b  + b + 7)  ( 2a b + a + b)

 2.1.2 (a, b) = (49, 1)

a 2b  + b + 7 = (49)(1) + 1 + 7 = 57  2a b + a + b = 2401 + 49 + 1 = 2451 = (57)(43)

 (a, b) = (49, 1)  (a 2b  + b + 7)  ( 2a b + a + b)
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 2 b = 2

 2  1  (a 2b  + b + 7)  ( 2a b + a + b)  (4a + 9)  (2 2a  + a + 2)

 (4a + 9)  (2(2 2a  + a + 2)) ... (9)

 (9)  9a4
4a2a4 2

 = a - 9a4
4a7   9a4

4a7  

         8a  7a

  8a + 18  7a - 4
2(4a + 9)  7a - 4

 2  9a4
4a7

 7a - 4  0, 4a + 9  0, 9a4
4a7    2  9a4

4a7

 9a4
4a7  = 1

 7a - 4 = 4a + 9  a = 3
13

 b = 2  a  (a 2b  + b + 7)  ( 2a b + a + b)

 2  2  (a 2b  + b + 7)  ( 2a b + a + b)  a, b 

 
7bab
baba

2
2

  1

 b = 2  
7bab
baba

2
2

 = 9a4
2aa2 2

  9a4
2aa2 2

  1 ... (10)

 9a4
2aa2 2

 = 1 ... (11)

2 2a  + a + 2 = 4a + 9

  2 2a  - 3a - 7 = 0

 a = )2(2
)7)(2(493

= 4
653

 a = 4
653    a 

 (11) 

    9a4
2aa2 2

 1

2 2a  + a + 2  4a + 9 (4a + 9  0)

    2 2a  - 3a - 7  0

    2( 2a  - 2
3 a + 16

9 ) - 7 - 8
9  0

  2(a - 4
3 ) 2  8

64

      (a - 4
3 ) 2  4
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 a - 4
3   2  a  2 + 4

3  = 2.75 ... (12)

 (a 2b  + b + 7)  ( 2b  - 7a)  
7bab

a7b
2
2

 

 b = 2  
7bab

a7b
2
2

 = 9a4
a74   9a4

a74  

 9a4
a22  = 9a4

a74  + 2  9a4
a22   0  0  4a + 9  22 +a

 3a  13  a  4.3 ... (13)

 (12)  (13)  a = 3  a = 4

 (a, b) = (3, 2)  
7bab
baba

2
2

 = 9a4
2aa2 2

 = 21
23

 (a, b) = (4, 2)  
7bab
baba

2
2

 = 9a4
2aa2 2

 = 25
38

 b = 2  a  a 2b  + b + 7 =   2a b + a + b 

 (a, b) = (11, 1), (49, 1), (7 2k , 7k)  (a 2b  + b + 7)  ( 2a b + a + b)

5.

 1

 1998.5.1

 ABC_in Cir    ABC

 IM, IK, IL   ABC  IM = IK = IL

 BM, BK  ABC_in Cir

 BM = BK  BI  MK  IB̂M  = KB̂I  = 2
B (  47.1) ... (1)

  47.1   32   55
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 AM = ML, AI  LM, IÂM  = IÂL  = 2
A  ... (2)

 CL = LK, CI  LK, IĈK  = IĈL  = 2
C ... (3)

 AI, BI, CI  LM, MK, KL  E, G, F 

 MK  RS  BI  RS ... (4)

  BIR   BIS 

 2IR  = 2BR  + 2BI   2IS  = 2BI  + 2BS ... (5)

 RS = RB + BS  2RS  = 2RB  + 2BS  + 2 RB BS ... (6)

 (5)         2IR  + 2IS = ( 2BR  + 2BI ) + ( 2BI  + 2BS )

= ( 2BR  + 2BS ) + 2 2BI

= ( 2RS  - 2 RB BS) + 2 2BI  (  (6))

 2IR  + 2IS  - 2RS  = 2 2BI  - 2 RB BS ... (7)

 (2)  AM = AL   AME 

 LM̂A  = ML̂A = 90  - IÂL

= 90  - 2
A (  (2))

  BM̂R  = LM̂A  = 90  - 2
A ... (8)

    MB̂R = IB̂R  - IB̂M

= 90  - IB̂M  (  (4) BI  RS)

= 90  - 2
B (  (1)) ... (9)

MR̂B = 180  - MB̂R  - BM̂R  (   BMR)

= 180  - (90  - 2
B ) - (90  - 2

A ) (  (8)  (9))

= 2
A  + 2

B

 A + B + C = 180   MR̂B  = 2
A  + 2

B  = 90  - 2
C ... (10)

  BMR   
MR̂Bsin

BM = 
RM̂Bsin

BR  = 
MB̂Rsin

RM

)2
C90sin(

BM
o

= 
)2

A90sin(
BR

o
= 

)2
B90sin(

RM
o

(  (8), (9)  (10))

    
2
Ccos

BM = 
2
Acos

BR = 
2
Bcos

RM

 BM
BR  = 

2
Ccos
2
Acos

... (11)

 (3)  CL = CK    CLF 

 LK̂C  = KL̂C  = 90  - IĈL

= 90  - 2
C (  (3))
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  SK̂B  = LK̂C  = 90  - 2
C   ... (12)

 SB̂K = SB̂I  - IB̂K

= 90  - IB̂K  (  (4) BI  RS)

= 90  - 2
B (  (1))   ... (13)

KŜB = 180  - SB̂K  - SK̂B  (   BKS)

= 180  - (90  - 2
B ) - (90  - 2

C ) (  (12)  (13))

= 2
B  + 2

C

 A + B + C = 180   KŜB  = 2
B  + 2

C  = 90  - 2
A   ... (14)

  BKS      
SK̂Bsin

BS = 
KŜBsin

BK  = 
SB̂Ksin

KS

     
)2

C90sin(
BS

o
= 

)2
A90sin(

BK
o

= 
)2

B90sin(
KS

o
(  (12), (13)  (14))

    
2
Ccos

BS = 
2
Acos

BK = 
2
Bcos

KS

 BK
BS  = 

2
Acos
2
Ccos

  ... (15)

 (11)  (15)  ( BK
BS )( BM

BR ) = (
2
Acos
2
Ccos

)(
2
Ccos
2
Acos

) = 1

 BR BS = BK BM   ... (16)

