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The Twenty - Fourth International Mathematical Olympiad
Paris, France

1 - 12 July 1983

Day I (6 July 1983)

1.  f  
( i )  f(x f(y)) = y f(x)  x, y
( ii ) 

x
lim f(x) = 0

2.  A  1C   2C  
 1O , 2O   1C   2C  

 1C   1P   2C   2P

 1C   1Q   2C   2Q

 1M   11QP   2M   22QP

 21 OÂO  = 21 MÂM

3.  a, b, c   1
 2abc - ab - bc - ca 

xbc + yca + zab  x, y, z 

Day II (7 July 1983)

4.   ABC 
 E   ABC (  A, B, C)

  E  E 

5.   1983   510

 3  

6.  a, b, c   ABC
 2a b(a - b) + 2b c(b - c) + 2c a(c - a)  0

 2a b(a - b) + 2b c(b - c) + 2c a(c - a) = 0
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The Twenty - Fourth International Mathematical Olympiad Solutions
Paris, France, 1 - 12 July 1983

1.
 1  f   f(x)  0  x

 f(k) = 1
     f(x) = f(x(1))

= f(x f(k)) (  f(k) = 1)
= k f(x) (  ( i ))

 k = 1   f(k) = 1  k = 1 ... (1)
  y = )x(f

1 ... (2)

 k = x f(y) ... (3)
    f(k) = f(x f(y)) (  (3))

= y f(x) (  ( i ))
= 1 (  (2))

 k = 1 (  (1)) ... (4)
 f(1) = 1 ... (5)

  f( )x(f
1 ) = f(y) (  (2))

= x
k  = x

1  (  (3)  (4)))
    f(y) = f( )x(f

1 ) = x
1 (  (2)) ... (6)

f(f(y)) = f(1 f(y))
= y f(1) (  ( i ))

 f(f(y)) = y (  (5) f(1) = 1) ... (7)
 f( x

1 ) = y (  (6))
  f( x

1 ) = )x(f
1 (  (2)) ... (8)

 x, y 
  z = f(y) ... (9)

    f(z) = f(f(y)) = y (  (7)) ... (10)
  f(xy) = f(x f(z)) (  (10) y = f(z))

= z f(x) (  ( i ))
= f(y) f(x) (  (9))

 f(xy) = f(x) f(y)  x, y ... (11)
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 x 
 ( i )  f(x f(x)) = x f(x)  x ... (12)

 k = x f(x) ... (13)
 k = 1

f( 2k ) = f(k) f(k) (  (10))
= (f(k)) 2
= (f(x f(x))) 2 (  (12))
= (x f(x)) 2 (  (11)
= 2k (  (12))

 f( tk ) = tk   2  t  n
 f( nk ) = f( 2nk 2k ) = f( 2nk ) f( 2k ) = 2nk 2k  = nk

 f( nk ) = nk   n = 2, 3, ... ... (14)
 k  1 ... (15)

 
n
lim nk  =   

n
lim f( nk ) = 

n
lim nk  = 

 ( ii ) 
x
lim f(x) = 0  

n
lim nk  = 

 1  
n
lim f( nk ) = 0  

n
lim f( nk ) = 

 (15) k  1 
 0  k  1 ... (16)

f( k
1 ) = f( )x(xf

1 ) (  (13))

= f( x
1 ) f( )x(f

1 ) (  (11))

= )x(f
1 f( )x(f

1 ) (  (8))

= )x(f
1

x
1 (  (6))

= k
1 (  (13))

 f( nk
1 ) = nk

1   n = 2, 3, ... ... (17)

 k  1 ... (18)
 k
1   1  

n
lim nk

1  = 

 
nk
1
lim f( nk

1 ) = 
nk
lim nk

1  = 

 ( ii ) 
x
lim f(x) = 0  

n
lim nk

1  = 

 1  
n
lim f( nk

1 ) = 0  
n
lim f( nk

1 ) = 

 (18) k  1 
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 (16)  k = 1
 (13) k = x f(x)  1 = x f(x)  f(x) = x

1

 f(x) = x
1   x

 f(x) = x
1   f(x f(y)) = y f(x)  x, y  

x
lim f(x) = 0

 f(x) = x
1  

 2  x 
 a = x f(x) ... (1)

   f(a) = f(x f(x)) (  (1))
= x f(x) (  ( i ))
= a (  (1))

 f(a) = a ... (2)
 P(n)  “ f( na ) = na  ”

(1)  P(1) 
 (2)  P(1) 

(2)   P(k)   k  1  P(k + 1) 
 P(k) 

 f( ka ) = ka ... (3)
   f( 1ka ) = f(a ka )

= f(a f( ka )) (  (3))
= ka  f(a) (  ( i ))
= ka a (  (2) a = f(a))
= 1ka

 P(k + 1) 
 P(n)   n

 f( na ) = na   n ... (4)
      a = f(a)

= f(1 a)
= a f(1) (  ( i ))

 a  0  f(1) = 1 ... (5)
  a f( 1a ) = f( 1a f(a)) (  ( i ))

= f( 1a a) (  (4))
= f(1)
= 1 (  (5))
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 f( 1a ) = 1a ... (6)
 P(n)  “ f( na ) = na  ”

(1)  P(1) 
 (6)  P(1) 

(2)   P(k)   k  1  P(k + 1) 
 P(k) 

 f( ka ) = ka ... (7)
    f( )1k(a ) = f( 1a ka )

= f( 1a f( ka )) (  (7))
= ka f( 1a ) (  ( i ))
= ka 1a (  (6) f( 1a ) = 1a )
= )1k(a

 P(k + 1) 
 P(n)   n

 f( na ) = na   n ... (8)
 a  1 ... (9)

 
n
lim na  = 

 
n
lim f( na ) = 

n
lim na  = 

 ( ii ) 
x
lim f(x) = 0  

n
lim na  = 

 1  
n
lim f( na ) = 0  

n
lim f( na ) = 

 (9) a  1   a  1
 a  1 ... (10)

 0  a  1  
n
lim na  = 

 (8)  
n
lim f( na ) = 

n
lim na  = 

 ( ii ) 
x
lim f(x) = 0  

n
lim na  = 

 1  
n
lim f( na ) = 0  

n
lim f( na ) = 

 (10) a  1 
 a = 1  (1) a = x f(x)  x f(x) = 1
 f(x) = x

1   x
 f(x) = x

1   f(x f(y)) = y f(x)  x, y  
x
lim f(x) = 0

 f(x) = x
1  
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 1  
x
lim f(x) = 0  nt   

n
lim nt  =   

n
lim f( nt ) = 0

    0
 
x
lim f(x) = 0  M  0   x  M   f(x)   ... (1)

 
n
lim nt  =   0N    n  0N   nt   M ... (2)

 (1)  (2)   n  0N    f( nt )   
   0  0N    n  0N    f( nt )   

 
n
lim f( nt ) = 0

2.  1

 1983.2.1
 1C   2C   A  B   1r , 2r   1C   2C  

 O, A  1C   2C   1A , 2A  
 O

 O, 1O , 2O  
 1Line   O, 1O , 2O

 1Line   11QP , 22QP , AB
 1Line  

 O  (the center of similitude)
 

2
1

OO
OO  = 

2
1

OP
OP  = 

2
1

OQ
OQ  = 

2
1

OM
OM  = OA

OA1  = 
2OA

OA  = 
2
1
r
r

 O  
2
1

OO
OO  = 

2
1

OM
OM  = 

2OA
OA  = 

2
1
r
r

 11AMO , 222 MAO    11 MÂO  = 222 MÂO ... (1)
 11AMO , 222 MAO   11MO   22MO

 1AM   22MA ... (2)
 AB  1OO   AB  1OO   OM̂B 2  = OM̂A 2 ... (3)
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 BA  21PP   Y  2
1YP  = YA YB = 2

2YP  (  58)
  58   32   84
 YP1  = YP2

 11QP , 22QP   AB   BY  21MM   BY  21MM

 AB  21MM   AB  21MM

 21OO   AB  21OO   AB (  49.6)
  49.6   32   61
 21MM   AB 
 1AM  = BM1  = 2BM  = 2AM   21BMAM  
 1AM   2BM ... (4)

 (2)  (4)  2BM   22MA

 B, 2M , 2A  
 B, 1M , 1A  

 BO2  = 22AO  = 2r   222 MÂO  = 22 MB̂O ... (5)
 AB  1OO   AMO 22 , BMO 22  

 22 MÂO  = 22 MB̂O ... (6)
 (5)  (6)  222 MÂO  = 22 MÂO ... (7)

 21 OÂO = 11 MÂO  + 21 OÂM

= 222 MÂO  + 21 OÂM (  (1))
= 22 MÂO  + 21 OÂM (  (7))
= 21 MÂM

 2  O   
2
1

OO
OO  = 

2
1

OM
OM  = OA

OA1  = 
2
1
r
r

 11MA   2AM   11AO   AO2

 111 MAO , 22AMO    111 MÂO  = 22 MÂO ... (8)
 11POO   11MOP    11 PÔO  = 11 PÔM

 11POO   11MOP  
 

1
1

OM
OP  = 

1
1

OP
OO   2

1OP  = 1OO 1OM

 1OA   1C   A  1OP   1C

 OA 1OA  = 2
1OP (  58)

  58 (Euclid III. 36.)   32   84
 OA 1OA  = 1OO 1OM   A, 1A , 1O , 1M   (  59.4)

  59.4   32   87
 1M1O1AAC   A, 1A , 1O , 1M
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 11 MÂO = 111 MÂO (  11MO   1M1O1AAC )
= 22 MÂO (  (8)) ... (9)

 21 OÂO = 11 MÂO  + 21 OÂM

= 22 MÂO  + 21 OÂM (  (9))
= 21 MÂM

 3  O  OA
OA1  = 

2
1

OM
OM  = 

2OA
OA  = 

2
1
r
r

 11AM   AM2   AM1   22AM

 11AAM , AAM 22  
21 MÂM  = 21 MB̂M (AB, 21MM  )

