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คํานํา 
การแข่งขันคณิตศาสตรโ์อลิมปิกระหว่างประเทศ (International Mathematical Olympiad : IMO) 
จัดขึ้นคร้ังแรกที่ประเทศโรมาเนีย ในปี ค.ศ. 1959 ประเทศไทยได้จัดส่งทีมนักเรียนเข้าแข่งขันครั้งแรก
ในปี ค.ศ. 1989 ณ ประเทศสหพันธ์สาธารณรฐัเยอรมัน ซึ่งเปน็การแข่งขันครั้งที่ 30 ผลงานในการ
แข่งขันคร้ังแรกของประเทศไทยถือได้ว่าประสบความสาํเร็จเป็นอย่างมากคือ ได้รับรางวัลเหรียญ
ทองแดง 1 รางวัล และ รางวัลเกียรติคุณประกาศ 2 รางวัล ผลงานต่อมาในช่วงปี 2532-2559 
นักเรียนไทยได้รับรางวัลเป็นเหรียญทอง 18 เหรียญ เหรียญเงิน 50 เหรียญ เหรียญทองแดง 45 
เหรียญ เกียรติคุณประกาศ 22 รางวัล และ Best Solution 1 รางวัล เพื่อสนับสนุนให้นักเรียนได้ทํา
ข้อสอบอัตนัย และ มีประสบการณ์ตรงในการทําข้อสอบ IMO ตัวจริง ผู้เขียนจึงได้รวบรวมข้อสอบ 
IMO ต้ังแต่ปี ค.ศ. 1959 - ค.ศ. 1982 และเฉลยอย่างละเอียด 
               รองศาสตราจารย์ ดํารงค์ ทิพย์โยธา 



_____________________________________________________________________________________________________________________________________________

. .   

1 1959 Bucharest - Brasov, Romania, 23 - 31 July 1959 1 - 14
2 1960 Bucharest - Sinaia, Romania, 18 - 25 July 1960 15 - 30
3 1961 Budapest - Veszprem, Hungary, 6 - 16 July 1961 31 - 44
4 1962 Prague - Hiuboka, Czechoslovakia, 7 - 15 July 1962 45 - 68
5 1963 Wroclaw, Poland, 5 - 13 July 1963 69 - 84
6 1964 Moscow, Soviet Union, 30 June - 10 July 1964 85 - 98
7 1965 Berlin, DR Germany, 3 - 13 July 1965 99 - 122
8 1966 Sofia, Bulgaria, 3 - 13 July 1966 123 - 140
9 1967 Cetinje, Yugoslavia, 2 - 13 July 1967 141 - 162
10 1968 Moscow - Leningrad, Soviet Union, 5 - 18 July 1968 163 - 180
11 1969 Bucharest, Romania, 5 - 20 July 1969 181 - 200
12 1970 Budapest - Keszthely, Hungary, 8 - 22 July 1970 201 - 220
13 1971 Bratislava - Zilina, Czechoslovakia, 10 - 21 July 1971 221 - 240
14 1972 Warsaw - Toruna, Poland, 5 - 17 July 1972 241 - 252
15 1973 Moscow, Soviet Union, 5 - 16 July 1973 253 - 266
16 1974 Erfurt - Berlin, DR Germany, 4 - 17 July 1974 267 - 286
17 1975 Burgas - Sofia, Bulgaria, 3 - 16 July 1975 287 - 300
18 1976 Wienna - Linz, Austria, 7 - 21 July 1976 301 - 312
19 1977 Belgrade - Arandjelovac, Yugoslavia, 1 - 13 July 1977 313 - 328
20 1978 Bucharest, Romania, 3 - 10 July 1978 329 - 342
21 1979 London, United Kingdom, 30 June - 9 July 1979 343 - 352
22 1981 Washington DC, USA, 8 - 20 July 1981 353 - 372
23 1982 Budapest, Hungary, 5 - 14 July 1982 373 - 396
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The First International Mathematical Olympiad

Bucharest - Brasov, Romania

23 - 31 July 1959

Day I

1.  3n 14
4n 21    n

2.  1x2x  + 1x2x  = A
 2.1  A = 2 2.2  A = 1 2.3  A = 2

3.  a, b, c   cos x
 a 2cos x + b cos x + c = 0  cos x = cos 1x , cos 2x

3.1   a, b, c  cos 2x
  cos 2x = cos 2 1x , cos 2 2x

3.2   a = 4, b = 2, c = -1
  1x , 2x   cos x
  a 2cos x + b cos x + c = 0  cos x = cos 1x , cos 2x

Day II

4.   ABC   BĈA  = 90   BC = a, CA = b, AB = c
 CO    OC  a, b

4.1    ABC 
4.2   OC  AB

5.  M  AB  M  A  B    AMCD,  MBEF 
 AB  AM, MB  

 AMCDCir , MBEFCir    AMCD,  MBEF 
 P, Q  AMCDCir , MBEFCir  

 AMCDCir , MBEFCir   M  N  N   AF  BC
5.1   N  N  
5.2    S  MN  M  AB
5.3   PQ  M  A  B

6.   P  Q  p
 A  P  C  Q  A  C  p

  ABCD (AB  CD)   ABCD
 B  P  D  Q

  (isosceles trapizoid) 
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The First International Mathematical Olympiad Solutions

Bucharest - Brasov, Romania, 23 - 31 July 1959

1.  1     (21n + 4) = (1)(14n + 3) + (7n + 1)
         (14n + 3) = (2)(7n + 1) + 1

      (7n + 1) = (1)(7n + 1) + 0
 gcd(21n + 4, 14n + 3) = 1

 3n 14
4n 21    n

 2  k = gcd(21n + 4, 14n + 3)
 a, b  21n + 4 = ak  14n + 3 = bk

      k(3b - 2a) = 3kb - 2ka
= 3(14n + 3) - 2(21n + 4)
= (42n + 9) - (42n + 8)
= 1

 k  1  k = 1
 3n 14

4n 21    n

2.  1x2   2x - 1  0
 2

1   x ... (1)

 1x2x  + 1x2x = A
    2A = (x + 1x2 ) + 2 1x2x 1x2x  + (x - 1x2 )

= 2x + 2 )1x2(x2

= 2x + 2 2)1x(

= 2x + 2  x - 1 
 2

A2  = x +  x - 1 ... (2)

2.1 A = 2   (2)  x +  x - 1  = 1 ... (3)

2
1   x  1  (3)  x + (-(x - 1)) = 1 
1  x  (3)  x + (x - 1) = 1  x = 1 

 A = 2   2
1   x  1

2.2 A = 1  (2)  x +  x - 1  = 2
1 ... (4)

2
1   x  1  (5)  x + (-(x - 1)) = 2

1  
1  x  (5)  x + (x - 1) = 2

1   x = 4
3
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2.3 A = 2  (2)  x +  x - 1  = 2 ... (5)

2
1   x  1  (5)  x + (-(x - 1)) = 2 
1  x  (5)  x + (x - 1) = 2  x = 2

3

3.