 (1) BM = BK  (16)  BR BS = 2BK   ... (17)

 (7)  (17)  2IR  + 2IS  - 2RS  = 2 2BI  - 2 2BK  = 2( 2BI  - 2BK )   ... (18)

 K  BK  ABC_inCir   IK  KB

  BIK   2BI  = 2IK  + 2BK

 2BI  - 2BK  = 2IK   ... (19)

 (18)  (19)  2IR  + 2IS  - 2RS  = 2 2IK

  RIS   cos SÎR  = )IS)(IR(2
RSISIR 222

 = )IS)(IR(2
IK2 2

  0

 SÎR    RIS  0  SÎR   180

 cos SÎR   0  0  SÎR   180   SÎR  

 2  ABC_in Cir    ABC

 ML  AI  E  MK  BI  G  KL  CI  F

 AM  AL  

AM = AL, ME = EL, AI  ML, IM  MA, IL  LA, IÂM  = IÂL  = 2
A (  47.1) ... (1)

  47.1   32   55
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 CK = CL, KF = FL, KL  IC, IK  KC, IL  LC, IĈK  = IĈL  = 2
C ... (2)

BK = BM, KG = GM, KM  IB, IK  KB, IM  MB, IB̂K  = IB̂M  = 2
B ... (3)

 (1) IM  MA  IL  LA  LÎM  = 180  - LÂM  ... (4)

LK̂M = 2
1 LÎM ( )

= 90  - 2
1 LÂM  (  (4))

= 90  - 2
A ... (5)

 R, S  MK  RS  MK ... (6)

 LK̂M , LŜB   MK  BS  LK̂M  = LŜB

 (5)  LK̂M  = LŜB  = 90  - 2
A ... (7)

 LŜB   KŜB    LK̂M  = KŜB  = 90  - 2
A  ... (8)

 (3) KM  IB  BS  MK  IB  BS  IB  BR ... (9)

RB̂M = IB̂R  - IB̂M

= 90  - IB̂M  (  (9) IB  BR)

= 90  - 2
B (  (3)) ... (10)

SB̂K = SB̂I  - KB̂I

= 90  - KB̂I  (  (9) IB  BS)

= 90  - 2
B (  (3)) ... (11)

 (10)  (11)  RB̂M  = 90  - 2
B  = SB̂K ... (12)

RM̂B = LM̂A ( )

= LK̂M (  AK  ML )

= KŜB (  (8)) ... (13)

 (8)  (13)  RM̂B  = 90  - 2
A  = KŜB ... (14)

  BMR,  BSK  RB̂M  = KB̂S  (  (12))  RM̂B  = KŜB  (  (14))

  BMR,  BSK   BK
BR  = KS

RM  = SB
MB

     BM
BR = BS

BK

= BS
BM (  (3) BK = BM)

 BR BS = 2MB ... (15)

 BI   BIM  BI  BM ... (16)

 (15)  (16)  BR BS  2BI

 1  SÎR   90
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 3  ABC_in Cir    ABC

 ML  AI  E  MK  BI  G  KL  CI  F

 AL  AM  

AM = AL, ME = EL, AI  ML, IM  MA, IL  LA, IÂM  = IÂL  = 2
A (  47.1) ... (1)

  47.1   32   55

 CK = CL, KF = FL, KL  IC, IK  KC, IL  LC, IĈK  = IĈL  = 2
C ... (2)

BK = BM, KG = GM, KM  IB, IK  KB, IM  MB, IB̂K  = IB̂M  = 2
B  ... (3)

 R, S  MK  RS  MK

 (3) KM  IB  KM  BR  IB  BR  IB̂R  = 90 ... (4)

 (1) AI  ML  ML  AI  E  IÊM  = 90

 IÊR  = IÊM   IÊR  = 90 ... (5)

 (4)  (5)  IB̂R  + IÊR  = 180    RBIE 

 RBIE Cir    RBIE

 IÊR  = 90   RI  RBIE Cir

  SBIF 

 SBIF Cir    SBIF  SI  SBIF Cir

  SÎR = 180  - ( IR̂S  + IŜR ) (   RSI) ... (6)

 180 = SL̂R  + RŜL  + LR̂S (   RSL)

= SL̂R  + ( LŜI  + IŜR ) + ( LR̂I  + IR̂S )

    SL̂R  + LR̂I  + LŜI = 180  - ( IR̂S  + IŜR ) ... (7)

 (6)  (7)    SÎR = SL̂R  + LR̂I  + LŜI ... (8)

 (3) IK  KB  IM  MB  BM̂I  = 90  = BK̂I

 KÎM  = 180  - KB̂M ... (9)

 SL̂R = KL̂M  ( SL̂R , KL̂M  )

= 2
1 KÎM  (  MK )

= 90  - 2
1 KB̂M  (  (9))

= 90  - 2
B ... (10)

  LR̂I = ER̂I  ( LR̂I , ER̂I  )

= EB̂I (  IE  RBIE Cir ) ... (11)

  LŜI = FŜI ( LŜI , FŜI  )

= FB̂I (  IF  SBIF Cir )  ... (12)

  SÎR = SL̂R  + LR̂I  + LŜI (  (8))
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= (90  - 2
B ) + LR̂I  + LŜI (  (10))

= (90  - 2
B ) + EB̂I  + LŜI (  (11))

= (90  - 2
B ) + EB̂I  + FB̂I (  (12))

= 90  - 2
B  + FB̂E ( EB̂I  + FB̂I  = FB̂E )

= 90  - 2
B  + LB̂E  + FB̂L ... (13)

 BE   BML  BL  BM  2  LB̂E   2
1 MB̂L

 BF   BKL  BL  BK   2  LB̂F   2
1 KB̂L

   LB̂E  + LB̂F  2
1 MB̂L  + 2

1 KB̂L

= 2
1 ( MB̂L  + KB̂L )

= 2
1 KB̂M

= 2
B ... (14)

 (13)  (14)  SÎR   90  - 2
B  + 2

B  = 90

 1 W  UV  XW  UV  VX̂U   90   2XW   UW VW

 1998.5.2.1  1998.5.2.2

 2XW   UW VW  VX̂U   90

 2XW   UW VW

 0X   XW  2
0WX  = UW VW  VW

WX0  = WX
UW

0

 XW  UV  0X   XW  0XŴV  = 90

 0XŴV  = 90  = 0XŴU   VW
WX0  = WX

UW
0

 0XŴV , 0XŴU   (  64)