= 21 AB̂A (B, 1M , 1A    B, 2M , 2A  )
= 180  - ( BÂA 12  + BÂA 21 ) (  BAA 21 )
= 180  - ( BÂA 1  + BÂA 21 ) ( BÂA 12 , BÂA 1  )
= 180  - ( BÂA 1  + BÂA 2 ) ( BÂA 21 , BÂA 2  )
= 180  - ( 2

1 BÔA 1  + 2
1 BÔA 2 ) ( )

= 180  - ( 21OÔA  + 12OÔA ) ( 1OO   BÔA 1   BÔA 2 )
= 21 OÂO (  21AOO )

3.
 1  bc - b - c 

 mb + nc  m, n  (  1)

 { 0, 1, 2, ... , a - 1 }  a (complete
set of residues mod b)  gcd(a, b) = gcd(c, a) = 1

 { 0, bc, 2bc, ... , (a - 1)bc }  a
 N  2abc - ab - bc - ca

 x  { 0, 1, 2, ... , a - 1 }  xbc  N (mod a)  xbc  (a - 1)bc
 N - xbc  2abc - ab - bc - ca - (a - 1)bc = abc - ab - ca = a(bc - b - c)
 k  N - xbc = ak  k  bc - b - c
 y, z  k = zb + yc (  1)

 N = xbc + ak = xbc + a(zb + yc) = xbc + yca + zab
 N = 2abc - ab - bc - ca ... (1)

 N  N = xbc + yca + zab ... (2)
 x, y, z 

 N = 2abc - ab - bc - ca = a(2bc - b - c) - bc  N  -bc (mod a) ... (3)
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 (2) N = xbc + yca + zab = xbc + a(yc + zb)  N  xbc (mod a) ... (4)
 (3)  (4)  xbc  -bc (mod a)  x  -1 (mod a)

 a  (x + 1)  x + 1  a  x  a - 1 ... (5)
 y  b - 1  z  c - 1 ... (6)

 (5)  (6)     xbc + yca + zab  (a - 1)bc + (b - 1)ca + (c - 1)ab
 N  3abc - bc - ca - ab (  (2))

   2abc - ab - bc - ca  3abc - ab - bc - ca (  (1))
  2  3

 (2) 
 2abc - ab - bc - ca  N = xbc + yca + zab

 x, y, z 
 2abc - ab - bc - ca  

xbc + yca + zab  x, y, z 

 2  a, b, c   1
 gcd(a, b) = gcd(b, c) = gcd(c, a) = 1

 0x , 0y , 0z   xbc + yca + zab = n ... (1)
  0x bc + 0y ca + 0z ab = n ... (2)

 (1)  (2)   (x - 0x )bc + (y - 0y )ca + (z - 0z )ab = 0 ... (3)
   (x - 0x )bc = -((y - 0y )ca + (z - 0z )ab)

 a  (-((y - 0y )ca + (z - 0z )ab))  a  ((x - 0x )bc)
 gcd(a, b) = gcd(c, a) = 1  a  (x - 0x )

 s  x - 0x  = as ... (4)
 (3)  (4)   sabc + (y - 0y )ca + (z - 0z )ab = 0

 a  0    sbc + (y - 0y )c + (z - 0z )b = 0 ... (5)
     (y - 0y )c = -(sbc + (z - 0z )b)

 b  (-(sbc + (z - 0z )b))  b  ((y - 0y )c)
 gcd(b, c) = 1  b  (y - 0y )

 t  y - 0y  = bt ... (6)
 (5)  (6)   sbc + btc + (z - 0z )b = 0

 b  0      sc + tc + z - 0z = 0
   z - 0z = -c(s + t)

 (4)  x = 0x  + as  (6)  y = 0y  + bt
 s  t  0  x  a - 1  0  y  b - 1 ... (7)
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 n  2abc - ab - bc - ca ... (8)
 (1)    abz = n - bcx - acy

 n - bc(a - 1) - ac(b - 1) (  (7))
 (2abc - ab - bc - ca) - bc(a - 1) - ac(b - 1) (  (8))

= -ab
 abz  -ab  ab  0  z  -1  z  0

  n  2abc - ab - bc - ca
 n  xbc + yca + zab  x, y, z 

 2abc - ab - bc - ca  xbc + yca + zab
 x, y, z 

 2abc - ab - bc - ca  xbc + yca + zab ... (9)
 x, y, z 

 x, y, z  2abc - ab - bc - ca = xbc + yca + zab
bc(x + 1) + ca(y + 1) + ab(z + 1) = 2abc ... (10)

 x, y, z   x + 1  1, y + 1  1  z + 1  1
 (10)  bc(x + 1) = -(ca(y + 1) + ab(z + 1)) + 2abc

 a  (-(ca(y + 1) + ab(z + 1) + 2abc)  a  (bc(x + 1))
 gcd(a, b) = gcd(a, c) = 1  a  (x + 1)  a  x + 1 ... (11)

 (10)  ca(y + 1) = -(bc(x + 1) + ab(z + 1)) + 2abc
 b  (-(bc(x + 1) + ab(z + 1) + 2abc)  b  (ca(y + 1))
 gcd(a, b) = gcd(b, c) = 1  b  (y + 1)  b  y + 1 ... (12)

 (10)  ab(z + 1) = -(bc(x + 1) + ca(y + 1)) + 2abc
 c  (-(bc(x + 1) + ca(y + 1)) + 2abc)  c  (ab(z + 1))
 gcd(a, c) = gcd(b, c) = 1  c  (z + 1)  c  z + 1 ... (13)

 (11), (12)  (13)  bc(x + 1) + ca(y + 1) + ab(z + 1)  bca + cab + abc = 3abc ... (14)
 (10)  (14)  2abc  3abc

 abc  0  2  3   (9) 
 2abc - ab - bc - ca  xbc + yca + zab

 x, y, z 

 1 bc - b - c  mb + nc
 m, n 

  { 0, 1, 2, ... , b - 1 }  b (complete
set of residues mod b)  gcd(b, c) = 1

 { 0, c, 2c, ... , (b - 1)c }  b
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 r  bc - c - b
 r  (b - 1)c - b
 n  { 0, 1, 2, ... , b - 1 }  r  nc (mod b)

 b  (r - nc)  r - nc  b  r  nc + b
 m  r - nc = mb  r = nc + mb

 r - nc  b  0  r = nc + mb  mb  0  m  0
 r  bc - c - b  n, m  r = nc + mb

 bc - b - c  mb + nc  m, n ... (1)
 bc - b - c = mb + nc ... (2)

   bc + b(m + 1) = c(n + 1)
 b  c(n + 1)

 gcd(b, c) = 1  b  (n + 1)  n + 1  b
 n  b - 1 ... (3)

 mb + nc  nc
 (b - 1)c (  (3))

= bc - c
 bc - b - c (c )

= mb + nc (  (2))
 mb + nc  mb + nc 

 (1) 
 bc - b - c  mb + nc  m, n 

 r  bc - c - b  n, m  r = nc + mb
 bc - b - c  mb + nc  m, n 

 bc - b - c  mb + nc
 m, n 

4.

 1983.4.1.1  1983.4.1.2  1983.4.1.3
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 E  Pythagoras   1E , 2E   E  iE  
 X, Y, Z  iE   XYZ

 1E , 2E   E  1E   2E  = E  1E   2E  = 
  ABC 

 AB = BC = CA = 3 ... (1)
 1A , 1B , 1C   BC, CA, AB  BC

AC
1
1  = CA

BA
1
1  = AB

CB
1
1  = 1

2  (  1983.4.1.1)

 1AB  = 2  1AC  = 1
 1AB  = 2  1AC  = 1  11ACB  = 60   11CB  = 3   11CB   AB

 11AC  = 3   11AC   BC  11BA  = 3   11BA   CA
 11CB   AB  11AC   BC  11BA   CA ... (2)

 E  Pythagoras ... (3)
 1E , 2E   E 

 3  X, Y, Z  1E    XYZ   3  X, Y, Z  2E

  XYZ ... (4)
 1E , 2E   E  E = 1E   2E   1E   2E  =  ... (5)
 3  1A , 1B , 1C   2  1E , 2E

 1A , 1B , 1C   iE  
 1A , 1B   1E  (  1983.4.1.2) ... (6)

 [ AC ]  AC  [ AB ]  AB
 ([ AC ] - { 1B  })  1E    ... (7)
 X  ([ AC ] - { 1B  })  1E   X, 1A , 1B   1E

 (2) 11BA   CA  11BXA  
 X, 1A , 1B   1E   11BXA   (4)

 (7) ([ AC ] - { 1B  })  1E    
 ([ AC ] - { 1B  })  1E  =  ... (8)

 1E , 2E   E  (8)  ([ AC ] - { 1B  })  2E ... (9)
 1C   1E ... (10)

 1E , 2E   E  1C   2E

 2C   AC  21CC   AC (  1983.4.1.2)
 2C   1E ... (11)

 (6)  2C , 1A , 1B   1E   112 BAC    (4)
 (11)   2C   1E   2C   2E

 21CC   AC  21CAC  
 A, 1C , 2C   2E   21CAC   (4)
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 (10) 1C   1E  
 1C   1E   (6)  1A , 1B , 1C   1E ... (12)
 ([ AB ] - { 1C  })  1E    ... (13)
 Y  ([ AB ] - { 1C  })  1E  (  1983.4.1.3)

 (12)  Y, 1C , 1B   1E

 (1) 11CB   AB  11CYB  
 Y, 1C , 1B   1E   11CYB   (4)

 (13) ([ AB ] - { 1C  })  1E    
 ([ AB ] - { 1C  })  1E  =  ... (14)

 1E , 2E   E  (14)  ([ AB ] - { 1C  })  2E ... (15)
 (9)  (15)  ([ AC ] - { 1B  })  ([ AB ] - { 1C  })  2E ... (16)

 P  AC  AP = 3
1 AC = 3

1 (3) = 1 (  (1))
 Q  AB  AQ = 6

1 AB = 6
1 (3) = 2

1  (  (1))
 AP : AQ = 2 : 1

 QÂP  = CÂB  = 60   AP : AQ = 2 : 1   APQ 
 A, P, Q  2E    APQ  (3)