3.1  1  a 2cos x + b cos x + c = 0 ... (1)

 cos x = 2
x2cos1     a( 2

x2cos1 )  b 2
x2cos1  + c = 0

    a( 2
x2cos1 ) + c =  b 2

x2cos1

      a(1 + cos 2x) + 2c =  2b 2
x2cos1

  (a(1 + cos 2x) + 2c) 2 = (  2b 2
x2cos1 ) 2

  2a (1 + cos 2x) 2  + 4ac(1 + cos 2x) + 4 2c = 2 2b (1 + cos 2x)
2a (1 + 2 cos 2x + 2cos 2x) + 4ac + 4ac cos 2x + 4 2c  - 2 2b  - 2 2b cos 2x = 0

    2a 2cos 2x + (2 2a  + 4ac - 2 2b ) cos 2x + ( 2a  + 4ac + 4 2c  - 2 2b ) = 0 ... (2)
 (2)  cos 2x  cos 2x = cos 2 1x , cos 2 2x

{ cos 1x , cos 2x  }  (1)  { cos 2 1x , cos 2 2x  }  (2)

 2  t = cos x  cos x  a 2cos x + b cos x + c = 0
 t  a 2t  + bt + c = 0

 t = 1t  = cos 1x , t = 2t  = cos 2x   a 2t  + bt + c = 0 ... (3)
 1t  + 2t  = - a

b , 1t 2t  = a
c ... (4)

 w = cos 2x  p 2w  + qw + r = 0 ... (5)
 cos 2x  cos 2x = cos 2 1x , cos 2 2x

 1w  = cos 2 1x , 2w  = cos 2 2x   p 2w  + qw + r = 0
 1w  + 2w  = - p

q   1w 2w  = p
r

 - p
q = 1w  + 2w

= cos 2 1x  + cos 2 2x

= (2 2cos 1x  - 1) + (2 2cos 1x  - 1)
= (2 2

1t  - 1) + (2 2
2t  - 1) (  (3))

= 2( 2
1t  + 2

2t ) - 2
= 2( 2

1t  + 2 1t 2t  + 2
2t ) - 4 1t 2t  - 2

= 2( 1t  + 2t ) 2  - 4 1t 2t  - 2
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= 2(- a
b ) 2  - 4( a

c ) - 2 (  (4))
 q = -p(2(- a

b ) 2  - 4( a
c ) - 2) ... (6)

  p
r = 1w 2w

= (cos 2 1x )(cos 2 2x )
= (2 2cos 1x  - 1)(2 2cos 2x  - 1)
= (2 2

1t  - 1)(2 2
2t  - 1) (  (3))

= 4 2
1t

2
2t  - 2 2

1t  - 2 2
2t  + 1

= 4 2
1t

2
2t  - 2( 2

1t  + 2
2t ) + 1

= 4 2
1t

2
2t  - 2( 2

1t  + 2 1t 2t  + 2
2t ) + 4 1t 2t  + 1

= 4 2
1t

2
2t  - 2( 1t  + 2t ) 2  + 4 1t 2t  + 1

= 4( a
c ) 2  - 2(- a

b ) 2  + 4( a
c ) + 1 (  (4))

 r = p(4( a
c ) 2  - 2(- a

b ) 2  + 4( a
c ) + 1) ... (7)

 (5), (6)  (7) 
  p 2w  + (-p(2(- a

b ) 2  - 4( a
c ) - 2))w + (p(4( a

c ) 2  - 2(- a
b ) 2  + 4( a

c ) + 1)) = 0
  2w  + (-(2(- a

b ) 2  - 4( a
c ) - 2))w + ((4( a

c ) 2  - 2(- a
b ) 2  + 4( a

c ) + 1)) = 0
     2a 2w  + (-2 2b  + 4ac + 2 2a )w + (4 2c  - 2 2b  + 4ac + 2a ) = 0

  2a 2w  + (2 2a  + 4ac - 2 2b )w + (4 2c  - 2 2b  + 4ac + 2a ) = 0
 w = cos 2x

 cos 2x  cos 2x = cos 2 1x , cos 2 2x  
    2a 2cos 2x + (2 2a  + 4ac - 2 2b ) cos 2x + ( 2a  + 4ac + 4 2c  - 2 2b ) = 0

3.2  a = 4, b = 2, c = -1
 (1)                                                   4 2cos x + 2 cos x - 1 = 0 ... (8)

 { cos 1x , cos 2x  } = { 1t , 2t  }  1t , 2t   4 2t  + 2t - 1 = 0
 (2)         16 2cos 2x + (32 - 16 - 8) cos 2x + (16 - 16 + 4 - 8) = 0

  16 2cos 2x + 8 cos 2x - 4 = 0
     4(4 2cos 2x + 2 cos 2x - 1) = 0

    4 2cos 2x + 2 cos 2x - 1 = 0 ... (9)
 { cos 2 1x , cos 2 2x  } = { 1t , 2t  }  1t , 2t   4 2t  + 2t - 1 = 0

 { cos 1x , cos 2x  } = { cos 2 1x , cos 2 2x  }
 1 cos 2 1x  = cos 1x   cos 2 2x  = cos 2x

 2 1x  = 2   1x

 2 1x  = 2  + 1x , 2  - 1x



The First IMO 1959, Bucharest - Brasov, Romania 5

 1x  = 2   3 1x  = 2
 1x  = 2   1x  = 3

2

 1.1 1x  = 2
 4 2cos 2  + 2 cos 2  - 1 = 4 + 2 - 1  0  (8)

 1.2 1x  = 3
2

 4 2cos 3
2  + 2 cos 3

2  - 1 = 1 + 1 - 1  0  (8)
 1 

 2 cos 2 1x  = cos 2x   cos 2 2x  = cos 1x

 2 1x  = 2n   2x   2 2x  = 2n   1x   n 
 2.1 2 1x  = 2n  + 2x   2 2x  = 2n  + 1x

2 1x  - 2x  = 2n   2 2x  - 1x  = 2n
 2 1x  - 2x  = 2 2x  - 1x

 1x  = 2x

 1x  = 2x  = 3
2   1

 2.2 2 1x  = 2n  - 2x   2 2x  = 2n  - 1x

2 1x  + 2x  = 2n   2 2x  + 1x  = 2n
 2 1x  + 2x  = 2 2x  + 1x   1x  = 2x

 1x  = 2x  = 3
2   1

 2.3 2 1x  = 2n  + 2x   2 2x  = 2n  - 1x ... (10)
2 1x  - 2x  = 2n   2 2x  + 1x  = 2n

 2 1x  - 2x  = 2 2x  + 1x

 1x  = 3 2x ... (11)
 (10)  (11)  6 2x  = 2n  + 2x   2 2x  = 2n  - 3 2x

 5 2x  = 2n   2x  = 5
n2

 2x  = 5
2 , 5

4 , 5
6 , 5

8   1x  = 5
6 , 5

12 , 5
18 , 5

24

 2.4 2 1x  = 2n  - 2x   2 2x  = 2n  + 1x ... (12)
2 1x  + 2x  = 2n   2 2x  - 1x  = 2n

 2 1x  + 2x  = 2 2x  - 1x   2x  = 3 1x ... (13)
 (12)  (13)  2 1x  = 2n  - 3 1x   6 1x  = 2n  + 1x

 5 1x  = 2n   1x  = 5
n2

 5
2 , 5

4   cos x = cos 5
2 , cos 5

4

 4 2cos x + 2 cos x - 1 = 0
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  cos x  4 2cos x + 2 cos x - 1 = 0
 = - 2

1    = - 4
1

 cos 5
2  + cos 5

4  = - 2
1   cos 5

2 cos 5
4  = - 4

1

 4 2cos x + 2 cos x - 1 = 0

  cos x = )4(2
)1)(4(422 2

= 8
202

= 8
522

= 4
51 , 4

51

 cos 5
2   cos 5

4   cos 5
4  = 4

51   cos 5
2  = 4

51

4.