  64   32   92

 VX̂W 0  = 0XÛW ... (1)
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   VX̂U 0 = WX̂U 0  + VX̂W 0

= WX̂U 0  + 0XÛW (  (1))

= 90 ( 0XŴU  )

 VX̂U   VX̂U 0   VX̂U   90

 VX̂U   90   2XW   UW VW

 2XW   UW VW  VX̂U   90  

 2XW   UW VW

 0X   XW  2
0WX  = UW VW

 VW
WX0  = WX

UW
0

 XW  UV  0X   XW  0XŴV  = 90

 0XŴV  = 90  = 0XŴU   VW
WX0  = WX

UW
0

 0XŴV , 0XŴU   (  64)

  64   32   92

 VX̂W 0  = 0XÛW ... (2)

   VX̂U 0 = WX̂U 0  + VX̂W 0

= WX̂U 0  + 0XÛW (  (2))

= 90 ( 0XŴU  )

 VX̂U   VX̂U 0   VX̂U   90

 2 S  PQ   PQR  PR  QR  SR̂P   SR̂Q   SR̂P   2
1 QR̂P

 1998.5.3

  PRS =   QRS (S  PQ  PS = SQ)

   2
1 RP RS sin SR̂P = 2

1 RQ RS sin SR̂Q

  RP sin SR̂P = RQ sin SR̂Q

 RP  RQ  sin SR̂P   sin SR̂Q

 sin  (0, 2 )  SR̂P   SR̂Q

 SR̂P   SR̂Q   SR̂P  + SR̂Q  = QR̂P   SR̂P   2
1 QR̂P



The Thirty - Ninth IMO 1998, Taipeh, Taiwan30

6.   S = { f  f : N  N  f( 2n f(m)) = m(f(n)) 2   m, n  N } ... (1)

 f : N  N  f(x) = x  x  N 

f( 2n f(m)) = f( 2n m) = 2n m = m 2n  = m(f(n)) 2   m, n  N

 S  

 f  S  a = f(1) ... (2)

 (1)  n = 1  f(1 f(m)) = m(f(1)) 2   f(f(m)) = 2a m  m  N ... (3)

 (1)  m = 1  f( 2n f(1)) = 1 (f(n)) 2   f(a 2n ) = (f(n)) 2   n  N ... (4)

 m, n  N      (f(m)f(n)) 2 = (f(m)) 2 (f(n)) 2

= (f(m)) 2 f(a 2n ) (  (4)) ... (5)

 x = f(a 2n )             x (f(m)) 2 = f( 2m f(x)) (  (1))

= f( 2m f(f(a 2n )))

   f(a 2n )(f(m)) 2 = f( 2m f(f(a 2n ))) ... (6)

 (5)  (6)     (f(m)f(n)) 2 = f( 2m f(f(a 2n ))) ... (7)

 y = a 2n   f(f(y)) = 2a y (  (3))

= 2a (a 2n )

 f(f(a 2n )) = 2a (a 2n ) ... (8)

 (7)  (8)     (f(m)f(n)) 2 = f( 2m 2a (a 2n ))

= f(a(amn) 2 ) ... (9)

 z = amn            f(a(amn) 2 ) = f(a 2z )

= (f(z)) 2 (  (4))

= (f(amn)) 2 ... (10)

 (9)  (10)  (f(m)f(n)) 2 = (f(amn)) 2

 f(m)f(n) = f(amn)  m, n  N ... (11)

 (11)  m = 1  f(1)f(n) = f(a(1)n)  af(n) = f(an)  n  N ... (12)

 (12)  n  mn  af(mn) = f(amn)  m, n  N ... (13)

 (11)  (13)  af(mn) = f(m)f(n)  m, n  N ... (14)

 a  f(n)  n  N

 n  N

 P(k)  “ (f(n)) k  = 1ka f( kn ) ”

(1)  P(1) 

 (f(n))1  = 11a f( 1n )  P(1) 

(2)   P(k)   k  1  P(k + 1) 

 P(k)   k  1
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     (f(n)) k = 1ka f( kn )

    (f(n)) k f(n) = 1ka f( kn )f(n)

= 1ka (af( kn n)) (  (14))

        (f(n)) 1k = ka f( 1kn )

 P(k + 1) 

 (f(n)) k  = 1ka f( kn )  k = 1, 2, 3, ... ... (15)

 a = 1
1p 2

2p  ... t
tp   f(n) = 1

1p 2
2p  ... t

tp

 ip   i , i  , i = 1, 2, ... , t

 i  { 1, 2, ... , t }

 p = ip ,  = i    = i

   p   a ... (16)

   p   f(n) ... (17)

    ... (18)

  -   1    1

 m    m
1 (m   m =  + 1,  + 2)

    + m  = ( m
1m )

 m   (m + 1) ... (19)

 (16)   p   a

 m   mp   
ma  ... (20)

 (17)   p   f(n)

 (m + 1)  )1m(p   (f(n)) 1m ... (21)

 (15)  ma f( 1mn ) = (f(n)) 1m   ma   (f(n)) 1m ... (22)

 (20) mp   
ma   (22) ma   (f(n)) 1m   mp   (f(n)) 1m

 mp   (f(n)) 1m   (19) m   (m + 1)  (21)

 (18)    

   

 i   i   i = 1, 2, ... , t ... (23)

 a = 1
1p 2

2p  ... t
tp   f(n) = 1

1p 2
2p  ... t

tp   (23)  a  f(n)

 a  f(n)  n  N ... (24)

 g : N  N  g(n) = a
)n(f   n  N ... (25)

  g(a) = a
)a(f (  (25))
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= a
)))1(f(f (  (2) a = f(1))

= a
)1(a2

(  (3))

 g(a) = a ... (26)

 m, n  N g(mn) = a
)mn(f  (  (25))

= 2a
)mn(af

= 2a
)n(f)m(f (  (14))

= a
)m(f

a
)n(f

= g(m)g(n)

 g(mn) = g(m)g(n)  m, n  N ... (27)

 m  N   g(g(m)) = a
)a(g g(g(m)) (  (26) g(a) = a)