 (3) E  Pythagoras 
 E  Pythagoras

5.  nT  = { ( nt 1nt  ... 2t 1t 0t ) 3   it   0  1  i = 0, 1, 2, ... , n }
 x, y, z  nT   x, y, z ... (1)

 x  y  z  2y = x + z ... (2)
           y = ( ny 1ny  ... 2y 1y 0y ) 3  iy   0  1  i = 0, 1, 2, ... , n

    2y = ((2 ny )(2 1ny ) ... (2 2y )(2 1y )(2 0y )) 3
 2 iy   0  2  i = 0, 1, 2, ... , n ... (3)

           x = ( nx 1nx  ... 2x 1x 0x ) 3  ix   0  1  i = 0, 1, 2, ... , n
         z = ( nz 1nz  ... 2z 1z 0z ) 3  iz   0  1  i = 0, 1, 2, ... , n

      x + z = (( nx  + nz )( 1nx  + 1nz ) ... ( 2x  + 2z )( 1x  + 1z )( 0x  + 0z )) 3
 ( ix   0  1)  i = 0, 1, 2, ... , n  ( iz   0  1)  i = 0, 1, 2, ... , n

 ix  + iz   0, 1  2  i = 0, 1, 2, ... , n ... (4)
 (2) 2y = x + z  (3)  (4)  ix  + iz   0  2  i = 0, 1, 2, ... , n ... (5)

 2 iy  = 2  ix  + iz  = 2  ix  = iz  = 1
 2 iy  = 0  ix  + iz  = 0  ix  = iz  = 0

 x = z  x  z  (1) 
 x, y, z  nT   x, y, z 
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  10T   = 112  = 2048  A  10T    A  = 1983
 (11111111111) 3   10T

 (11111111111) 3  = 103  + 93  + ... + 3 + 1 = 13
1311  = 2

1177147  = 88573  100000 = 510

 A  510

 1983   510

 3  

6.  0  a  b  c
 y + z = a

z + x = b
x + y = c

 det(
011
101
110

) = 2  0  y + z = a, z + x = b, x + y = c 

 x, y, z  y + z = a, z + x = b, x + y = c
 a, b, c   a + b  c, b + c  a, c + a  b

a + b  c  (y + z) + (z + x)  (x + y)  2z  0  z  0
b + c  a  (z + x) + (x + y)  (y + z)  2x  0  x  0
c + a  b  (x + y) + (y + z)  (z + x)  2y  0  y  0
 x, y, z 

  2a b(a - b) = (y + z) 2 (z + x)((y + z) - (z + x))
= ( 2y  + 2yz + 2z )(z + x)(y - x)
= ( 2y  + 2yz + 2z )(yz - xz + xy - 2x )
= 2y (yz - xz + xy - 2x ) + 2yz(yz - xz + xy - 2x ) + 2z (yz - xz + xy - 2x )
= ( 3y z - x 2y z + x 3y  - 2x 2y ) + (2 2y 2z  - 2xy 2z  + 2x 2y z - 2 2x yz)

 + (y 3z  - x 3z  + xy 2z  - 2x 2z )
= 3y z + x 2y z + x 3y  - 2x 2y  + 2 2y 2z  - xy 2z  - 2 2x yz + y 3z  - x 3z  - 2x 2z

  2b c(b - c) = x 3z  + xy 2z  + y 3z  - 2y 2z  + 2 2x 2z  - 2x yz - 2x 2y z + 3x z - 3x y - 2x 2y

  2c a(c - a) = 3x y + 2x yz + 3x z - 2x 2z  + 2 2x 2y  - x 2y z - xy 2z  + x 3y  - 3y z - 2y 2z

 2a b(a - b) + 2b c(b - c) + 2c a(c - a)
= 2x 3y  + 2y 3z  - 2x 2y z - 2xy 2z  - 2 2x yz + 2 3x z
= 2(x 3y  + y 3z  - x 2y z - xy 2z  - 2x yz + 3x z)
= 2(x 3y  + y 3z  + z 3x  - xyz(x + y + z)))
 0 (  1) ... (1)

 2a b(a - b) + 2b c(b - c) + 2c a(c - a)  0 ... (2)
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 (2)  (1) 
x = y = z (  1)
y + z = z + x = x + y
a = b = c

 ABC 

 1 x, y, z   x 3y  + y 3z  + z 3x   xyz(x + y + z)
  1a  = 3xy , 2a  = 3yz , 3a  = xz3

1b  = z , 2b  = x , 3b  = y

  ( 2
1a  + 2

2a  + 2
3a )( 2

1b  + 2
2b  + 2

3b )  ( 1a 1b  + 2a 2b  + 3a 3b ) 2 ... (1)
   29   242

            (x 3y  + y 3z  + z 3x )(z + y + x)  ( 3xy z  + 3yz x  + 3zx y ) 2
       (x 3y  + y 3z  + z 3x )(x + y + z)  (y xyz  + z xyz  + x xyz ) 2

= xyz(y + z + x) 2
= xyz(x + y + z) 2

            x 3y  + y 3z  + z 3x  xyz(x + y + z) ... (2)
 (2)  (1) 

1
1
b
a  = 

2
2
b
a  = 

3
3
b
a

(
1
1
b
a ) 2  = (

2
2
b
a ) 2  = (

3
3
b
a ) 2

z
xy3  = x

yz3  = y
zx3

z
xy3 (xyz) = x

yz3 (xyz) = y
zx3 (xyz)

2x 4y  = 2y 4z  = 2z 4x

x 2y  = y 2z  = z 2x

xyz
xy2  = xyz

yz2  = xyz
zx2

z
y  = x

z  = y
x

 t = z
y  = x

z  = y
x   3t  = ( z

y )( x
z )( y

x ) = 1  t = 1

 x = y = z
  (2)   x = y = z
 x 3y  + y 3z  + z 3x  = xyz(x + y + z)  x = y = z
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6.1   ABC  BC = a, CA = b, AB = c
 2a (a - b) + 2b (b - c) + 2c (c - a)  0

6.1  0  a  b  c
( 2a , 2b , 2c )   0  2a   2b   2c

(a, b, c)  0  a  b  c

   (a)( 2a ) + (b)( 2b ) + (c)( 2c )  ( 2a )(b) + ( 2b )(c) + ( 2c )(a) ... (1)
   29   339
            3a  + 3b  + 3c  2a b + 2b c + 2c a

        3a  - 2a b + 3b  - 2b c + 3c  - 2c a  0
           2a (a - b) + 2b (b - c) + 2c (c - a)  0

6.2   ABC  BC = a, CA = b, AB = c
 2
1 ( 2a  + 2b  + 2c )  ab + bc + ca  2a  + 2b  + 2c

6.2  2a  - 2ab + 2b  = (a - b) 2   0  2a  + 2b   2ab
 2b  + 2c   2bc  2c  + 2a   2ca

       2( 2a  + 2b  + 2c )  2ab + 2bc + 2ca
       2a  + 2b  + 2c  ab + bc + ca ... (1)

2ab cos C = 2b  + 2a  - 2c

2bc cos A = 2b  + 2c  - 2a

2ca cos B = 2a  + 2c  - 2b

       2ab cos C + 2bc cos A + 2ca cos B = 2a  + 2b  + 2c

        ab cos C + bc cos A + ca cos B = 2
1 ( 2a  + 2b  + 2c )

        ab(1) + bc(1) + ca(1)  ab cos C + bc cos A + ca cos B
    ab + bc + ca  2

1 ( 2a  + 2b  + 2c ) ... (2)
 (1)  (2)               2

1 ( 2a  + 2b  + 2c )  ab + bc + ca  2a  + 2b  + 2c



The Twenty - Fifth International Mathematical Olympiad
Prague, Czechoslovakia
29 June - 10 July 1984

Day I (4 July 1984)

1.  x, y, z   x + y + z = 1
 0  xy + yz + zx - 2xyz  27

7

2.  a, b 
ab(a + b)  7   (a + b) 7  - 7a  - 7b   77  

3.  O  P 
 

 X  C(X)  O  OX + OX
XÔA

 XÔA    0  XÔA   2
  X  OA  X  C(X)

Day II (5 July 1984)

4.   ABCD  CD  AB 
 AB  CD   AD  BC

5.  d  n  (n  3)
 p  n 

 n - 3  p
d2   [ 2

n  ] [ 2
1n  ] - 2

6.  a, b, c, d   0  a  b  c  d  ad = bc

 a + d = k2   b + c = m2   k, m  a = 1
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The Twenty - Fifth International Mathematical Olympiad Solutions
Prague, Czechoslovakia, 29 June - 10 July 1984

1.
 x, y, z   x + y + z = 1 (  ( i ))

 x  y  z  0
 z  2

1 ... (1)
 x  y  z  2

1

 x + y + z  3z = 2
3   ( i ) x + y + z = 1

 (1) z  2
1  

 z  2
1

 x  y  z  0  0  z  2
1 (  ( ii ))

 0  xy + yz + zx - 2xyz

 1  ( ii )  1 - 2z  0 ... (1)
   xy + yz + zx - 2xyz = (xy - 2xyz) + (xz + yz)

= xy(1 - 2z) + (x + y)z
 0 (  (1)  ( i ))

 0  xy + yz + zx - 2xyz

 2  ( i )  0  x  1, 0  y  1  0  z  1
 xyz  xy(1) = xy

xyz  (1)yz = yz
xyz  x(1)z = zx

 3xyz  xy + yz + yx
xyz  xy + yz + yx - 2xyz

 x, y, z   xyz  0
 0  xy + yz + yx - 2xyz

 xy + yz + zx - 2xyz  27
7

 1       (1 - 2x)(1 - 2y)(1 - 2z) = 1 - 2(x + y + z) + 4(xy + yz + zx) - 8xyz
= 1 - 2(1) + 4(xy + yz + zx) - 8xyz (  ( i ) x + y + z = 1)
= -1 + 4(xy + yz + zx) - 8xyz

      4(xy + yz + zx) - 8xyz = 1 + (1 - 2x)(1 - 2y)(1 - 2z)
  (xy + yz + zx) - 2xyz = 4