4.1

 1959.4.1

  ABC   BĈA  = 90
  ABC  r = 2

c   AB   O 
 C 

 OC   OC 
 OC = 2

c

 OC  a, b
 2

c  = OC = ab   2c  = 4ab ... (1)
 h   ABC  C  AB

 ABC  =   ABC = 2
1 (AB)(h) = 2

1 ch ... (2)
  ABC   BĈA  = 90

 ABC  = 2
1 ab ... (3)

 (2)  (3)  ch = ab ... (4)
 (1)  (4)  4ch = 2c   h = 4

c

 C  AB  4
c
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4.2

 1959.4.2

 CÔB  = 
 CÔA  =  - 

  OBC  2BC  = 2OB  + 2OC  - 2 OB OC cos CÔB

  2a = 4
c2  + 4

c2  - 2( 2
c )( 2

c ) cos 

= 2
c2  - 2

c2 cos 

= 2c ( 2
cos1 ) ... (5)

  OAC  2AC  = 2OA  + 2OC  - 2 OA OC cos CÔA

  2b = 4
c2  + 4

c2  - 2( 2
c )( 2

c ) cos(  - )

= 2
c2  + 2

c2 cos 

= 2c ( 2
cos1 ) ... (6)

 (5)  (6)    2a 2b = 2c ( 2
cos1 ) 2c ( 2

cos1 )

= 4
c4 (1 - 2cos )

= 4
c4 2sin

   ab = 2
c2 sin 

 sin = 2c
ab2

 (1)  2c  = 4ab  sin  = 2
1

  = 6 , 6
5
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5.

 1959.5.1

 1 5.1  AM = a  MB = b
  X  AB  Y  MF  M 

 M(0, 0), A(-a, 0), C(0, a), D(-a, a), B(b, 0), E(b, b), F(0, b)
  AMCD,  MBEF 

 AMCDCir , MBEFCir    AMCD,  MBEF 
 MD, BF  AMCDCir , MBEFCir  

 P, Q  P(- 2
a , 2

a )  Q( 2
b , 2

b )

 AMCDCir  =  MP  = 22 )2
a()2

a(  = 2
a2

 MBEFCir  =  MQ  = 22 )2
b()2

b(  = 2
b2

 AMCDCir   (x + 2
a ) 2  + (y - 2

a ) 2  = 2
a2   2x  + ax + 2y  - ay = 0 ... (1)

 MBEFCir    (x - 2
b ) 2  + (y - 2

b ) 2  = 2
b2   2x  - bx + 2y  - by = 0 ... (2)

(1) - (2)    ax - ay + bx + by = 0
  (a + b)x - (b - a) = 0

 x = ( ba
ba )y ... (3)

 (1)  (3)      ( ba
ba ) 2 2y  + a( ba

ba )y + 2y  - ay = 0 ... (4)
 AMCDCir , MBEFCir   M  2  y  0

 (4)    ( ba
ba ) 2 y + a( ba

ba ) + y - a = 0

   y( 2
22

)ba(
bab2a  + 1) = a - a( ba

ba )
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y( 2

2222

)ba(
)bab2a()bab2a( ) = ba

)ba(a)ba(a

   y( 2
22

)ba(
b2a2 ) = ba

ab2

 y = 22 ba
)ba(ab

 y = 22 ba
)ba(ab   (3)  x = ( ba

ba )y = ( ba
ba ) 22 ba

)ba(ab  = 22 ba
)ba(ab

 N  N( 22 ba
)ba(ab , 22 ba

)ba(ab )

 A(-a, 0), F(0, b)

  AN = 
a

ba
)ba(ab

0
ba

)ba(ab

22

22  = 22 ba)ba(b
)ba(b  = )ba(a

)ba(b  = a
b

  AF = a0
0b  = a

b

  AN =  AF  A, N, F 
 B(b, 0), C(0, a) 

 BN = 
b

ba
)ba(ab

0
ba

)ba(ab

22

22  = 
)ba(b)ba(ab

)ba(ab
22  = 

)ba()ba(a
)ba(a

22  = )ba(b
)ba(a  = - b

a

  BC = b0
0a  = - b

a

  BN =  BC  B, C, N 
  N   AF  BC  N  N  

5.2  1L   AB
 A(-a, 0)  B(b, 0)  1L   x = 2

ab ... (5)

 M(0, 0)  N( 22 ba
)ba(ab , 22 ba

)ba(ab )

 MNL   M, N  MNL   y = ( ba
ba )x ... (6)

 (5)  (6)  1L    MNL   S( 2
ab , - 2

ba )
 a + b = AB 

 S( 2
ab , - 2

ba )  MN  M  AB

5.3  Z(x, y)  P, Q
 P(- 2

a , 2
a )  Q( 2

b , 2
b )  Z  (x, y) = ( 4

ab , 4
ba )

 a + b   a + b 
 PQ  y = 4

ba   x  [- 2
ba , 2

ba ]
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 2

 1959.5.2

5.1  AN, NF, BC  CN
  AMCD   MĈA  = 45  ... (1)

 AM   MN̂A  = MĈA  = 45  ... (2)
 BN̂M  = 45  ... (3)

 AM   FM̂B  = FN̂B ... (4)
 BF   FM̂B  = 90  ... (5)

 (4)  (5)  FN̂B  = 90
 (2), (3)  (5)  FN̂A  = MN̂A  + FM̂N  + FN̂B  = 45  + 45  + 90  = 180

 N  AF
 AC  AMCDCir   CN̂A  = 90  ... (6)

 (2)  (3)  BN̂A  = MN̂A  + BN̂M  = 45  + 45  = 90  ... (7)
 (6)  (7)  CN̂A  = 90  = BN̂A   C  BN

 AF  BC  N
  N   AF  BC  N  N  

5.2  (2)  (3) MN̂A  = 45 , BN̂M  = 45   MN  BN̂A

 ABCir   AB 
 S  AB  ABCir   S  N

 MN  BN̂A   MN  S
 AB   S 

 S  MN  M  AB
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5.3  Z  PQ
 P , Q , Z   AB  PP   AB, QQ   AB  ZZ   AB

 PP , ZZ   QQ    P   AM  Q   MB
 P  AMCD

 PP  = AP  = P M = 2
1 AM ... (8)

 Q Q = MQ  = Q B = 2
1 MB ... (9)

 PP   QQ     PP Q Q 
 P (-x, 0), Z (0, 0), Q (x, 0), P(-x, 1y ), Z(0, y), Q(x, 2y )

 Z  PQ  Z  Z(0, 2
yy 21 )

     ZZ = 2
yy 21

= 2
1 ( 1y  + 2y )

= 2
1 (PP  + QQ )

= 2
1 ( 2

1 AM + 2
1 MB) (  (7)  (8))

= 4
1 (AM + MB)

= 4
1 (AB)

 4
1 (AB) 

 Z  AB  4
1 (AB)

  M = A  P  = A  AQ  = 2
AB

 AZ  = 4
1 (AB)

  M = B  Q  = B  P B = 2
AB

 Z B = 4
1 (AB)

 Z 
 2

1 (AB)  AB   AB  4
1 (AB)



The First IMO 1959, Bucharest - Brasov, Romania12

6.