= a
1 g(a)g(g(m))

= a
1 g(ag(m)) (  (27))

= a
1 g(f(m)) (  (25) g(m) = a

)m(f   ag(m) = f(m))

= a
1

a
))m(f(f (  (25))

= 2a
1 f(f(m))

= 2a
1 ( 2a m) (  (3))

= m

 g(g(m)) = m  m  N ... (28)

 m, n  N       g( 2n g(m)) = g( 2n )g(g(m)) (  (27))

= g( 2n )m (  (28))

 g( 2n g(m)) = mg( 2n )  m, n  N  g  S ... (29)

 g(n) = a
)n(f   n  N  a  1  g(n)  f(n)  n  N

 g(1998)  f(1998)

 (2) f   S  g(1998)  f(1998)  f  S ... (30)

 g(p)   p ... (31)

 p 

 g(p)  ... (32)

 u, v  v  1  u  1  g(p) = uv ... (33)
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 p = g(g(p)) (  (28))

= g(uv) (  (33))

= g(u)g(v) (  (27))

 p   g(u) = 1  g(v) = 1

 g(u) = 1 ... (34)

 u = g(g(u)) (  (28))

= g(1) (  (34))

= a
)1(f (  (25))

= 1 (  (2) a = f(1))

 u = 1  u  1  (33)

 (32) g(p) 

 g(p) 

 g ... (35)

 g(x) = g(y)  g(g(x)) = g(g(y))

 x = y (  (28))

 g 

 g(1998) = g(2  
33   37)

= g(2  
33 )g(37) (  (27))

= g(2)g( 33 )g(37) (  (27))

:

= g(2)(g(3)) 3 g(37)

 g(2), g(3), g(37)   g 

 g(2)(g(3)) 3 g(37)  { g(2), g(3), g(37) } = { 2, 3, 5 }  g(3) = 2

 g(1998)  (3)( 32 )(5) = 120 ... (36)

 (30)  120  f(1998)  f  S ... (37)

 120  h  S  h(1998) = 120

 n = 1n2 2n3 3n5 4n37 1s
1p 2s

2p  ... ks
kp

 1n , 2n , 3n , 4n  

 1p , 2p , ... , kp   2, 3, 5, 37  1s , 2s , ... , ks  

 h : N  N

 h(n) = h( 1n2 2n3 3n5 4n37 1s
1p 2s

2p  ... ks
kp ) = 1n3 2n2 3n37 4n5 1s

1p 2s
2p  ... ks

kp

   h(1) = h( 02 03 ) = 03 02  = 1

  h(2) = h( 12 03 ) = 13 02  = 3
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  h(3) = h( 02 13 ) = 03 12  = 2

  h(5) = 37

h(37) = 5

    h(p) = p  p  2, 3, 5, 37

 n, m 

 1n , 2n , 3n , 4n , 1m , 2m , 3m , 4m  

 1p , 2p , ... , kp   2, 3, 5, 37

 1s , 2s , ... , ks , 1t , 2t , ... , kt  

 n = 1n2 2n3 3n5 4n37 1s
1p 2s

2p  ... ks
kp

m = 1m2 2m3 3m5 4m37 1t
1p 2t

2p  ... kt
kp

  h(m) = 1m3 2m2 3m37 4m5 1t
1p 2t

2p  ... kt
kp

    2n = 1n22 2n23 3n25 4n237 1s2
1p 2s2

2p  ... ks2
kp

        
2n h(m) = 2m1n22 1m2n23 4m3n25 3m4n237 1t1s2

1p 2t2s2
2p  ... ktks2

kp

  h( 2n h(m)) = 2m1n23 1m2n22 4m3n237 3m4n25 1t1s2
1p 2t2s2

2p  ... ktks2
kp ... (38)

   h(n) = 1n3 2n2 3n37 4n5 1s
1p 2s

2p  ... ks
kp

       (h(n)) 2 = 1n23 2n22 3n237 4n25 1s2
1p 2s2

2p  ... ks2
kp

     m(h(n)) 2 = 2m1n23 1m2n22 4m3n237 3m4n25 1t1s2
1p 2t2s2

2p  ... ktks2
kp ... (39)

 (38)  (39)  h( 2n h(m)) = m(h(n)) 2

 h  S  h(1998) = h(2  
33   37) = (3)( 32 )(5) = 120 ... (40)

 (37)  (40)  120  f(1998)  f  S
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Day I (16 July 1999)

1.  S  completely symmetric  S  3 

 A, B  S  AB  S

  S  n  S  completely symmetric

 S  n 

2.  n  2  C 

n  j  i  1
ix jx ( 2

ix  + 2
jx )  C( 1x  + 2x  + ... + nx ) 4

 1x , 2x , ... , nx

 C 

3.  n   1  1  n  n

  

 1  1  m 

 1  1 ( ) 

 m

Day II (17 July 1999)

4.  (n, p)  n   p 

 n  2p  1pn   (p - 1) n  + 1 

5.  1   2     M, N 

 2   1 

 1   2     A, B

 MA, MB  1   C, D 

 CD  2

6.  f : R  R  f(x - f(y)) = f(f(y)) + x f(y) + f(x) - 1  x, y
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The Fortieth International Mathematical Olympiad Solutions

Bucharest, Romania, 10 - 22 July 1999

1.

 1999.1.1

 n  (regular polygon)  completely symmetric  n = 3, 4, ...