1 (1 + (1 - 2x)(1 - 2y)(1 - 2z)) ... (1)
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 1 1 - 2x  0  1 - 2y  0  1 - 2z  0
   (1 - 2x)(1 - 2y)(1 - 2z)  ( 3

)z21()y21()x21( ) 3 (  A.M. - G.M.)
= 27

1 (3 - 2(x + y + z)) 3

= 27
1 (3 - 2(1)) 3 (  ( i ) x + y + z = 1)

= 27
1 ... (2)

 (1)  (2)  (xy + yz + zx) - 2xyz  4
1 (1 + 27

1 ) = 27
7 ... (3)

 2 1 - 2x  0  1 - 2y  0  1 - 2z  0

2
1   x  2

1   y  2
1   z

 ( ii ) x  y  z  0  0  z  2
1   2

1   x  2
1   y ... (4)

 2
1   y ... (5)

 ( ii ) x  y  z  0  x + y + z  2
1  + 2

1  + 0 = 1
 ( i ) x + y + z = 1

 (5) 2
1   y 

 (4)  2
1   x

 z  2
1 , y  2

1   2
1   x

 1 - 2z  0, 1 - 2y  0  1 - 2x  0
 (1 - 2x)(1 - 2y)(1 - 2z)  0
 (1 - 2x)(1 - 2y)(1 - 2z)  27

1 ... (6)
 (1)  (6)  (xy + yz + zx) - 2xyz  4

1 (1 + 27
1 ) = 27

7 ... (7)
 1  2  xy + yz + zx - 2xyz  27

7

 2  A.M. - G.M.  xy  4
1 (x + y) 2   x + y + z = 1

 xy  4
1 (1 - z) 2 ... (1)

   xy + yz + zx - 2xyz = (x + y)z + xy(1 - 2z)
 (1 - z)z + 4

1 (1 - z) 2 (1 - 2z) (  ( i ) x + y + z = 1  (1))
= 4

1 (1 + 2z  - 2 3z ) ... (2)
 4
1 (1 + 2z  - 2 3z ) - 27

7 = - 108
1 (1 - 27 2z  + 54 3z )

= - 108
1 (1 + 6z)(1 - 6z + 9 2z )

= - 108
1 (1 + 6z)(1 - 3z) 2

 0
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 4
1 (1 + 2z  - 2 3z )  27

7 ... (3)
 (2)  (3)  xy + yz + zx - 2xyz  27

7

 3  z = 2
1  - t ... (1)

 ( ii ) 0  z  2
1   t = 2

1  - z  0  t  2
1  ... (2)

 ( i ) x + y + z = 1  x + y = 2
1  + t ... (3)

xy + yz + zx - 2xyz = xy(1 - 2z) + (x + y)z
 ( 2

yx ) 2 (1 - 2z) + (x + y)z (  A.M. - G.M.)
= ( 4

1  + 2
t ) 2 (1 - 2z) + ( 2

1  + t)z (  (3))
= ( 4

1  + 2
t ) 2 (2t) + ( 2

1  + t)( 2
1  - t) (  (1) z = 2

1  - t)
= 8

1 (4 3t  - 4 2t  + t + 2) ... (4)
 f(t) = 4 3t  - 4 2t  + t + 2  0  t  2

1

 f (t) = 12 2t  - 8t + 1 = (2t - 1)(6t - 1)
 f (t) = 0  t = 2

1   t = 6
1

 f  [ 0, 2
1 ]  f 

 3  t = 0, 2
1   6

1

 f(0) = 2, f( 2
1 ) = 2  f( 6

1 ) = 27
56

 f  [ 0, 2
1 ]  f( 6

1 ) = 27
56

 8
1 (4 3t  - 4 2t  + t - 2)  8

1 ( 27
56 ) = 27

7 ... (5)
 (4)  (5)  xy + yz + zx - 2xyz  27

7

 4     G(t) = (t - x)(t - y)(t - z)
= 3t  - (x + y + z) 2t  + (xy + yz + zx)t - xyz
= 3t  - 2t  + (xy + yz + zx)t - xyz (  ( i ) x + y + z = 1)

 G( 2
1 ) = 8

1  - 4
1  + (xy + yz + zx) 2

1  - xyz
= - 8

1  + 2
1 (xy + yz + zx - 2xyz) ... (1)

 xy + yz + zx - 2xyz  27
7

2
1 (xy + yz + zx - 2xyz)  )27(2

7

- 8
1  + 2

1 (xy + yz + zx - 2xyz)  - 8
1  + )27(2

7

G( 2
1 )  - 8

1  + )27(2
7 (  (1))

 xy + yz + zx - 2xyz  27
7  G( 2

1 )  216
1 ... (2)
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 1 x  2
1   y  2

1

 ( ii ) x  y  z  0  0  z  2
1

 y  2
1 ... (3)

 x  y  2
1   x + y + z  2

1  + 2
1  + z  1 + z  1

 x + y + z  1  ( i ) x + y + z = 1
 (3) y  2

1  
 y  2

1

 x  2
1   y  2

1

 2
1  - x  0  2

1  - y  0
 ( ii ) 2

1  - z  0
 (4)  (5)  G( 2

1 ) = ( 2
1  - x)( 2

1  - y)( 2
1  - z)  0  G( 2

1 )  216
1

 (2)  xy + yz + zx - 2xyz  27
7

 2 x  2
1   y  2

1

 2
1  - x  0, 2

1  - y  0  (2) 2
1  - z  0

 G( 2
1 ) = ( 2

1  - x)( 2
1  - y)( 2

1  - z)

 ( 3
)z2

1()y2
1()x2

1(
) 3 (  A.M. - G.M.)

= ( 3
)zyx(2

3
) 3

= ( 3
)1(2

3
) 3 (  (1) x + y + z = 1)

= 216
1

 G( 2
1 )  216

1

 (2)  xy + yz + zx - 2xyz  27
7

 1  2  xy + yz + zx - 2xyz  27
7

 5      (1 - 2x)(1 - 2y)(1 - 2z) = 1 - 2(x + y + z) + 4(xy + yz + zx) - 8xyz
= 1 - 2(1) + 4(xy + yz + zx) - 8xyz   (  ( i ) x + y + z = 1)

      4(xy + yz + zx) - 8xyz = (1 - 2x)(1 - 2y)(1 - 2z) + 1 ... (1)
xy + yz + zx - 2xyz  27

7 4(xy + yz + zx - 2xyz)  27
28

(1 - 2x)(1 - 2y)(1 - 2z) + 1  27
28  (  (1))

(1 - 2x)(1 - 2y)(1 - 2z)  27
1 ... (2)
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 1 1 - 2x  0  1 - 2y  0  1 - 2z  0
   (1 - 2x)(1 - 2y)(1 - 2z)  ( 3

)z21()y21()x21( ) 3 (  A.M. - G.M.)

= ( 3
)zyx(23 ) 3

= ( 3
)1(23 ) 3 (  ( i ) x + y + z = 1)

= 27
1

 2 1 - 2x  0  1 - 2y  0  1 - 2z  0

2
1   x  2

1   y  2
1   z

 ( ii ) z  2
1   2

1   x  2
1   y

 2.1 2
1   x  2

1   y
 x + y  1  ( i ) x + y + z = 1

 2.2 2
1   x  2

1   y
 1 - 2x  0  1 - 2y  0
 ( ii ) z  2

1   1 - 2z  0
 (1 - 2x)(1 - 2y)(1 - 2z)  0  27

1

 2.3 2
1   x  2

1   y
 1 - 2x  0  1 - 2y  0
 ( ii ) z  2

1   1 - 2z  0
 (1 - 2x)(1 - 2y)(1 - 2z)  0  27

1

 1  2  (1 - 2x)(1 - 2y)(1 - 2z)  27
1

2.
 1 (a + b) 7  - 7a  - 7b

= ( 7a  + 7 6a b + 21 5a 2b  + 35 4a 3b  + 35 3a 4b  + 21 2a 5b  + 7a 6b  + 7b ) - 7a  - 7b

= 7 6a b + 21 5a 2b  + 35 4a 3b  + 35 3a 4b  + 21 2a 5b  + 7a 6b

= 7ab( 5a  + 3 4a b + 5 3a 2b  + 5 2a 3b  + 3a 4b  + 5b )
= 7ab(( 5a  + 5b ) + 3ab( 3a  + 3b ) + 5 2a 2b (a + b))
= 7ab((a + b)( 4a  - 3a b + 2a 2b  - a 3b  + 4b ) + 3ab(a + b)( 2a  - ab + 2b ) + 5 2a 2b (a + b))
= 7ab(a + b)(( 4a  - 3a b + 2a 2b  - a 3b  + 4b ) + 3ab( 2a  - ab + 2b ) + 5 2a 2b )
= 7ab(a + b)( 4a  - 3a b + 2a 2b  - a 3b  + 4b  + 3 3a b - 3 2a 2b  + 3a 3b  + 5 2a 2b )
= 7ab(a + b)( 4a  + 2 3a b + 3 2a 2b  + 2a 3b  + 4b )
= 7ab(a + b)( 2a  + ab + 2b ) 2

 (a + b) 7  - 7a  - 7b  = 7ab(a + b)( 2a  + ab + 2b ) 2 ... (1)
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 7 (ab(a + b))  a, b  7 a  7 b  7 (a + b) ... (2)
 77   ((a + b) 7  - 7a  - 7b )  7 a  7 b  7 (a + b) ... (3)

 (1)  (3)
 77   (7ab(a + b)( 2a  + ab + 2b ) 2 )  7 a  7 b  7 (a + b)
 67   (ab(a + b)( 2a  + ab + 2b ) 2 )  7 a  7 b  7 (a + b)

 a, b  67   ( 2a  + ab + 2b ) 2   7 a  7 b  7 (a + b)
 a, b  37   ( 2a  + ab + 2b )  7 a  7 b  7 (a + b)

 37   ( 2a  + ab + 2b )  2a  + ab + 2b   37 ... (4)
 (a + b) 2  = 2a  + 2ab + 2b   2a  + ab + 2b  ... (5)