 1959.6.1.1  1959.6.1.2

1.   ABCD   AB + CD = AD + BC
  8.6   31   240

2.   ABCD   AB  CD  AD = BC
 AB = a, CD = b  s = AD = BC  a + b = 2s  s = 2

1 (a + b) ... (1)
3.  AB  CD  AB  P  CD  Q

 AB  CD  p  P  Q
4.  E  AB  CE  AB

 E   AB  DE   AB
  ABCD   CE = DE   BE = AE ... (2)

 4.1 a  b (  1959.6.1.1)
 b = CD = E A + AB + BE

= BE + a + BE (  (2))
= a + 2BE

 BE = 2
1 (b - a)

AE = AB + BE = a + BE = a + 2
1 (b - a) = 2

1 (a + b) = s
 4.2 a  b (  1959.6.1.2)

 b = CD = AB - BE - AE
= AB - BE - BE (  (2))
= a - 2BE

 BE = 2
1 (a - b)

AE = a - BE = a - 2
1 (a - b) = 2

1 (a + b) = s
 AE = s ... (3)

  a = b   ABCD    ABCD 
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  ABCD (AB  CD)   ABCD
 B  P  D  Q

1.  P  ALine   A  p
 Q  CLine   C  p

2.  C  CLine    ALine   E
3.  C  AE  ALine   B
4.  A  AE  CLine   D

 AD = BC = AE ... (4)
  ABCD 

 CE  AE
 (3)  CE  AE  CE  s  BC = s (  (1))  CE  s = BC

 CE   CE  BC  CE  BC
 CE  AE 

 CE  AE
 1 CE = AE

 CE = AE = s = BC (  (1)  (3))  CE, BC 
 BC  AB
  ABCD    ABCD 

 2 CE  AE
 (3)  CE  s  ABM   AB  CDM   CD

 M  CDABMM

 M  = 2
1 CE   ABCD (  1)

 1   ABCD  AB  CD
AB = a, CD = b, BC = AD = s = 2

1 (a + b)  CE  AE
 R  AB  Q  CD  O  RQ

 O  r = 2
ab    ABCD

 1959.6.2
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  O   Y  RQ  RE = QC = 2
DC  = 2

b

 BE = RE - RB = 2
b  - 2

a  = 2
1 (b - a) = 2

1 (b + a) - a = s - a
 s = 2

1 (a + b)  2s - a = b
  BEC 

 2EC  = 2BC  - 2BE  = 2s  - (s - a) 2  = (s - (s - a))(s + (s - a)) = a(2s - a) = ab
 EC = ab

 RQ = CE  O  RQ  RO = OQ = 2
ab

 B, C  B( 2
a , 2

ab ), C( 2
b , - 2

ab )

 1Cir   O  2
ab ... (1)

  1Cir   AB  CD
 BCLine   B, C

 BCLine         
2
ax
2
aby

= 
2
a

2
b

2
ab

2
ab

  (2y - ab )(b - a) = -2 ab (2x - a)
4 ab x + 2(b - a)y - ab (b - a) - 2a ab = 0

    4 ab x + 2(b - a)y - ab (a + b) = 0

 O  BCLine   
22 ))ab(2()ab4(

)ba(ab || ... (2)

   (4 ab ) 2  + (2(b - a)) 2 = 16ab + 4 2b  - 8ab + 4 2a

= 4 2a  + 8ab + 4 2b

= 4(a + b) 2

 
22 ))ab(2()ab4(

ba || = 2
1

22 ))ab(2()ab4(

)ba(ab || = 2
ab ... (3)

 (1), (2)  (3)  1Cir   BC
 1Cir   AD

 1Cir    ABCD



The Second International Mathematical Olympiad

Bucharest - Sinaia, Romania

18 - 25 July 1960

Day I

1.  3  N  11  N  11
N   N

2.  2
2

) x211(
x4   2x + 9

3.   ABC   BC   BC = a
 n  BC  n  

 ( )  BC  A  
 h   ABC  A  BC

 tan  = 
a)1n(

nh4
2

Day II

4.  ABC  A  B
 A  BC

5.   ABCDA B C D   A   A  B   B  C   C
 D   D

 X  AC  Y  B D
5.1   P  XY
5.2   Z  XY  ZY = 2 XZ

6.  (A cone of revolution) 
 

 1V    2V  
6.1   1V   2V

6.2   
2
1

V
V  

7.   ABCD  (isosceles trapezoid)  AB  CD
 AB = a  CD = c  A  CD  h

 X   ABCD  CX̂B  = DX̂A  = 90
 X  AB  CD  X 

  (isosceles trapezoid) 
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The Second International Mathematical Olympiad Solutions

Bucharest - Sinaia, Romania, 18 - 25 July 1960

1.  N  3   11
N   2 

 11
N  = (ab)10   a, b  0, 1, ... , 9  11

N  = (ab)10  = 10a + b ... (1)
 1 0  a + b  9

N = 11(10a + b) = 110a + 11b = 100a + 10a + 10b + b = 100a + 10(a + b) + b = (a(a + b)b) 10

 11
N   N  N = (a(a + b)b)10

 10a + b = 11
N  = 2a  + (a + b) 2  + 2b  = 2 2a  + 2ab + 2 2b ... (2)

 b = 2 2a  + 2ab + 2 2b  - 10a
 b = 2a(a - 5) + 2ab + 2 2b  ... (3)
 2  b  x  b = 2x ... (4)

 (3)  (4)  x = a(a - 5) + 2ax + 4 2x

 a(a - 5)   a(a - 5) + 2ax + 4 2x  
 x   4  2x  b = 2x  4  2x  4  b

 b   4  b  b  3  0, 4, 8
 b = 0, 4, 8

 1.1 b = 0  (3)  a  0  a = 5  N = (a(a + b)b)10  = 550
 1.2 b = 4  (3)   4 = 2a(a - 5) + 8a + 32

 4 = 2 2a  - 10a + 8a + 32
 0 = 2a  - a + 14

 a(a - 1) = -(2)(7)
 a   a  a(a - 1) = -(2)(7)

 b = 4 
 1.3 b = 8  0  a + b  9  a = 0, 1

 (3) b = 8  a = 0 
 (3) b = 8  a = 1 

 2 9  a + b
N = 11(10a + b) = 110a + 11b = 100a + 10a + 10b + b = 100a + 10(a + b) + b

= 100a + 10(10 + (a + b - 10)) + b
= 100a + 100 + 10(a + b - 10) + b
= 100(a + 1) + 10(a + b - 10) + b
= ((a + 1)(a + b - 10)b)10 ... (5)

 11
N   N
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 (1)  (5)      10a + b = (a + 1) 2  + (a + b - 10) 2  + 2b

   2 2a  + 2ab + 2 2b  - 28a - 21b + 101 = 0
  2 2a  + 2ab + 2 2b  - 28a = 21b - 101 ... (6)

 21b - 101   b 
 y  b = 2y + 1  b = 2y + 1  (6) 
  2 2a  + 2a(2y + 1) + 2(2y + 1) 2  - 28a = 21(2y + 1) - 101 = 42y - 80