 S  n  S  completely symmetric

 S  3 ... (1)

 1P , 2P , ... , kP   S 

 1P , kP  

 1P , 2P , ... , kP

 1999.1.2

 12Line   21PP

 12Line   S

 3P   S

 Q  3P   12Line

 Q, 1P , 2P , ... , kP   Q, kP  

 1P , kP  

 (1)  S  3  

  A, B  S  AB  S  A, B ... (2)

 m21 A ... AA   m  S

 m  n ... (3)

 m21 A ... AA   m  S

 S  m  m21 A ... AA  ... (4)

  j  n  j  n  jA   )m (mod  jA
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 m  m21 A...AA  

 1999.1.3

 i  { 1, 2, ... , m }

 PQ  1iiAA   R

 S  completely symmetric  PQ  S

 PQ  S  RÂA i1i  = 2i1i AÂR

 1ii1i AÂA  = 2i1ii AÂA

 m  m21 A ... AA  

 m  m21 A ... AA  

 i  { 1, 2, ... , m }

 1iiAA , 2i1i AA   n  m21 A ... AA

 PQ  2iiAA   R

 1999.1.4.1  1999.1.4.2

 1iA   PQ (  1999.1.4.1) ... (5)

 S  completely symmetric  PQ  S

 PQ  S  1iA   S

 Y  1iA   PQ

 Y  m  m21 A ... AA   (4)

 (5) 1iA   PQ 

 1iA   PQ (  1999.1.4.2)
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 iA   2iA   PQ  RAA 1ii   RAA 1i2i  

 1iiAA  = 1i2i AA   m  m21 A ... AA  

 m21 A ... AA   m 

 C  m  m21 A ... AA

 m  n ... (6)

 X  S - { 1A , 2A , ... , mA  }  X  m  m21 A ... AA

 iA , 1iA   X  CAA 1ii   CAA 1ii

 iCA   CX ... (7)

 iXAL , 1iXAL , 1iAiAL   iXA , 1iXA , 1iiAA  

 S  completely symmetric  { 1A , 2A , ... , mA  }  S

 iXAL , 1iXAL , 1iAiAL   1A , 2A , ... , mA

 C  iXAL , 1iXAL , 1iAiAL

 C  XAA 1ii

 X  iA , 1iA   C

 iCA  = CX  (7)  (6) m  n 

 m  n ... (8)

 (3)  (8)  m = n

 S  n 

2.

 1  n = 3

 S = 2
1x  + 2

2x  + 2
3x

 A.M. - G.M.  S  2( 1x 2x  + 1x 3x  + 2x 3x ) 

     2
)xx2xx2xx2(S 323121  (S((2 1x 2x ) + (2 1x 3x ) + (2 2x 3x ))) 2

1

   ( 2
)xx2xx2xx2(S 323121 ) 2  S((2 1x 2x ) + (2 1x 3x ) + (2 2x 3x )) ... (1)

1x 2x ( 2
1x  + 2

2x ) + 1x 3x ( 2
1x  + 2

3x ) + 2x 3x ( 2
2x  + 2

3x )

 1x 2x ( 2
1x  + 2

2x  + 2
3x ) + 1x 3x ( 2

1x  + 2
2x  + 2

3x ) + 2x 3x ( 2
1x  + 2

2x  + 2
3x )

= 1x 2x S + 1x 3x S + 2x 3x S

= 2
1 (S((2 1x 2x ) + (2 1x 3x ) + (2 2x 3x )))

 2
1 ( 2

)xx2xx2xx2(S 323121 ) 2 (  (1)) ... (2)

= 8
1 ( 2

1x  + 2
2x  + 2

3x  + 2 1x 2x  + 2 1x 3x  + 2 2x 3x ) 2

= 8
1 (( 1x  + 2x  + 3x ) 2 ) 2

= 8
1 ( 1x  + 2x  + 3x ) 4
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3  j  i  1

ix jx ( 2
ix  + 2

jx )  8
1 (

3

1  i
ix ) 4 ... (3)

 (3)    (2) 

 s = 2 1x 2x  + 1x 3x  + 2 2x 3x

 2
1x  + 2

2x  + 2
3x  = 2 1x 2x  + 2 1x 3x  + 2 2x 3x

  ix  = jx    kx  

 2
1x  + 2

2x  + 2
3x  = 2( 1x 2x  + 2x 3x  + 3x 1x )

  S = 2
1x  + 2

2x  + ... + 2
nx

 A.M. - G.M.  2  S  2
n  j  i  1

ix jx  

  2

xx2S ji
n  j  i  1  (S(

n  j  i  1
2 ix jx )) 2

1

     ( 2

xx2S ji
n  j  i  1 ) 2  S(

n  j  i  1
2 ix jx ) ... (1)

n  j  i  1
ix jx ( 2

ix  + 2
jx )  

n  j  i  1
ix jx ( 2

1x  + 2
2x  + ... + 2

nx ) ... (2)

= 
n  j  i  1

ix jx S

= S
n  j  i  1

ix jx

= 2
1 (S(2

n  j  i  1
ix jx ))

= 2
1 (S(

n  j  i  1
2 ix jx ))

 2
1 ( 2

xx2S ji
n  j  i  1 ) 2 (  (1)) ... (3)

= 8
1 (S + 

n  j  i  1
2 ix jx ) 2

= 8
1 (

n

1  i

2
ix  + 2

n  j  i  1
ix jx ) 2

= 8
1 ((

n

1  i
ix ) 2 ) 2

= 8
1 (

n

1  i
ix ) 4

 
4n

1  i
i

2
j

2
iji

n  j  i  1

)x (

)xx(xx

  8
1 ... (4)
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 1x  = 2x   3x  = 4x  = ... = nx  = 0

 
n  j  i  1

ix jx ( 2
ix  + 2

jx ) = (1)(1)(1 + 1) = 2 ... (5)

  (
n

1  i
ix ) 4 = (1 + 1 + 0 + 0 + ... + 0) 4  = 16 ... (6)

 (5)  (6)  
4n

1  i
i

2
j

2
iji

n  j  i  1

)x (

)xx(xx

 = 16
2  = 8

1

 8
1   

n  j  i  1
ix jx ( 2

ix  + 2
jx )  8

1 (
n

1  i
ix ) 4 ... (7)

 (7)    (2)  (3) 

 ix  = jx    kx   

 2   n = 3

 F( 1x , 2x , 3x ) = 1x 2x ( 2
1x  + 2

2x ) + 1x 3x ( 2
1x  + 2

3x ) + 2x 3x ( 2
2x  + 2

3x )

  a = 1x , b = 2x , c = 3x

 
3  j  i  1

ix jx ( 2
ix  + 2

jx )  8
1 (

3

1  i
ix ) 4   a, b, c 

ab( 2a  + 2b ) + ac( 2a  + 2c ) + bc( 2b  + 2c )  8
1 (a + b + c) 4 ... (1)

 ab( 2a  + 2b ) + ac( 2a  + 2c ) + bc( 2b  + 2c )  8
1 (a + b + c) 4  

 2  a + b + c = 1  a + b + c  1

 1 a + b + c = 1

 (1) 

 a  b  c  0

 F(a, b, c) = ab( 2a  + 2b ) + ac( 2a  + 2c ) + bc( 2b  + 2c )