 (4)  (5)  (a + b) 2   37  = 343
 218  = 324  219  = 361

 a + b  19
 a = 1, b = 18
 ab(a + b) = 342 = (2)( 23 )(19)

 (a + b) 7  - 7a  - 7b  = 719  - 71  - 718  = 281651706 = (2)( 23 )(19)( 77 )
 77   ((a + b) 7  - 7a  - 7b )  7 (ab(a + b))

  a = 1, b = 18 

 2  a, b  37   ( 2a  + ab + 2b )

 2a  + ab + 2b  = ba
ba 33

 a, b  3a   3b  (mod 37 )
 Euler theorem  )m(a   1 (mod m)
 Euler phi function (m) =  m

 ( 37 ) = 37  - 27  = (7 - 1) 27  = (2)(3)(49) = 3(98)
 3a   1 (mod 37 )  1 (mod 343)

  a = 98n   )3(98n  = 3a   1 (mod 343)
            982  18 (mod 343)

     ( 982 ) 3  318  (mod 343) = 1 (mod 343)
 31   318  (mod 343)

 (a, b) = (1, 18)  77   ((a + b) 7  - 7a  - 7b )  7 (ab(a + b))

  (a, b) = (18, 324)
 ab(a + b) = (18)(324)(342) = 1994544 = 42 83 19

(a + b) 7  - 7a  - 7b  = 7342  - 718  - 7324  = 172432816460174592 = 82 163 77 19
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 77   ((a + b) 7  - 7a  - 7b )  7 (ab(a + b))
 (a, b) = (1, 324)
 ab(a + b) = (1)(324)(325) = 105300 = 22 43 25 13

(a + b) 7  - 7a  - 7b  = 7342  - 718  - 7324  = 8173186372997100 = 22 43 25 77 13 2307

 77   ((a + b) 7  - 7a  - 7b )  7 (ab(a + b))

3.

 1984.3.1
 O 

 OA  X 
 X  OA  X  C(X) ... (1)

 C(O, r), C(O, s)  O  r, s   0  r  s  1
 0  r  s  1  0  s - r  1

 0  r(s - r)  1  
 P  C(O, r)  PÔA  = r(s - r)

 0  PÔA   2   OP = r
 C(P)  OP + OP

PÔA  = r + r
)rs(r  = s

 C(P)  s  C(P)  O
 C(P)  C(O, s) 

 (1)  P  C(O, s) 
 C(O, r)  C(O, s) 

 C(O, t)  0  t  1 
  C(O, r), C(O, s)  0  r  s  1 

 
 (1) 

 X  OA  X  C(X)
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4.  ABCir , CDCir   AB, CD 
 M, N  AB  CD 

 AM = BM  M  ABCir ... (1)
 CN = DN  N  ABCir ... (2)

 T  CD  MT  CD  MT = MA = MB ... (3)
 S  AB  NS  AB  NC = ND = NS ... (4)

 1
 1 AB  CD 

 1984.4.1
( )  AB  CD 

 AB  CDCir   S
 AB  CD   CD  ABCir   T
 MT  CD  NS  AB  NS = MT ... (5)

 (3)  AB = 2MT  (4)  CD = 2NS ... (6)
 (5)  (6)  AB = CD

 AB = CD  AB  CD   ABCD 
 AD  BC

( )  AD  BC
 1 AB  CD    ABCD 

 (3) T  CD  MT  CD  (4) S  AB  NS  AB
 NS = MT  NS  MT ... (7)

   DN = 
2
1 CD (N  CD)

= 
2
1 AB (  ABCD )

= MT (  (3))
= NS (  (7))

 NS  AB  DN = NS  AB  CDCir   S
 AB  CD 
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 1984.4.2
 2 AB  CD 

 AB, DC  O
  OMT,  ONS  MT  CD  NS  AB  OT̂M  = 90  = OŜN

 OT̂M  = OŜN   TÔM  = SÔN    OMT,  ONS 
 NO
OM  = NS

MT  = OS
TO   MT

OM  = NS
ON ... (8)

MT
OM  = NS

ON   MT
OM  + 1 = NS

ON  + 1  MT
MTOM  = NS

NSON ... (9)

MT
OM  = NS

ON   MT
OM  - 1 = NS

ON  - 1  MT
MTOM  = NS

NSON ... (10)
 (9)  (10)  MTOM

MTOM  = NSON
NSON

 (3) MT = MA = MB  MAOM
MBOM  = NSON

NSON

 OA
OB  = NSON

NSON ... (11)
( )  AB  CD 

 NS = NC = ND =  CDCir

 (11)  OA
OB  = NSON

NSON  = NDON
NCON  = OD

OC

 OA
OB  = OD

OC   AD  BC
( )  AD  BC

 OA
OB  = OD

OC

 (11)  OD
OC  = NSON

NSON ... (12)
 OC = ON - NC  OD = ON + ND  (4) ND = NC

 OC = ON - NC  OD = ON + NC ... (13)
 (12)  (13)      NCON

NCON = NSON
NSON

  (ON - NC)(ON + NS) = (ON - NS)(ON + NC)
   2ON  + ON NS - NC ON - NC NS = 2ON  + ON NC - NS ON - NS NC

    2(ON NS) = 2(ON NC)
   NC = NS

 ND = NC = NS
 NS  AB  AB  CD 



The Twenty - Fifth IMO 1984, Prague, Czechoslovakia 27

 2  XYZ    XYZ
AM = MB = MT = 2

1 AB  DN = NC = 2
1 CD ... (1)

 (1)  AMD  = 2
1

ABD   MBC  = 2
1

ABC ... (2)
 AND  = 2

1
ACD   BNC  = 2

1
BCD ... (3)

 [ ABCD ]  ABCD
    [ ABCD ] = AMD  + MBC  + CDM

= 2
1

ABD  + 2
1

ABC  + 2
1 MT CD (  (2)  MT  CD)

    [ ABCD ] = 2
1 ( ABD  + 2

1
ABC ) + 4

1 AB CD (  (1)) ... (4)
      ABC  + ACD = [ ABCD ]

 ABD  + BCD = [ ABCD ]
 ABC  + ACD = ABD  + BCD ... (5)

 [ ABCD ] = AND  + BCN  + ABN

= 2
1

ACD  + 2
1

BCD  + 2
1 AB NS (  (3)  NS  AB) ... (6)

( )  AB  CD 
 S  AB  CD 
 NS  AB  NS = 2

1 CD
 (6)  [ ABCD ] = 2

1 ( ACD  + 2
1

BCD ) + 4
1 AB CD ... (7)

 (4)  (7)  ABD  + ABC = ACD  + BCD ... (8)
(5) + (8)  2 ABC  + ABD  + ACD = 2 BCD  + ACD  + ABD

    ABC = BCD

  ABC   BCD  BC  ABC  = BCD

 AD  BC
( )  AD  BC

  ABC   BCD  BC   ABC  = BCD

 2 ABC  + ABD  + ACD = 2 BCD  + ACD  + ABD

( ABC  + ABD ) + ( ABC  + ACD ) = ( ABD  + BCD ) + ( ACD  + BCD )
 ABC  + ABD = ACD  + BCD (  (5)) ... (9)

 (4)  (6)  2
1 ( ABD  + ABC ) + 4

1 AB CD = [ ABCD ]
= 2

1 ( ACD  + BCD ) + 2
1 AB NS

 (9)  4
1 AB CD = 2

1 AB NS
 NS = 2

1 CD  S  CD 
 NS  AB  AB  CD 
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5.
 n = 4

 1984.5.1
 d = 31AA  + 42AA   p = 21AA  + 32AA  + 43AA  + 14AA ... (1)

 321 AAA   432 AAA   31AA   21AA   42AA   43AA

           31AA  + 42AA  21AA  + 43AA ... (2)
           42AA  + 13AA  32AA  + 14AA ... (3)

 (2)  (3)            2( 31AA  + 42AA )  21AA  + 32AA  + 43AA  + 14AA

   2d  p (  (1))
  p

d2  1 ... (4)

      31AA  21AA  + 32AA ... (5)
    42AA  21AA  + 42AA ... (6)

 (5)  (6)                   31AA  + 42AA  21AA  + 32AA  + 43AA  + 14AA

 d  p
   p

d2  2 ... (7)

 (4)  (7)  1  p
d2   2 ... (8)

 n = 4  n - 3 = 1  [ 2
n  ] [ 2

1n  ] - 2 = [ 2
4  ] [ 2

14  ] - 2 = 4 - 2 = 2
 n - 3  p

d2   [ 2
n  ] [ 2

1n  ] - 2  n = 4

 n = 5

 1984.5.2
 d = 31AA  + 41AA  + 42AA  + 52AA  + 53AA  ... (1)

 p = 21AA  + 32AA  + 43AA  + 54AA  + 15AA ... (2)
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 (2)  n = 4 
 31AA  + 42AA  21AA  + 43AA

 41AA  + 52AA  21AA  + 54AA

 42AA  + 53AA  32AA  + 54AA

 52AA  + 13AA  32AA  + 15AA

 53AA  + 14AA  43AA  + 15AA

 5 
   2( 31AA  + 41AA  + 42AA  + 52AA  + 53AA )  2( 21AA  + 32AA  + 43AA  + 54AA  + 15AA )

    2d  2p (  (1)  (2))
 2  p

d2 ... (3)

    31AA  21AA  + 32AA

    41AA  51AA  + 45AA

    42AA  32AA  + 43AA

    52AA  12AA  + 51AA

    53AA  43AA  + 54AA

 5 
  31AA  + 41AA  + 42AA  + 52AA  + 53AA  2( 21AA  + 32AA  + 43AA  + 54AA  + 15AA )

 d  2p (  (1)  (2))
   p

d2  4 ... (4)

 (3)  (4)  2  p
d2   4

 n = 5  n - 3 = 2  [ 2
n  ] [ 2

1n  ] - 2 = [ 2
5  ] [ 2

15  ] - 2 = (2)(3) - 2 = 4
 n - 3  p

d2   [ 2
n  ] [ 2

1n  ] - 2  n = 5

 1984.5.3
 iA   n  i = 0, 1, 2, ... , n - 1
 nA  = 0A   kA   k (mod n)
 1iiAA   1jjAA   n   1iiAA , 1jjAA  
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 jiAA   1j1i AA   n 
 jiAA   1j1i AA   P