 2a  + 2ay + 4 2y  - 13a - 17y + 41 = 0
   2a  - 13a = 17y - 2ay - 4 2y  - 41
    a(a - 13) = 17y - 2ay - 4 2y  - 41

 a(a - 13)   17y - 2ay - 4 2y  - 41 
 -2ay - 4 2y    17y - 41   y 

  y = 1, 3, 5, 7, 9
    2y + 1 = 3, 7, 11, 15, 19

 b = 2y + 1  b   b = 3, 7
 2.1 b = 3  (6)    2 2a  + 6a + 18 - 28a = 63 - 101

    2 2a  - 22a + 56 = 0
 2a  - 11a + 28 = 0
   (a - 4)(a - 8) = 0

 a = 4, 8
 9  a + b  a = 8  N = (a(a + b)b)10  = 803

 2.2 b = 7  (6)  2 2a  + 14a + 98 - 28a = 147 - 101
    2 2a  - 14a + 52 = 0

   2a  - 7a + 26 = 0
 a(a - 7) = -(2)(13)

 a   a  a(a - 7) = -(2)(13)  b = 7 
 N = 550, 803

 2  N = (htu)10  = 100h + 10t + u  h, t, u  ... (1)
 11

N   N
 N = 11( 2h  + 2t  + 2u ) ... (2)

N = 100h + 10t + u = (99 + 1)h + (11 - 1)t + u = (99h + 11t) + (h - t + u) ... (3)
 (1), (2)  (3)  (99h + 11t) + (h - t + u) = 11( 2h  + 2t  + 2u ) ... (4)

 11  N  11  (99h + 11t)  11  (h - t + u)
 h, t, u   -9  h - t + u  18

 h - t + u = 0  11



The Second IMO 1960, Bucharest - Sinaia, Romania18

 1 h - t + u = 0
 (4)     (99h + 11t) + (0) = 11( 2h  + 2t  + 2u )

 t = h + u  (99h + 11(h + u)) + (0) = 11( 2h  + (h + u) 2  + 2u )
  10h + u = 2( 2h  + hu + 2u ) ... (5)
 10h + u   u ... (6)

 (5)  2 2h  + (2u - 10)h + 2 2u  - u = 0
 2 2h  + (2u - 10)h + 2 2u  - u = 0  h

 discriminant (2u - 10) 2  - 4(2)(2 2u  - u) 
 (2u - 10) 2  - 4(2)(2 2u  - u) = 4(25 - 8u - 3 2u )

  u  2  25 - 8u - 3 2u   0  u = 0
 h - t + u = 0  h = t

 (5)  10h = 2 2h   h = 5
 h = 5, t = 5  u = 0  N = (htu)10  = 550

 2 h - t + u = 11
 t = h + u - 11 ... (7)

 (4)  (99h + 11t) + (11) = 11( 2h  + 2t  + 2u )
 (9h + t) + 1 = 2h  + 2t  + 2u

 9h + (h + u - 11) + 1 = 2h  + (h + u - 11) 2  + 2u (  (7))
   10h + u - 10 = 2( 2h  + hu + 2u  - 11(h + u)) + 121 ... (8)

 10h + u - 10   u   u  { 1, 3, 5, 7, 9 }
 (8)  2 2h  + (2u - 32)h + 2 2u  - 23u + 131 = 0

 2 2h  + (2u - 32)h + 2 2u  - 23u + 131 = 0  h
 discriminant (2u - 32) 2  - 4(2)(2 2u  - 23u + 131) 

 (2u - 32) 2  - 4(2)(2 2u  - 23u + 131) = 4(-3 2u  + 14u - 6)
 (-3 2u  + 14u - 6) 

 u  { 1, 3, 5, 7, 9 }  (-3 2u  + 14u - 6)   u = 3
 u = 3  (8)        10h + 3 - 10 = 2( 2h  + 3h + 9 - 11(h + 3)) + 121

 10h - 7 = 2( 2h  - 8h - 24) + 121
= 2 2h  - 16h - 48 + 121

    2 2h  - 26h + 80 = 0
   (h - 5)(h - 8) = 0

 h = 5, 8
  h = 5  t = h + u - 11 = 5 - 3 - 11 = -3  h = 5 

 h = 8  t = h + u - 11 = 8 - 3 - 11 = 0
 h = 8, t = 0, u = 3  N = (htu)10  = 803
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 3  3  11  110, 121, ... , 550, ... , 803, ... , 990  81 
 11  10, 11, ...    , 10, ... , 73, ... , 90

 N = 550, 803
  3  7    Best solution 

2.  2
2

) x211(
x4   1 + 2x  0  x  0

 - 2
1   x  x  0 ... (1)

   2x + 9  2
2

) x211(
x4

= 2
2

) x211(
x4

2

2

) x211(
) x211(

= 2

22

) )x21(1(
)x211(x4

= 2

22

x4
)x211(x4

= 1 + 2 x21  + (1 + 2x) (  (1) x  0)
 7  2 x21

49  4(1 + 2x)
      1 + 2x  4

49

 x  8
45 ... (2)

 (1)  (2)  - 2
1   x  8

45   x  0

 { x  2
2

) x211(
x4   2x + 9 } = [- 2

1 , 0)  (0, 8
45 )

3.  1

 1960.3.1

 BC = a, CÂB  = 90 , QÂP  = , AH  BC
 QÂH  = , PÂH  = , BH = s   =  - 
 O  BC  P, Q  BC  PQ = n

1 BC  O  PQ

 PQ  BC
 h = AH  AH   ABC  A  BC
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 BC  n    BC  O  PQ
 PO = OQ = 2

1 ( n
BC ) = n2

a

  AHQ  tan  = tan QÂH  = HA
HQ  = 

h
OQBHBO  = h

n2
as2

a
 = h2

s2a  + nh2
a

  AHP  tan  = tan PÂH  = HA
HP  = h

OPBHBO  = h
n2
as2

a
 = h2

s2a  - nh2
a

   tan = tan(  - ) = tantan1
tantan  = 

))nh2
a()h2

s2a((1
nh
a

22

= nh
a (

)a)s2a(n(
hn4

11
1

222
22

) = nh
a ( 222222

22

a)s4as4a(nhn4
hn4 )

= 
)sa(sn4)1n(ahn4

nah4
22222 ... (1)

  ABH,  AHC   AH
BH  = HC

AH

 BH = s, HC = a - s, AH = h  h
s  = sa

h

 2h  = s(a - s)  (1) 
tan  = 

)sa(sn4)1n(ahn4
nah4

22222  = 222222 hn4)1n(ahn4
nah4  = 

)1n(a
nah4
22  = 

a)1n(
nh4

2

 2  p = AP, q = AQ

 1960.3.2

 CÂB  = 90   O   ABC  OB = OC = OA = 2
a

 1  OP = OQ = n2
a   PQ = n

a

  AOP           2AP = 2OA  + 2OP  - 2 OA OP cos PÔA

     (p) 2 = ( 2
a ) 2  + ( n2

a ) 2  - 2( 2
a )( n2

a ) cos PÔA

   2p = 4
a2  + 2

2

n4
a  - n2

a2 cos PÔA ... (1)

  AOQ          2AQ = 2OA  + 2OQ  - 2 OA OQ cos QÔA

     (q) 2 = ( 2
a ) 2  + ( n2

a ) 2  - 2( 2
a )( n2

a ) cos(180  - PÔA )

   2q = 4
a2  + 2

2

n4
a  + n2

a2
 cos PÔA ... (2)
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(1) + (2)  2p  + 2q  = 2( 4
a2  + 2

2

n4
a ) = 2

a2  + 2
2

n2
a  = 2

22

n2
)1n(a ... (3)

   APQ = 2
1  PQ AH = 2

1 ( n
a )(h) = n2

ah ... (4)
  APQ = 2

1  AP AQ sin  = 2
1 pq sin  ... (5)

 (4)  (5)  n2
ah  = 2

1 pq sin   sin  = pqn
ah ... (6)