 F(a, b + c, 0) = a(b + c)( 2a  + (b + c) 2 ) + a(0)( 2a  + 20 ) + (b + c)(0)((b + c) 2  + 20 )

= a(b + c)( 2a  + (b + c) 2 )

= (ab + ac)( 2a  + 2b  + 2bc + 2c )

= ab( 2a  + 2b  + 2bc + 2c ) + ac( 2a  + 2b  + 2bc + 2c )

 F(a, b + c, 0) - F(a, b, c) = (ab( 2a  + 2b  + 2bc + 2c ) + ac( 2a  + 2b  + 2bc + 2c ))

 - (ab( 2a  + 2b ) + ac( 2a  + 2c ) + bc( 2b  + 2c ))

= ab( 2c  + 2bc) + ac( 2b  + 2bc) - bc( 2b  + 2c )

= abc(c + 2b) + abc(b + 2c) - bc( 2b  + 2c )

= bc(a(c + 2b) + a(b + 2c) - ( 2b  + 2c ))

= bc(ac + 2ab + ab + 2ac - ( 2b  + 2c ))
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= bc(3ac + 3ab - ( 2b  + 2c ))

= bc(3a(c + b) - ( 2b  + 2c ))

= bc(3(1 - (b + c))(b + c) - ( 2b  + 2c )) (  a + b + c = 1)

= bc(3(1 - (b + c))(b + c) - (b + c) 2  + 2bc)

= bc((b + c)(3(1 - (b + c)) - (b + c)) + 2bc)

= bc((b + c)(3 - 4(b + c)) + 2bc) ... (2)

 1 = a + b + c

= 2
aa  + b + c

 2
cb  + b + c (  a  b  c  0)

= 2
3 (b + c)

 2  3(b + c)

        3
8  4(b + c)

 3  4(b + c)

 3 - 4(b + c)  0

    (b + c)(3 - 4(b + c))  0 (  b + c  0)

    (b + c)(3 - 4(b + c)) + 2bc  0 (  2bc  0)

    bc((b + c)(3 - 4(b + c)) + 2bc)  0 (  bc  0) ... (3)

 (2)  (3)  F(a, b + c, 0) - F(a, b, c)  0

F(a, b, c)  F(a, b + c, 0) ... (4)

= a(b + c)( 2a  + (b + c) 2 )

= xy( 2x  + 2y ) (  x = a, y = b + c)

 8
1 (x + y) 4 (  1) ... (5)

= 8
1 (a + b + c) 4 (  x = a, y = b + c)

= 8
1 (  a + b + c = 1)

 ab( 2a  + 2b ) + ac( 2a  + 2c ) + bc( 2b  + 2c )  8
1 (a + b + c) 4

 
3  j  i  1

ix jx ( 2
ix  + 2

jx )  8
1 (

3

1  i
ix ) 4 ... (6)

 (6)   (4)  (5) 

  { a, b, c } 

  { 1x , 2x , 3x  } 

 2 a + b + c  1

 2.1 a + b + c = 0

 a  0 , b  0  c  0  a = b = c = 0
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 ab( 2a  + 2b ) + ac( 2a  + 2c ) + bc( 2b  + 2c )  8
1 (a + b + c) 4

 2.2 a + b + c  0

 s = a + b + c, x = s
a , y = s

b , z = s
c

 x + y + z = 1

 1 

xy( 2x  + 2y ) + xz( 2x  + 2z ) + yz( 2y  + 2z )  8
1 ... (7)

( s
a )( s

b )(( s
a ) 2  + ( s

b ) 2 ) + ( s
a )( s

c )(( s
a ) 2  + ( s

c ) 2 ) + ( s
b )( s

c )(( s
b ) 2  + ( s

c ) 2 )  8
1

   4s
1 (ab( 2a  + 2b ) + ac( 2a  + 2c ) + bc( 2b  + 2c ))  8

1

       (ab( 2a  + 2b ) + ac( 2a  + 2c ) + bc( 2b  + 2c ))  8
1 4s

   ab( 2a  + 2b ) + ac( 2a  + 2c ) + bc( 2b  + 2c )  8
1 (a + b + c) 4

 
3  j  i  1

ix jx ( 2
ix  + 2

jx )  8
1 (

3

1  i
ix ) 4 ... (8)

 (8)    { 1x , 2x , 3x  }   

 
n  j  i  1

ix jx ( 2
ix  + 2

jx )  8
1 (

n

1  i
ix ) 4  

 1x   2x   3x   ...  nx   0

 1 1x  + 2x  + ... + nx  = 1

 F( 1a , 2a , ... , na ) = 
n  j  i  1

ia ja ( 2
ia  + 2

ja )

 1y  = 1x , 2y  = 2x , ... , 2ny  = 2nx , 1ny  = 1nx  + nx   ny  = 0 ... (1)

F( 1x , 2x , ... , 2nx , 1nx  + nx , 0) = F( 1y , 2y , ... , 2ny , 1ny , ny )

= 
n  j  i  1

iy jy ( 2
iy  + 2

jy )

= 
1n  j  i  1

iy jy ( 2
iy  + 2

jy ) (  ny  = 0)

= 
2n  j  i  1

iy jy ( 2
iy  + 2

jy ) + 
2n  i  1

iy 1ny ( 2
iy  + 2

1ny )

= 
2n  j  i  1

ix jx ( 2
ix  + 2

jx ) + 
2n  i  1

ix ( 1nx  + nx )( 2
ix  + ( 1nx  + nx ) 2 ) (  (1))

= 
2n  j  i  1

ix jx ( 2
ix  + 2

jx ) + 
2n  i  1

ix ( 1nx  + nx )( 2
ix  + 2

1nx  + 2
nx  + 2 1nx nx )

= 
2n  j  i  1

ix jx ( 2
ix  + 2

jx ) + 
2n  i  1

ix 1nx ( 2
ix  + 2

1nx  + 2
nx  + 2 1nx nx )

+ 
2n  i  1

ix nx ( 2
ix  + 2

1nx  + 2
nx  + 2 1nx nx )
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= 
2n  j  i  1

ix jx ( 2
ix  + 2

jx )