 PAi  + 1iPA   1iiAA   PA j  + 1jPA   1jjAA

 ( PAi  + PA j ) + ( 1iPA  + 1jPA )  1iiAA  + 1jjAA

 jiAA  + 1j1i AA   1iiAA  + 1jjAA ... (1)
 1iiAA , 1jjAA  

 jiAA   1j1i AA   n 
 i = 1, 2, ... , n  j  { i, i - 1, i + 1 }

 (1)  (2) 
 

}1i,1i,i{j
( jiAA  + 1j1i AA )  

}1i,1i,i{j
( 1iiAA  + 1jjAA )

 
n

1i }1i,1i,i{j
( jiAA  + 1j1i AA )  

n

1i }1i,1i,i{j
( 1iiAA  + 1jjAA ) ... (2)

 LHS = 
n

1i }1i,1i,i{j
( jiAA  + 1j1i AA )

 RHS = 
n

1i }1i,1i,i{j
( 1iiAA  + 1jjAA )

 jiAA   LHS = 
n

1i }1i,1i,i{j
( jiAA  + 1j1i AA )

 1984.5.4
 i  j  jiAA   LHS 

( jiAA  + 1j1i AA ), ( ijAA  + 1i1j AA ), ( jiAA  + 1j1i AA ), ( ijAA  + 1i1j AA )
 jiAA   ijAA  

 jiAA   4  LHS
 d 

 LHS = 
n

1i }1i,1i,i{j
( jiAA  + 1j1i AA ) = 4d ... (3)
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 1iiAA   RHS = 
n

1i }1i,1i,i{j
( 1iiAA  + 1jjAA )

 1.  1iiAA   j  j  { i, i - 1, i + 1 }  j  n - 3 
 2. 1iiAA   i1i AA  

 1iiAA   RHS  2(n - 3) 
 p =  n 

 2(n - 3)p = RHS = 
n

1i }1i,1i,i{j
( 1iiAA  + 1jjAA ) ... (4)

 (2), (3)  (4)  4d  2(n - 3)p
 n - 3  p

d2 ... (5)

 AX  n 
 AX  m  (  X  A)  AX  n - m  (  A  X)

 riAA  

 n = 2m + 1

 1984.5.5

 n = 7 = 2(3) + 1  m = 3
 1  i  7 (n = 7)

 riiAA   1iiAA  + 2i1i AA  + ... + ri1ri AA   2  r  3 (m = 3)

i = 1 31AA   21AA  + 32AA (r = 2)
41AA   21AA  + 32AA  + 43AA (r = 3)

i = 2 42AA   32AA  + 43AA (r = 2)
52AA   32AA  + 43AA  + 54AA (r = 3)

i = 3 53AA   43AA  + 54AA (r = 2)
63AA   43AA  + 54AA  + 65AA (r = 3)

i = 4 64AA   54AA  + 65AA (r = 2)
74AA   54AA  + 65AA  + 76AA (r = 3)
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i = 5 75AA   65AA  + 76AA (r = 2)
15AA   65AA  + 76AA  + 17AA (r = 3, 17A  = )7(mod8A  = 1A )

i = 6 16AA   76AA  + 17AA (r = 2)
26AA   76AA  + 17AA  + 21AA (r = 3)

i = 7 27AA   17AA  + 21AA (r = 2, 27A  = )7(mod9A  = 2A )
37AA   17AA  + 21AA  + 32AA (r = 3, 37A  = )7(mod10A  = 3A )

 14  ( )
 1  i  7 (n = 7)   2  r  3 (m = 3) 
 (LHS) =  = d
 (RHS) = (2)p + (2)p +(1)p

    d  (2)p + (2)p +(1)p
= ((m - 1) + ((m - 1) + 1))p  m = 3

 n = 2m + 1
 m = [ 2

n  ]
 1  i  n   2  r  m 

2iiAA   1iiAA  + 2i1i AA

3iiAA   1iiAA  + 2i1i AA  + 3i2i AA

4iiAA   1iiAA  + 2i1i AA  + 3i2i AA  + 4i3i AA

:
riiAA   1iiAA  + 2i1i AA  + 3i2i AA  + 4i3i AA  + ... + ri1ri AA

:
1miiAA   1iiAA  + 2i1i AA  + 3i2i AA  + 4i3i AA  + ... + 1mi2mi AA

miiAA   1iiAA  + 2i1i AA  + 3i2i AA  + 4i3i AA  + ... + 1mi2mi AA  + mi1mi AA

 
m

2r
riiAA

= 2iiAA  + 3iiAA  + 4iiAA  + ... + riiAA  + ... + 1miiAA  + miiAA

 (m - 1) 1iiAA  + (m - 1) 2i1i AA  + (m - 2) 3i2i AA  + (m - 3) 4i3i AA

 + ... + 2 1mi2mi AA  + mi1mi AA ... (6)
 p  n 

 p = 
n

1i
1iiAA  = 

n

1i
2i1i AA  = ... = 

n

1i
mi1mi AA ... (7)

 d 
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 d = 
n

1i

m

2r
riiAA

 
n

1i
((m - 1) 1iiAA  + (m - 1) 2i1i AA  + (m - 2) 3i2i AA  + (m - 3) 4i3i AA

 + ... + 2 1mi2mi AA  + mi1mi AA ) (  (6))

= (m - 1)
n

1i
1iiAA  + (m - 1)

n

1i
2i1i AA  + (m - 2)

n

1i
3i2i AA  + ... +

+ ... + 2
n

1i
1mi2mi AA  + 

n

1i
mi1mi AA

= (m - 1)p + (m - 1)p + (m - 2)p + ... + 2p + p (  (7))
= (m - 1)p + ((m - 1) + (m - 2) + ... + 2 + 1)p
= p((m - 1) + (1 + 2 + ... + (m - 1))
= p(m - 1 + 2

1m (1 + (m - 1))

= 2
p ( 2m  + m - 2)

= 2
p (m(m + 1) - 2)

= 2
p ([ 2

n  ] [ 2
1n  ] - 2) (  n = 2m + 1  m = [ 2

n  ] )
 p

d2   [ 2
n  ] [ 2

1n  ] - 2  n ... (8)

 n = 2m

 1984.5.6

 n = 8 = 2(4)  m = 4
 1  i  8 (n = 8)

 riiAA   1iiAA  + 2i1i AA  + ... + ri1ri AA   2  r  3 (m = 3)

i = 1 31AA   21AA  + 32AA (r = 2)
41AA   21AA  + 32AA  + 43AA (r = 3)

i = 2 42AA   32AA  + 43AA (r = 2)
52AA   32AA  + 43AA  + 54AA (r = 3)
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i = 3 53AA   43AA  + 54AA (r = 2)
63AA   43AA  + 54AA  + 65AA (r = 3)

i = 4 64AA   54AA  + 65AA (r = 2)
74AA   54AA  + 65AA  + 76AA (r = 3)

i = 5 75AA   65AA  + 76AA (r = 2)
85AA   65AA  + 76AA  + 87AA (r = 3)

i = 6 86AA   76AA  + 87AA (r = 2)
16AA   76AA  + 87AA  + 18AA (r = 3, 18A  = )8(mod9A  = 1A )

i = 7 17AA   87AA  + 18AA (r = 2, 27A  = )8(mod9A  = 1A )
27AA   87AA  + 18AA  + 21AA (r = 3, 37A  = )8(mod10A  = 2A )

i = 8 28AA   18AA  + 21AA (r = 2, 28A  = )8(mod10A  = 2A )
38AA   18AA  + 21AA  + 32AA (r = 3, 38A  = )8(mod11A  = 3A )

51AA   2
p (  1)

62AA   2
p (  1)

73AA   2
p (  1)

84AA   2
p (  1)

 20  ( )
 1  i  8 (n = 8)   2  r  3 (m = 3) 
 =  = d
 = (2)p + (2)p +(1)p + 4( 2

p )

 d  (2)p + (2)p +(1)p = ((m - 2) + ((m - 2) + 1))p + 4( 2
p )  m = 4

 n = 2m
 1  i  n   2  r  m 
2iiAA   1iiAA  + 2i1i AA

3iiAA   1iiAA  + 2i1i AA  + 3i2i AA

4iiAA   1iiAA  + 2i1i AA  + 3i2i AA  + 4i3i AA

:
riiAA   1iiAA  + 2i1i AA  + 3i2i AA  + 4i3i AA  + ... + ri1ri AA

:
2miiAA   1iiAA  + 2i1i AA  + 3i2i AA  + 4i3i AA  + ... + 2mi3mi AA

1miiAA   1iiAA  + 2i1i AA  + 3i2i AA  + 4i3i AA  + ... + 2mi3mi AA  + 1mi2mi AA

miiAA   2
p   i = 1, 2, 3, ... , m (  1)
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1m

2r
riiAA

= 2iiAA  + 3iiAA  + 4iiAA  + ... + riiAA  + ... + 2miiAA  + 1miiAA

 (m - 2) 1iiAA  + (m - 2) 2i1i AA  + (m - 3) 3i2i AA  + (m - 4) 4i3i AA

 + ... + 2 1mi2mi AA  + mi1mi AA ... (10)
 d 

 d = 
n

1i

1m

2r
riiAA  + 

m

1i
miiAA

 
n

1i
((m - 2) 1iiAA  + (m - 2) 2i1i AA  + (m - 3) 3i2i AA  + (m - 4) 4i3i AA  + ... +

 + ... + 2 1mi2mi AA  + mi1mi AA ) + 
m

1i
miiAA (  (10))