  APQ                    2PQ = 2AP  + 2AQ  - 2 AP AQ cos 

        ( n
a ) 2 = (p) 2  + (q) 2  - 2(p)(q) cos 

   cos = pq2
1 ( 2p  + 2q  - 2

2

n
a )

= pq2
1 ( 2

22

n2
)1n(a  - 2

2

n
a ) (  (3))

= pq2
1 ( 2

222

n2
a2)1n(a )

= 2

22

pqn4
)1n(a ... (7)

 (6)  (7)  tan  = cos
sin  = ( pqn

ah )(
)1n(a

pqn4
22

2
) = 

a)1n(
nh4

2

 3

 1960.3.3

 1  OP = OQ = n2
a   PQ = n

a

   APQ = 2
1  AP AQ sin     APQ = 2

1 h PQ = 2
1 h( n

a )
 2

1  AP AQ sin  = 2
1 h( n

a )   AP AQ sin  = n
ah ... (1)

  APQ  2PQ  = 2AP  + 2AQ  - 2 AP AQ cos 

 2 AP AQ cos  = 2AP  + 2AQ  - 2PQ  = 2AP  + 2AQ  - 2
2

n
a ... (2)

 (1)  (2)  tan  = n
ah

2
222

n
aAQAP

1  

n
ah

2
222

n
aAQAP

1  = tan  = 
a)1n(

nh4
2  22222 aAQnAPn

1  = 22 a)1n(
2

 2n 2AP  + 2n 2AQ  - 2a  = 2
1 2a ( 2n  - 1)  ... (3)
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 BP = n
a ( 2

1n ), CP = n
a ( 2

1n ), BQ = n
a ( 2

1n ), CQ = n
a ( 2

1n )
  ABC  AP  A  BC

 1 (Stewart's Theorem) 
CP 2AB  + BP 2AC = BC ( 2AP  + CP BP)

 n
a ( 2

1n ) 2AB  + n
a ( 2

1n ) 2AC = a ( 2AP  + n
a ( 2

1n ) n
a ( 2

1n ))

    ( 2
1n ) 2AB  + ( 2

1n ) 2AC = n 2AP  + n
a2 ( 4

1n2 ) ... (4)
  ABC  AQ  A  BC 

    ( 2
1n ) 2AB  + ( 2

1n ) 2AC = n 2AQ  + n
a2 ( 4

1n2 ) ... (5)

(4) + (5)  n 2AB  + n 2AC = n 2AP  + n 2AQ  + n
a2 ( 2

1n2 ) ... (6)
  ABC  2BC  = 2AB  + 2AC

   n 2BC = n 2AB  + n 2AC ... (7)
 (6)  (7)     n 2BC = n 2AP  + n 2AQ  + n

a2 ( 2
1n2 )

     n 2a = n 2AP  + n 2AQ  + n
a2 ( 2

1n2 )

  2n 2a = 2n 2AP  + 2n 2AQ  + 2a ( 2
1n2 )

   2n 2AP  + 2n 2AQ  - 2a = 2n 2a  - 2a  - 2a ( 2
1n2 )

= 2
1 2a ( 2n  - 1) ... (8)

 (3)  (8)  tan  = 
a)1n(

nh4
2

 4

 1960.3.4

 b  = AB , c  = AC , p  = AP , q  = AQ , o  = AO  ... (1)
 b =  b  , c =  c  , p =  p  , q =  q    o =  o  ... (2)

 CÂB  = 90   b c  = AB AC  = 0 ... (3)
 (6)  2  pq sin  = n

ah ... (4)
 O  BC  AO  = 2

1 ( b  + c ) ... (5)
 OP = n2

1 BC  OP  = n2
1 ( b  - c ) ... (6)

 OQ = n2
1 BC  OQ  = n2

1 ( c  - b ) ... (7)
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 p  = AP  = AO  + OP = 2
1 ( b  + c ) + n2

1 ( b  - c ) (  (5)  (6))

= n2
c)1n(b)1n( ... (8)

q  = AQ  = AO  + OQ = 2
1 ( b  + c ) + n2

1 ( c  - b ) (  (5)  (7))

= n2
c)1n(b)1n( ... (9)

pq cos = p q  = n2
c)1n(b)1n(

n2
c)1n(b)1n( (  (8)  (9))

= 2n4
1 (( 2n  - 1) b b  + (n + 1) 2 b c  + (n - 1) 2 b c  + ( 2n  - 1) c c

= 2n4
1 (( 2n  - 1) b b  + (n + 1) 2 (0) + (n - 1) 2 (0) + ( 2n  - 1) c c ( b c  = 0)

= 2n4
1 (( 2n  - 1) 2b  + ( 2n  - 1) 2c ) = 2n4

1 ( 2n  - 1)( 2b  + 2c )

= 2n4
1 ( 2n  - 1) 2a (  ABC ) ... (10)

 (4)  (10)  tan  = cos
sin  = cospq

sinpq  = qp
sinpq  = 22

2

a)1n(
n4ah

 5  tan  = 
a)1n(

nh4
2

  ABC  tan  
 a = n

 3  n
a  = 1  tan  = 

a)1n(
nh4

2  

 1 Stewart's Theorem

P  BC   ABC  CP 2AB  + BP 2AC  = 2AP BC + PB PC BC
  AD  BC  2AC  = 2AP  + 2PC  - 2 PC PD ... (1)

 1960.3.5

  (1)  55   32   80
 (1)   E   APCE 

 2AC  = 2AP  + 2AE  + 2 AP AE cos EÂP

= 2AP  + 2PC  + 2 AP PC cos(180  - CP̂A ) (  APCE )
= 2AP  + 2PC  - 2 AP PC cos CP̂A  = 2AP  + 2PC  - 2 AP PC ( AP

PD ) = 2AP  + 2PC  - 2 PC PD
 2AB  = 2BP  + 2AP  + 2 PB PD ... (2)
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PB  (1)   2AC PB = 2AP PB + 2PC PB - 2 PC PD PB ... (3)
PC  (2)   2AB PC = 2BP PC + 2AP PC + 2 PB PD PC ... (4)
(3) + (4)  2AC PB + 2AB PC = 2AP PB + 2PC PB + 2BP PC + 2AP PC

 CP 2AB  + BP 2AC = 2AP (PB + PC) + ( 2PC PB + 2BP PC)
= 2AP BC + PB PC (PC + BP)
= 2AP BC + PB PC BC

4.

 1960.4.1

 A, B  Ah , Bh  
 A  BC  Am

1.  1L , 2L   Ah

2.  H  1L   A  2L   AH  1L   AH = Ah

3.  A  Am   1L   M
 AM = Am

4.  D  AM  1Cir   D  2
1

Am

5.  2Cir   M   2
1

Bh

6.  3L   A  2Cir   X  MX = 2
1

Bh

7.  1L   3L   C
8.  B  1L   C  MC = BM
9.  I  3L   BI  3L

 2  AH = Ah

 3  A  BC  Am

 MX  CI  BI  CI   CBI,  CMX 
 MX

BI  = MC
BC  = MC

MC2  (  8)
 BI = 2MX = Bh  (  6)
  ABC 
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5.