 + 
2n  i  1

ix 1nx ( 2
ix  + 2

1nx ) + 
2n  i  1

ix 1nx ( 2
nx  + 2 1nx nx )

 + 
2n  i  1

ix nx ( 2
ix  + 2

nx ) + 
2n  i  1

ix nx ( 2
1nx  + 2 1nx nx ) ... (2)

F( 1x , 2x , ... , 2nx , 1nx , nx )

= 
n  j  i  1

ix jx ( 2
ix  + 2

jx )

= 
2n  j  i  1

ix jx ( 2
ix  + 2

jx ) + 
2n  i  1

ix 1nx ( 2
ix  + 2

1nx ) + 
2n  i  1

ix nx ( 2
ix  + 2

nx )

+ 1nx nx ( 2
1nx  + 2

nx ) ... (3)

 (2)  (3)  F( 1x , 2x , ... , 2nx , 1nx  + nx , 0) - F( 1x , 2x , ... , 2nx , 1nx  , nx )

= F( 1y , 2y , ... , 2ny , 1ny , 0) - F( 1x , 2x , ... , 2nx , 1nx  , nx )

= 
2n  i  1

ix 1nx ( 2
nx  + 2 1nx nx ) + 

2n  i  1
ix nx ( 2

1nx  + 2 1nx nx )

 - 1nx nx ( 2
1nx  + 2

nx )

= 1nx nx (
2n

1  i
ix ( nx  + 2 1nx ) + 

2n

1  i
ix ( 1nx  + 2 nx ) - 2

1nx  - 2
nx )

= 1nx nx (
2n

1  i
( ix nx  + 2 ix 1nx  + ix 1nx  + 2 ix nx ) - 2

1nx  - 2
nx )

= 1nx nx (
2n

1  i
(3 ix nx  + 3 ix 1nx ) - 2

1nx  - 2
nx )

= 1nx nx (
2n

1  i
3( nx  + 1nx ) ix  - 2

1nx  - 2
nx )

= 1nx nx (3( nx  + 1nx )
2n

1  i
ix  - 2

1nx  - 2
nx )

= 1nx nx (3( nx  + 1nx )(1 - 1nx  - nx ) - 2
1nx  - 2

nx ) (  
n

1  i
ix  = 1)

= 1nx nx (3( nx  + 1nx )(1 - 1nx  - nx ) - ( 1nx  + nx ) 2  + 2 1nx nx )

= 1nx nx (( nx  + 1nx )(3(1 - 1nx  - nx ) - ( 1nx  + nx )) + 2 1nx nx )

= 1nx nx (( nx  + 1nx )(3 - 4( 1nx  + nx )) + 2 1nx nx ) ... (4)

 1 = 1x  + 2x  + 3x  + 4x  + ... + 2nx  + 1nx  + nx

= 1x  + ( 2x  + 3x  + 4x  + ... + 2nx ) + 1nx  + nx

 1x  + 1nx  + nx

= 2
xx 11  + 1nx  + nx

 2
xx n1n  + 1nx  + nx (  1x   1nx   1x   nx )
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= 2
3 ( 1nx  + nx )

 2  3( 1nx  + nx )

       3
8  4( 1nx  + nx )

 3  4( 1nx  + nx )

      3 - 4( 1nx  + nx )  0

 ( nx  + 1nx )(3 - 4( 1nx  + nx ))  0

   ( nx  + 1nx )(3 - 4( 1nx  + nx )) + 2 1nx nx  0

   1nx nx (( nx  + 1nx )(3 - 4( 1nx  + nx )) + 2 1nx nx )  0 ... (5)

 (4)  (5)  F( 1y , 2y , ... , 2ny , 1ny , 0) - F( 1x , 2x , ... , 2nx , 1nx  , nx )  0

       F( 1y , 2y , ... , 2ny , 1ny , 0)  F( 1x , 2x , ... , 2nx , 1nx , nx )

    F( 1x , 2x , ... , 2nx , 1nx , nx )  F( 1x , 2x , ... , 2nx , 1nx  + nx , 0)

 F( 1x , 2x , ... , 2nx , 1nx  + nx , 0)

 F( 1x , 2x , ... , 4nx , 3nx , 2nx  + 1nx  + nx , 0, 0)

 F( 1x , 2x , ... , 4nx , 3nx  + 2nx  + 1nx  + nx , 0, 0, 0)

:

 F( 1x , 2x , 3x  + 4x + ... + 1nx  + nx , 0, ... , 0, 0, 0)

 F( 1x , 2x + 3x  + 4x + ... + 1nx  + nx ,0 , 0, ... , 0, 0, 0)

= F( 1x , 1 - 1x , 0 , 0, ... , 0, 0, 0) (  
n

1  i
ix  = 1)

 1w  = 1x , 2w  = 1 - 1x

 F( 1x , 2x , ... , 2nx , 1nx , nx )  F( 1w , 2w , 0, 0, ... , 0, 0, 0)

 F( 1w , 2w , 0, 0, ... , 0) = 1w 2w ( 2
1w  + 2

2w )

 8
1 ( 1w  + 2w ) 4  (  1)

= 8
1 (1) ( 1w  + 2w  = 1)

 F( 1x , 2x , ... , nx )  
8
1

 
n  j  i  1

ix jx ( 2
ix  + 2

jx )  8
1 (

n

1  i
ix ) 4 (  

n

1  i
ix  = 1)

 2 1x  + 2x  + ... + nx   1

 2.1 1x  + 2x  + ... + nx  = 0

 ix   0  i  1x  = 2x  = ... = nx  = 0

 
n  j  i  1

ix jx ( 2
ix  + 2

jx )  8
1 (

n

1  i
ix ) 4
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 2.2 1x  + 2x  + ... + nx   0

 s = 
n

1  i
ix   iA  = s

xi   i = 1, 2, ... , n  
n

1  i
iA  = 1

 1  
n  j  i  1

iA jA ( 2
iA  + 2

jA )  8
1

 
n  j  i  1 s

xi
s

x j (( s
xi ) 2  + ( s

x j ) 2 )  8
1

 4s
1

n  j  i  1
ix jx ( 2

ix  + 2
jx )  8

1

 
n  j  i  1

ix jx ( 2
ix  + 2

jx )  8
1 4s

 
n  j  i  1

ix jx ( 2
ix  + 2

jx )  8
1 (

n

1  i
ix ) 4

 3   n = 3

 1x  + 2x  + 3x  = 1

 1x   2x   3x   0

 F( 1x , 2x , 3x ) = 
3  j  i  1

ix jx ( 2
ix  + 2

jx )