= (m - 2)
n

1i
1iiAA  + (m - 2)

n

1i
2i1i AA  + (m - 3)

n

1i
3i2i AA

 + (m - 4)
n

1i
4i3i AA  + ... + 2

n

1i
1mi2mi AA  + 

n

1i
mi1mi AA  + 

m

1i
miiAA

= (m - 2)p + (m - 2)p + (m - 3)p + (m - 4)p + ... + 2p + p + 
m

1i
miiAA

= (m - 2)p + ((m - 2) + (m - 3) + (m - 4) + ... + 2 + 1)p + 
m

1i
miiAA

= (m - 2)p + ( 2
)2m( ((m - 2) + 1)p + 

m

1i
miiAA

= 2
p (2(m - 2) + (m - 2)(m - 1)) + 

m

1i
miiAA

= 2
p (2m - 4 + 2m  - 3m + 2) + 

m

1i
miiAA

= 2
p ( 2m  - m - 2) + 

m

1i
miiAA

 2
p ( 2m  - m - 2) + 

m

1i 2
p (  1)

= 2
p ( 2m  - m - 2) + 2

mp

= 2
p ( 2m  - 2)

 p
d2  2m  - 2

= [ 2
m2  ] [ 2

m2  ] - 2
= [ 2

m2  ] [ 2
1m2  ] - 2

= [ 2
n  ] [ 2

1n  ] - 2
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 p
d2   [ 2

n  ] [ 2
1n  ] - 2  n ... (11)

 (5), (8)  (11)  n - 3  p
d2   [ 2

n ] [ 2
1n ] - 2

 1  p  n  n  3  AB   AB  2
p

  n321 A...AAA   n 

 1984.5.7
 AB  n  n321 A...AAA

 AB = k1AA

 k1AA   21AA  + 32AA  + ... + k1k AA ... (1)
 k1AA   n1AA  + 1nnAA  + ... + k1k AA ... (2)
( 21AA  + 32AA  + ... + k1k AA ) + ( n1AA  + 1nnAA  + ... + k1k AA ) = p ... (3)

 21AA  + 32AA  + ... + k1k AA   2
p   n1AA  + 1nnAA  + ... + k1k AA   2

p ... (4)
 ( 21AA  + 32AA  + ... + k1k AA ) + ( n1AA  + 1nnAA  + ... + k1k AA )  p  (3)

 (4) 
 21AA  + 32AA  + ... + k1k AA   2

p   n1AA  + 1nnAA  + ... + k1k AA   2
p ... (5)

 (1), (2)  (5)  k1AA   2
p

6.  1  a, b, c, d   0  a  b  c  d  ad = bc ... (1)
 a + d = k2   b + c = m2   m, k ... (2)

 1  a + d  b + c
 k2   m2

 k  m ... (3)
       ad = bc (  (1))

      a( k2  - a) = b( m2  - b) (  (2))
         2b  - 2a = b m2  - a k2

= m2 (b - a mk2 ) (  (3) k - m  0)
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    (b + a)(b - a) = m2 (b - a mk2 ) ... (4)
 2  4  (b + a)  4  (b - a) 
 1m2   (b + a)  1m2   (b - a) 

 1m2   (b - a) ... (5)
 b - a  1m2

 c  b  b - a  b  1m2   c  1m2

 b + c  1m2  + 1m2  = m2   (2) b + c = m2

 (5) 1m2   (b - a) 
 1m2 (b - a)

 1m2   (b + a)  b + a  1m2

 b + a  1m2 ... (6)
 1m2   (b + a)  b + a  1m2

 t  t  2  b + a = 1m2 t ... (7)
   b + a = 1m2 t

 1m2 2 (  (7))
= m2

= b + c (  (2))
 a  c  (1) a  c

 (6) b + a  1m2  
 b + a = 1m2   b = 1m2  - a ... (8)

     bc = ad
   b( m2  - b) = a( k2  - a) (  (2))

    ( 1m2  - a)( m2  - ( 1m2  - a)) = a( k2  - a) (  (5))
     ( 1m2  - a)( 1m2  - a) = a( k2  - a)

   )1m(22  - 2a = a k2  - 2a

  )1m(22 = a k2

 )1m(22    a   a = 1

 2  k  m  (3)  (b + a)(b - a) = m2 (b - a mk2 )  (4)
 b  1m2 ... (9)

 c  b  1m2

 b + c  1m2  + 1m2  = m2   b + c = m2

 (9) b  1m2  
 b  1m2 ... (10)
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 (b + a)(b - a) = m2 (b - a mk2 ) ... (11)
 b   a mk2    b - a mk2  ... (12)

 (11)  (12)  m2   (b + a)(b - a)  1m2 ((b + a)(b - a))
 b + a = 1m2 p  1m    p ... (13)

b - a = 2m2 q  2m    q ... (14)
 (11), (12), (13)  (14)  m = 1m  + 2m ... (15)

(13) + (14)  2b = 1m2 p + 2m2 q  b = 2
1 ( 1m2 p + 2m2 q) ... (16)

 a = 2
1 ( 1m2 p - 2m2 q) ... (17)

 1m   1  2m   1 ... (18)
 1m   2  2m   2
 b = 2

1 ( 1m2 p + 2m2 q) = 11m2 p + 12m2 q   b 
 (18) 1m   1  2m   1 

 1m   1  2m   1
 1m , 2m    1m  = 1  2m  = 1

 1m  = 1  2m  = 1 ... (19)
 b = 2

1 ( 1m2 p + 2m2 q) = p + q
 (13  (14)  b = p + q   b 

 (19) 1m  = 1  2m  = 1 
 1m  = 1  2m  = 1  1 ... (20)

 1m  = 1 ... (21)
 (15)  2m  = m - 1 ... (22)

 b - a = 2m2 q (  (14))
= 1m2 q (  (22))
 1m2 (1) (  (14) q )

 b  b - a  b  1m2   (10)
 (21) 1m  = 1   1m   1 ... (23)

 (20)  (23)  2m  = 1 ... (24)
 (15)  (24)  1m  = m - 1

b + a = 2
1 ( 1m2 p + 2m2 q) + a (  (16))

= 2
1 ( 1m2 p + 2m2 q) + 2

1 ( 1m2 p - 2m2 q) (  (17))
= 2

1 ( 1m2 p + 2m2 q + 1m2 p - 2m2 q)
= 2

1 ( 1m2 p + 2q + 1m2 p - 2q) (  2m  = 1  1m  = m - 1)
= 1m2 p ... (25)
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b - a = 2
1 ( 1m2 p + 2m2 q) - a (  (16))

= 2
1 ( 1m2 p + 2m2 q) - 2

1 ( 1m2 p - 2m2 q) (  (17))
= 2

1 ( 1m2 p + 2m2 q - 1m2 p + 2m2 q)
= 2

1 ( 1m2 p + 2q - 1m2 p + 2q) (  2m  = 1  1m  = m - 1)
= 2q ... (26)

 p  1 ... (27)
 p   p  3

 (25)  a + b = 1m2 p
 1m2 (3) (  p  3)
 1m2 (2)

= m2

= b + c (  (2))
 a  c  a  c

 (27) p  1 
 p   p = 1

 (25)  a + b = 1m2 ... (28)
   (b + a)(b - a) = m2 (b - a mk2 ) (  (4))

  ( 1m2 )(2q) = m2 (b - a mk2 ) (  (26)  (28))
 q = b - a mk2

= 2
1 ( 1m2  + 2q) - a mk2 (  (16)  1m  = m - 1, 2m  = 1  p = 1)

= 2m2  + q - a mk2

  a mk2 = 2m2

 2m2    a = 1

 1 a, b, c, d   0  a  b  c  d  ad = bc  a + d  b + c

 1 a  c  d - c  0  a(d - c)  c(d - c)
 ad - ac  c(d - c)
 bc - ac  c(d - c) (  ad = bc)
 c(b - a)  c(d - c)
 b - a  d - c (  c  0)
 a + d  b + c
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 2     (d + a) 2  - (d - a) 2 = 4ad
= 4bc (  ad = bc)
= (c + b) 2  - (c - b) 2

    (d + a) 2  - (c + b) 2 = (d - a) 2  - (c - b) 2 ... (1)
0  a  b  c  d  d - a  c - a  0

 d - a  c - b  0 (  a  b  -a  -b)
 (d - a) 2  - (c - b) 2   0 (  (1))
 (d + a) 2  - (c + b) 2   0
 d + a  c + b
 a + d  b + c

 2 x, y   x  y  4  (x + y)  4  (x - y) 

 1  x = 4t + 1, y = 4t  + 1  x + y = 4(t + t ) + 2  4 (x + y)
x = 4t + 3, y = 4t  + 3  x + y = 4(t + t ) + 6  4 (x + y)
x = 4t + 3, y = 4t  + 1  x - y = 4(t - t ) + 2  4 (x - y)
x = 4t + 1, y = 4t  + 3  x - y = 4(t - t ) - 2  4 (x - y)

 4z + 1  4z + 3
 4  (x + y)  4  (x - y) 

 2
 4  (x + y)  4  (x - y) ... (1)

 4  ((x + y) + (x - y))  4  (2x)  2  x
 x   x 

 (1) 4  (x + y)  4  (x - y) 
 4 (x + y)  4 (x - y)
 4  (x + y)  4  (x - y) 



The Twenty - Sixth International Mathematical Olympiad
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29 June - 11 July 1985

Day I (4 July 1985)

1.  1Cir   AB   ABCD 
 BC, CD, DA  1Cir

 AD + BC = AB

2.  n, k   k  n   k  n
 M = { 1, 2, ... , n - 1 }

 M 
( i )   i  n - i   i  M
( ii )  i   i - k    i  M  i  k

  M 

3.  o(P)  P(x)
 iQ (x) = (1 + x) i   i = 0, 1, 2, ...