5.1

 1960.5.1.1  1960.5.1.2

 ABCDA B C D  
 A(1, 0, 0), B(1, 1, 0), C(0, 1, 0), D(0, 0, 0)

A (1, 0, 1), B (1, 1, 1), C (0, 1, 1), D (0, 0, 1)
 X  AC  X  A  C

 X = (1 - s)A + sC  0  s  1
= (1 - s)(1, 0, 0) + s(0, 1, 0) = (1 - s, 0, 0) + (0, s, 0)
= (1 - s, s, 0) ... (1)

 Y  B D   Y  D   B
 Y = (1 - t)D  + tB   0  t  1

= (1 - t)(0, 0, 1) + t(1, 1, 1) = (0, 0, 1 - t) + (t, t, t)
= (t, t, 1) ... (2)

 P  XY  (1)  (2) 
P = 2

1 (X + Y) = 2
1 ((1 - s, s, 0) + (t, t, 1))  0  s  1  0  t  1

= ( 2
1st , 2

st , 2
1 )

 P  z = 2
1

 P  z = 2
1   x = 2

1st   y = 2
st

 x + y = 2
1t2  = t + 2

1   x - y = 2
s21  = 2

1  - s
x + y - 2

1  = t  x - y - 2
1  = -s

 0  s  1  0  t  1 
0  x + y - 2

1   1  -1  x - y - 2
1   0

2
1   x + y  2

3  - 2
1   x - y  2

1

 P  { (x, y, z)  2
1   x + y  2

3   - 2
1   x - y  2

1   z = 2
1  }
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5.2

 1960.5.2.1  1960.5.2.2

 X = (1 - s, s, 0)  0  s  1  Y = (t, t, 1)  0  t  1  ZY = 2 XZ
 2 XZ  = ZY   2( Z  - X ) = Y  - Z   3 Z  = 2 X  + Y

 Z = 3
2 X + 3

1 Y = 3
2 (1 - s, s, 0) + 3

1 (t, t, 1) (  (1)  (2))
= ( 3

2s2t , 3
s2t , 3

1 )
 Z  z = 3

1

 Z  z = 3
1   x = 3

2s2t   y = 3
s2t

 x + y = 3
2t2  = 3

2 t + 3
2  x - y = 3

2s4  = - 3
4 s + 3

2

x + y - 3
2  = 3

2 t  x - y - 3
2  = - 3

4 s
 0  s  1  0  t  1 

0  x + y - 3
2   3

2 - 3
4   x - y - 3

2   0

3
2   x + y  3

4 - 3
2   x - y  3

2

 Z  { (x, y, z)  3
2   x + y  3

4   - 3
2   x - y  3

2   z = 3
1  }

6.

 1960.6.1
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   M 
O 
V 

 BMA   ( )
  X  BMA   Y  VM

 M(0, 0) 
 r   MA = r  A, B  A(r, 0), B(-r, 0)
 s   OM = s  O  O(0, s)
 h   V  V(0, h)  MV = h
 1Cir    ABV

 O(0, s)  1Cir

 AV, BV  1Cir   S, T 
 OÂM  = OÂS   OÂM  = OÂV

  = OÂM  = OÂV   VÂM  = 2
  MAV   tan VÂM  = MA

MV  = r
h ... (1)

 tan 2  = r
h   r tan 2  = h ... (2)

 1V =  = 3
1 2r h

= 3
1 3r tan 2  (  (2))

= 
)tan1(3

tanr2
2

3 ... (3)

  MAO   tan  = tan OÂM  = MA
MO  = r

s ... (4)
 r tan  = s ... (5)

 s  2s
 2V = 

= ( 2s )(2s)
= 2 3s

= 2 3r 3tan  (  (5))
 (3)  (6)  

2
1

V
V  = 

)tan1(3
tanr2

2
3

33 tanr2
1  = 22 tan)tan1(3

1 ... (6)

6.1  1V  = 2V

 
2
1

V
V  = 1       22 tan)tan1(3

1 = 1 (  (6))

3(1 - 2tan ) 2tan = 1
 3 4tan  - 3 2tan  + 1 = 0
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 discriminant (-3) 2  - 4(3)(1) = -3  0
 3 4tan  - 3 2tan  + 1 = 0 

   22 tan)tan1(3
1  = 1 

 1V  = 2V  
 1V   2V

6.2  1  k = 
2
1

V
V   (6)  k = 22 tan)tan1(3

1

 (1 - 2tan ) 2tan  = k3
1

 A.M. - G.M.  xy  ( 2
yx ) 2   x  0, y  0  xy = ( 2

yx ) 2   x = y
 k3

1  = (1 - 2tan ) 2tan   ( 2
1 ((1 - 2tan ) + ( 2tan )) 2  = 4

1

 k3
1   4

1   3
4   k

 3
4  = k     1 - 2tan = 2tan

   2 2tan = 1
  tan = 

2
1

    tan 2 = 2tan1
tan2  = 

2
11

)
2

1(2
 = 2 2

    r
h = tan 2  = 2 2 (  (2))

 k  3
4   h = 2 2 r

 
2
1

V
V   3

4   h = 2 2 r  VÂM  = arctan
2

1

 2  AV̂M  = 
 S  VA 

  VOS   OS =  = s
 sin  = sin SV̂O  = VO

OS  = VO
s   VO = sin

s

 h = MV = MO + OV = s + sin
s  = s(1 + sin

1 ) ... (7)

  VMA   tan AV̂M  = MV
MA   tan  = MV

MA

 MA = MV tan  = s(1 + sin
1 ) tan  ... (8)

  
2
1

V
V = 

)DE)(MD(

)h)(MA(3
1

2

2
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= 
)s2)(s(3

))sin
11(s()tan)sin

11(s(

2

2

 (  (8)  MD = s, DE = 2s)

= 6
1 (1 + sin

1 ) 3 2tan  ... (9)

 t = sin   t  0  (9) 

  
2
1

V
V = 6

1 (1 + sin
1 ) 3 2tan  = 6

1 (1 + t
1 ) 3

2

2

cos
sin

= 6
1 (1 + t

1 ) 3
2

2

sin1
t  = 6

1 (1 + t
1 ) 3

2
2

t1
t  

= 6
1 (t + 1) 3

)t1(t
1

2 ... (10)

 (1 - 3t) 2 (1 + t)  0 ... (11)
1 - 5t + 3 2t  + 9 3t  0
 1 + 3t + 3 2t  + 3t  8t - 8 3t

 (t + 1) 3  8t(1 - 2t )
   (t + 1) 3

)t1(t
1

2  8 (1 - 2t  = 1 - 2sin  = 2cos   0)

6
1 (t + 1) 3

)t1(t
1

2  3
4 ... (12)

 (10)  (12)  
2
1

V
V   3

4

 
2
1

V
V  = 3

4     1 - 3t = 0 (  (11))

  t = 3
1

 sin = 3
1

7.