= 1x 2x ( 2
1x  + 2

2x ) + 1x 3x ( 2
1x  + 2

3x ) + 2x 3x ( 2
2x  + 2

3x )

= 3
1x 2x  + 1x 3

2x  + 3
1x 3x  + 1x 3

3x  + 3
2x 3x  + 2x 3

3x

= 3
1x ( 2x  + 3x ) + 3

2x ( 1x  + 3x ) + 3
3x ( 1x  + 2x )

= 3
1x (1 - 1x ) + 3

2x (1 - 2x ) + 3
3x (1 - 3x ) (  1x  + 2x  + 3x  = 1)

= 
3

1  i

3
ix (1 - ix ) ... (1)

 1 0  1x   2
1

 1x   2x   3x   0  3x   2x   2
1

 2  2
ix  - 3

ix   ( 2
1 ) 2  - ( 2

1 ) 3  = 4
1  - 8

1  = 8
1   i = 1, 2, 3 ... (2)

 F( 1x , 2x , 3x ) = 
3

1  i

3
ix (1 - ix )

= 
3

1  i
ix ( 2

ix  - 3
ix )

 
3

1  i
ix ( 8

1 ) (  (2))

= 8
1 3

1  i
ix

= 8
1 (  1x  + 2x  + 3x  = 1)
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 2 2
1   1x

 1x  + 2x  + 3x  = 1  2x  + 3x   2
1

 a = 1x   b = 1 - a = 1 - 1x  = 2x  + 3x ... (3)

 a  2
1   b  2

1

 b = 2x  + 3x   1x   2x   3x   0  ix   b  i = 2, 3

 2  2
ix  - 3

ix   2b  - 3b   i = 2, 3 ... (4)

F( 1x , 2x , 3x ) = 
3

1  i

3
ix (1 - ix )

= 3
1x (1 - 1x ) + 

3

2  i

3
ix (1 - ix )

= 3
1x (1 - 1x ) + 

3

2  i
ix ( 2

ix  - 3
ix )

 3a (1 - a) + 
3

2  i
ix ( 2b  - 3b ) (  (3)  (4))

= 3a (1 - a) + ( 2b  - 3b )
3

2  i
ix

= 3a (1 - a) + ( 2b  - 3b )( 2x  + 3x )

= 3a (1 - a) + ( 2b  - 3b )(1 - 1x ) (  1x  + 2x  + 3x  = 1)

= 3a (1 - a) + ( 2b  - 3b )(1 - a) (  (3))

= 3a b + ( 2b  - 3b )b (  (3) a + b = 1  b = 1 - a)

= 3a b + 3b (1 - b)

= 3a b + 3b a (  (3) a + b = 1  a = 1 - b)

= ab( 2a  + 2b )

 8
1 (a + b) 4 (  1)

= 8
1 (  (3) a + b = 1)

 F( 1x , 2x , 3x ) = 
3  j  i  1

ix jx ( 2
ix  + 2

jx )  8
1 ... (5)

 1x  = 2
1 , 2x  = 2

1 , 3x  = 0

 F( 1x , 2x , 3x ) = F( 2
1 , 2

1 , 0)

= 1x 2x ( 2
1x  + 2

2x ) + 1x 3x ( 2
1x  + 2

3x ) + 2x 3x ( 2
2x  + 2

3x )

= ( 2
1 )( 2

1 )( 4
1  + 4

1 ) + 0 + 0

= 8
1

 F( 2
1 , 2

1 , 0) = 8
1 ... (6)



The Fortieth IMO 1999, Bucharest, Romania 47

 (5)  (6)  F( 1x , 2x , 3x ) = 
3  j  i  1

ix jx ( 2
ix  + 2

jx )  8
1

 
n  j  i  1

ix jx ( 2
ix  + 2

jx )  8
1 ( 1x  + 2x  + ... + nx ) 4

 1x   2x   ...  nx   0

 1 1x  + 2x  + ... + nx  = 1

 F( 1x , 2x , ... , nx ) = 
n  j  i  1

ix jx ( 2
ix  + 2

jx )

= 
n  j  i  1

ix jx 2
ix  + 

n  j  i  1
ix jx 2

jx

= 
n  j  i  1

3
ix jx  + 

n  j  i  1
ix 3

jx

= ( 3
1x ( 2x  + ... + nx ) + 3

2x ( 3x  + ... + nx ) + ... + 3
2nx ( 1nx  + nx ) + 3

1nx nx )

+ ( 1x ( 3
2x  + ... + 3

nx ) + 2x ( 3
3x  + ... + 3

nx ) + ... + 2nx ( 3
1nx  + 3

nx ) + 1nx 3
nx )

= 3
1x ( 2x  + 3x  + ... + nx ) + 3

2x ( 1x  + 3x  + ... + nx ) + ... + 3
nx ( 1x  + 2x  + ... + 1nx )

= 3
1x (1 - 1x ) + 3

2x (1 - 2x ) + ... + 3
nx (1 - nx ) (  1x  + 2x  + ... + nx  = 1)

= 
n

1  i

3
ix (1 - ix ) ... (1)

 1.1 0  1x   2
1

 1x   2x   ...  nx   0  nx   ...  2x   2
1

 2 
2
ix  - 3

ix   ( 2
1 ) 2  - ( 2

1 ) 3  = 4
1  - 8

1  = 8
1   i = 1, 2, 3, ... , n ... (2)

F( 1x , 2x , ... , nx ) = 
n

1  i

3
ix (1 - ix ) (  (1))

= 
n

1  i
ix ( 2

ix  - 3
ix )

 
n

1  i
ix ( 8

1 ) (  (2))

= 8
1 n

1  i
ix

= 8
1 (  1x  + 2x  + ... + nx  = 1)

 1.2 2
1   1x

 1x  + 2x  + ... + nx  = 1  2
1   1x   2x  + 3x  + ... + nx   2

1 ... (3)

 a = 1x   b = 1 - a = 1 - 1x  = 2x  + 3x  + ... + nx ... (4)

 a  2
1   b  2

1
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