  1i , 2i , ... , ni   0  1i   2i   ...  ni

 o( 1iQ  + 2iQ  + ... + niQ )  o( 1iQ )

Day II (5 July 1985)

4.  M  1985   M 
 23

  4  M 

5.  O  A, C   ABC  AB, BC 
K, N 

  ABC,  KBN  B  M
 BM̂O  

6.  1x   1x , 2x , 3x , ...
 1nx  = nx ( nx  + n

1 )
  1x   0  nx   1nx   1  n = 1, 2, ...
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The Twenty - Sixth International Mathematical Olympiad Solutions
Joutsa, Finland, 29 June - 11 July 1985

1.  1
 1 AD  AO

 1985.1.1.1
 AD, DC, CB  1Cir   L, M, N 

 LD = DM  MC = CN ... (1)
 CM, CN   MĈO  = OĈN  = 2

1 BĈD ... (2)
 X  AD  AX = AO ... (3)

 OX̂A  = XÔA  = 2
1 (180  - OÂX ) = 2

1 (180  - BÂD ) ... (4)
  ABCD   BÂD  + BĈD  = 180  ... (5)

 (4)  (5)  OX̂A  = XÔA  = 2
1 BĈD ... (6)

  OLX   OMC  OL = OM (  1Cir )
XL̂O = 90  = CM̂O ( )

 LX̂O = AX̂O

= 2
1 BĈD  (  (6))

= MĈO (  (2))
  OLX   OMC   LX = MC ... (7)

 (3)   OA = AX = AL + LX
   OA = AL + MC (  (7)) ... (8)

 OB = BN + MD ... (9)
    AB = AO + OB

= (AL + MC) + (BN + MD) (  (8)  (9))
= (AL + CN) + (BN + DL) (  (1))
= (AL + LD) + (BN + CN)
= AD + BC
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 2 AD  AO

 1985.1.2
 F  AD  AD = AF  DF̂A  = FD̂A  = 2

1 (180  - FÂD ) ... (10)
  ABCD 

 DÂB  + DĈB  = 180   CD̂A  + CB̂A  = 180 ... (11)
 BC, CD  1Cir   OĈD  = OĈB  = 2

1 DĈB ... (12)
 DC, DA  1Cir   CD̂O  = AD̂O  = 2

1 CD̂A ... (13)
    DF̂A = 2

1 (180  - FÂD ) (  (10))
= 90  - 2

1 BÂD (A, F, B )
= 90  - 2

1 (180  - DĈB ) (  (11))
= 2

1 DĈB

= DĈO (  (12)) ... (14)
   DĈO  + DF̂O = DF̂A  + DF̂O (  (14) DĈO  = DF̂A )

= DF̂A  + DF̂B (A, O, B )
= 180 ( DF̂A , BF̂D  )

  DCOF ... (15)
 DCOFCir    DCOF

 CF̂B = CF̂O (F, O, B )
= CD̂O (  OC  DCOFCir )
= 2

1 CD̂A (  (13))
= 2

1 (180  - CB̂A ) (  (11))
= 90  - 2

1 CB̂A ... (16)
BĈF = 180  - CF̂B  - CB̂F (   BCF)

= 180  - (90  - 2
1 CB̂A ) - CB̂A (  (16)  CB̂F , CB̂A  )

= 90  - 2
1 CB̂A
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 CF̂B  = BĈF   BF = BC ... (17)
      AD = AF + FB

= AF + BC (  (17))
= AD + BC (  (10))

 2

 1985.1.3
 AD, DC, CB  1Cir   L, M, N  ... (1)

 OL  AL, OL  LD  ON  CN, ON  ND ... (2)
 r  1Cir   OL = ON = r ... (3)

  AOL,  DOL,  OND,  ONC ... (4)
  cot LÂO = OL

AL (  AOL )
  cot BÂD = r

AL ( BÂD , LÂO    (3) OL = r)
       AL = r cot BÂD ... (5)

 BN = r cot CB̂A  ... (6)
 (1)  OD̂L  = 2

1 CD̂L   OD̂L  = 2
1 CD̂A ... (7)

          cot OD̂L = LO
LD (  (4)  DOL )

cot( 2
1 CD̂A ) = r

LD (  (3)  (7))
      LD = r cot( 2

1 CD̂A ) ... (8)
  ABCD   CB̂A  + CD̂A  = 180 ... (9)

 (8)  (9)              LD = r cot( 2
1 (180  - CB̂A ))

= r cot(90  - 2
1 CB̂A ))

      LD = r tan( 2
1 CB̂A ) ... (10)

           NC = r tan( 2
1 BÂD )) ... (11)

 (4)  AOL,  ONB 
 sin OÂL  = OA

LO   sin NB̂O  = OB
ON
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AO = 
OÂLsin

LO   OB = 
NB̂Osin

ON

 (3) LO = ON = r  BÂD , OÂL    NB̂O , CB̂A  
 AO = 

BÂDsin
r   OB = 

CB̂Asin
r ... (12)

   AB = AO + OB
= 

BÂDsin
r  + 

CB̂Asin
r (  (12))

= r(
BÂDsin

1  + 
CB̂Asin

1 )

= r(cot BÂD  + tan 2
BÂD  + cot CB̂A  + tan 2

CB̂A ) (  1)

= r cot BÂD  + r tan 2
BÂD  + r cot CB̂A  + r tan 2

CB̂A

= AL + NC + BN + LD (  (5), (11), (6)  (10))
= (AL + LD) + (NC + BN)
= AD + BC

 1 xsin
1  = cot x + tan 2

x

 sin x(cot x + tan 2
x ) = sin x( xsin

xcos + tan 2
x )

= cos x + sin x
2
xcos
2
xsin

= 1 - 2 2sin 2
x  + 2 sin 2

x cos 2
x

2
xcos
2
xsin

= 1 - 2 2sin 2
x  + 2 2sin 2

x

= 1
 xsin

1  = cot x + tan 2
x

2.   a, b  M  a  b  a  b
 ( i ) i  n - i   i  M

  ( i ) i  (n - i)  i  M
 ( ii ) i   i - k    i  M  i  k

  ( ii ) i   i - k   i  M  i  k
 n = 15, k = 4, M = { 1, 2, 3, 4, 5, ... , 14 }

 ( i )  ( ii ) 
1  (15 - 1 = 14) 1  (  1 - 4  = 3) 2  (15 - 2 = 13) 2  (  2 - 4  = 2)
3  (15 - 3 = 12) 3  (  3 - 4  = 3) 4  (15 - 4 = 11)
5  (15 - 5 = 10) 5  (  5 - 4  = 1) 6  (15 - 6 = 9) 6  (  6 - 4  = 2)
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7  (15 - 7 = 8) 7  (  7 - 4  = 3) 8  (15 - 8 = 7) 8  (  8 - 4  = 4)
9  (15 - 9 = 6) 9  (  9 - 4  = 5) 10  (15 - 10 = 5) 10  (  10 - 4  = 6)
11  (15 - 11 = 4) 11  (  11 - 4  = 7) 12  (15 - 12 = 3) 12  (  12 - 4  = 8)
13  (15 - 13 = 2) 13  (  13 - 4  = 9) 14  (15 - 14 = 1) 14  (  14 - 4  = )10

 1  14  10  6  2  13  9  5  1, 14, 10, 6, 2, 13, 9, 5 
 1  3  12  8  4  11  7  1, 3, 12, 8, 4, 11, 7 

 1, 2, 3, ... , 14 

  1
 { 0, 1, 2, ... , n - 1 }  n  gcd(k, n) = 1

 { 0, k, 2k, 3k, ... , (n - 1)k }  n
 < x >  < x >  x (mod n)

 { < 0 >, < k >, < 2k >, ... , < (n - 1)k > }  n
 { 1, 2, ... , n - 1 } = { < k >, < 2k >, ... , < (n - 1)k > }

 P  (< 1 >, < 2 >, ... , < n - 1 >)
 P = (< k >, < 2k >, ... , < (n - 1)k >)

 i  { 1, 2, ... , n - 2 }
 r, s  { 1, 2, ... , n - 1 }  < ik > = < r >  < ( i + 1)k > = < s > ... (1)

 ik  r (mod n)  ( i + 1)k  s (mod n)
 ( i + 1)k - ik  (s - r) (mod n)

 k  (s - r) (mod n)
 k + r  s (mod n)

 n  (r + k - s)
 0  k  n, 0  r  n, 0  s  n  n  (r + k - s)  s = r + k  s = r + k - n

 1 s = r + k
 r = s - k  r  0  r =  s - k 

 ( ii )  s - k   s  r =  s - k   r  s
 < r >  < s > ... (2)

 (1)  (2)  < ik >  < ( i + 1)k >
 2 s = r + k - n

 r = n - (k - s)
 ( i ) (k - s)  (n - (k - s))  r = n - (k - s)  k - s  r

 r = n - (k - s)  0  r  n  k - s  0
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  s - k  =  k - s  = k - s
 k - s  r   s - k   r

 ( ii )  s - k   s   s - k   r  r  s
 r  s  < r >  < s >

 < ik >  < ( i + 1)k >
 i  { 1, 2, ... , n - 2 }  < k >, < 2k >, ... , < (n - 1)k > 
 P = (< k >, < 2k >, ... , < (n - 1)k >)  P  < 1 >, < 2 >, ... , < n - 1 >

 < 1 >, < 2 >, ... , < n - 1 >   1, 2, ... , n - 1 

  2
 a  M  a 

 ( i )  a  n - a ... (1)
 ( ii )  a + k   (a + k) - k  

  (a + k) - k  = a  a   a + k ... (2)
 a + kt  t = 0, 1, 2, 3, ... ... (3)

 k - (-a) = k + a  0   (-a) - k  =  k - (-a)  = k + a
 k + a    (-a) - k  

 ( ii )  -a   (-a) - k    -a 
 -a + ku   u = 0, 1, 2, 3, ...

 a - ku = -(-a + ku)   u = 0, 1, 2, 3, ... ... (4)
 (3)  (5)   a   a (mod k) 

 b  M  b   b (mod k) ... (5)
  b  M  b   -b ... (6)

 a (mod k)  -a (mod k) ... (7)
 P(m)  “ mn + a  ”

(1)  P(1) 
 n + a  n - (n + a) = -a  -a   n + a, -a 

 P(1) 
(2)   P(m)   m  1  P(m + 1) 

 P(m)   m  1  mn + a   (6)  -(mn + a) 
 ( i )  n - (-(mn + a)) 

 n - (-(mn + a)) = (m + 1)n + a  (m + 1)n + a 
 P(m + 1) 

 P(m)   m
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