 1960.7.1

 L, M  AB, CD 
 AL = LB = 2

a   DM = MC = 2
c   LM = h ... (1)
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 LM   ABCD
 X  LM  CX̂B  = 90

 LM   ABCD  DX̂A  = 90
  X  CD  Y  ML

 M 
 MX = y  XL = h - y ... (2)

 XL  LB  XM  MC
  LBX,  MCX  BL̂X  = CM̂X  = 90

BX̂L = 180  - CX̂B  - CX̂M

= 180  - 90  - CX̂M

= 90  - CX̂M

= XĈM

  LBX,  MCX   BX̂L  = XĈM

  LBX,  MCX 
 MX

LB  = CM
XL  = XC

BX

 MX
LB  = CM

XL   (1)  (2)

        y
2
a

= 
2
c

hy

 )yh(2
c = a

y2

   (2y)(2(h - y)) = ac
  4hy - 4 2y = ac

    4 2y  - 4hy + ac = 0

 y = 8
ac16h16h4 2

 y   16 2h  - 16ac  0
    2h  ac

  2h   ac   X  BL̂X  = CM̂X  = 90
 2h   ac   X  BL̂X  = CM̂X  = 90



The Third International Mathematical Olympiad

Budapest - Veszprem, Hungary

6 - 16 July 1961

Day I

1. x + y + z = a
  2x  + 2y  + 2z = 2b

xy = 2z

 a, b   x, y, z 

2.  a, b, c   ABC     ABC
 2a  + 2b  + 2c   4 3

    ABC 

3.  n 
 ncos x - nsin x = 1

Day II

4.  P   ABC  AP, BP, CP  BC, CA, AB  D, E, F 
  PD

AP , PE
BP , PF

CP   2
  2

5.   ABC  AC = b, AB = c, BM̂A  = , M  BC    90
   ABC  b tan 2   c  b

 

6.  E 
A, B, C  E  E

 A , B , C   E  L, M, N  A A, B B, C C 
  LMN 

(   A , B , C    LMN)
 G   LMN

 G
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The Third International Mathematical Olympiad Solutions

Budapest - Veszprem, Hungary, 6 - 16 July 1961

1. x + y + z = a ... (1)
  2x  + 2y  + 2z = 2b ... (2)

xy = 2z ... (3)
 (2)  (3)    2x  + 2y  + xy = 2b ... (4)
 (1)     ((x + y) - a) 2 = 2z

 2x  + 2xy + 2y  - 2a(x + y) + 2a = xy (  (3))
     2x  + xy + 2y  - 2a(x + y) = - 2a ... (5)

 (4)  (5)  2a(x + y) = 2b  + 2a   x + y = a2
ba 22 ... (6)

 (1)  (6)  z = a - (x + y) = a - a2
ba 22  = a2

ba 22 ... (7)

 (3)  (7)  xy = ( a2
ba 22 ) 2  ... (8)

 (6)  (8)  x, y  2w  - a2
ba 22 w + ( a2

ba 22 ) 2  = 0 ... (9)

  = discriminant  (9)   = ( a2
ba 22 ) 2  - 4(1)( a2

ba 22 ) 2

   = ( a2
ba 22  - a

ba 22 )( a2
ba 22  + a

ba 22 ) = ( a2
b3a 22 )( a2

ba3 22 )
= 2a4

1 (3 2a  - 2b )(3 2b  - 2a )

 z  0  (7)  a2
ba 22   0  2a   2b

 3 2a   2b   3 2a  - 2b   0 ... (10)
 x, y    = 2a4

1 (3 2a  - 2b )(3 2b  - 2a )  0

 (3 2b  - 2a )  0  3 2b   2a ... (11)
 (10)  (11)  2b   3 2a   9 2b    b   3  a   3  b 
 (9)  x, y   x = 2    a4

ba 22   y = 2    a4
ba 22

 z = xy   z  x, y  z  x  z  y
 x = 2    a4

ba 22 , y = 2    a4
ba 22 , z = a2

ba 22   (1) - (3) 

 2  x, y, z  3p  + 1s 2p  + 2s p + 3s  = 0
1s = -(x + y + z) = -a (  (1))
2s = xy + yz + zx = 2

1 ((x + y + z) 2  - ( 2x  + 2y  + 2z )) = 2
1 ( 2a  - 2b ) (  (1)  (2))

3s = -xyz = - 3z (  (3))
   24   319
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 x, y, z  3p  - a 2p  + 2
1 ( 2a  - 2b )p - 3z  = 0

  3z  - a 2z  + 2
1 ( 2a  - 2b )z - 3z = 0

    -a 2z  + 2
1 ( 2a  - 2b )z = 0

     z(-az + 2
1 ( 2a  - 2b )) = 0

 z  0  z = a2
ba 22   (1)  x + y = a - z = a - a2

ba 22  = a2
ba 22

 xy = 2z  = ( a2
ba 22 ) 2    b   3  a   3  b 

 x = 2    a4
ba 22 , y = 2    a4

ba 22 , z = a2
ba 22   (1) - (3) 

 

x + y + z = a  (0, 0, 0)  =  
3

a  

2x  + 2y  + 2z  = 2b  (0, 0, 0)  =  b 
 x + y + z = a  2x  + 2y  + 2z  = 2b     

3
a     b 

  a   3  b 
  a  = 3  b   x + y + z = a  2x  + 2y  + 2z  = 2b  

2.  1

  ABC   ABC
 H  BC  AH  BC

 1961.2.1

 AH = h, BH = m, CH = n
 2b  = 2n  + 2h , 2c  = 2m  + 2h    =   ABC = 2

1 ah = 2
1 (m + n)h ... (1)

 (    29 )
  2a  + 2b  + 2c  4 3 ... (2)

         (m + n) 2  + ( 2n  + 2h ) + ( 2m  + 2h )  4 3 ( 2
1 (m + n)h) (  (1))

        2m  + 2mn + 2n  + ( 2n  + 2h ) + ( 2m  + 2h )  2 3 (m + n)h
    2 2m  + 2mn + 2 2n  + 2 2h  2 3 (m + n)h

       2m  + mn + 2n  + 2h  3 (m + n)h
     2h  - 3 (m + n)h + 2m  + mn + 2n  0 ... (3)
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 2h  - 3 (m + n)h + 2m  + mn + 2n

= 2h  - 3 (m + n)h + ( 2
3 (m + n)) 2  - ( 2

3 (m + n)) 2  + 2m  + mn + 2n

= (h - 2
3 (m + n)) 2  - 4

3 ( 2m  + 2mn + 2n ) + 2m  + mn + 2n

= (h - 2
3 (m + n)) 2  - 4

1 (3 2m  + 6mn + 3 2n  - 4 2m  - 4mn - 4 2n )

= (h - 2
3 (m + n)) 2  - 4

1 (- 2m  + 2mn - 2n )

= (h - 2
3 (m + n)) 2  + 4

1 ( 2m  - 2mn + 2n )

= (h - 2
3 (m + n)) 2  + 4

1 (m - n) 2

 0
 (3)   (2)   2a  + 2b  + 2c   4 3  

2a  + 2b  + 2c  = 4 3  (h - 2
3 (m + n)) 2  + 4

1 (m - n) 2  = 0

(h - 2
3 (m + n)) 2  = 0  4

1 (m - n) 2  = 0

h = 2
3 (m + n)  m = n

h = 3 m  m = n
h = 3 BH  BH = HC
AH   h = 3 BH
AH   BH

h  = 3

AH   tan HB̂A  = 3

AH   HB̂A  = 60
 ABC 

 2  = )cs)(bs)(as(s   s = 2
cba ... (1)

(4 3 ) 2  = 48 2  = 48s(s - a)(s - b)(s - c) (  (1))
= 48( 2

1 (a + b + c))( 2
1 (-a + b + c))( 2

1 (a - b + c))( 2
1 (a + b - c))

= 3(a + b + c)(-a + b + c)(a - b + c)(a + b - c)
= 3[(a + b + c)(a + b - c)][(a - b + c)(-a + b + c)]
= 3[((a + b) + c)((a + b) - c)][(c + (a - b))(c - (a - b))]
= 3((a + b) 2  - 2c )( 2c  - (a - b) 2 )
= 3( 2a  + 2b  - 2c  + 2ab)(- 2a  - 2b  + 2c  + 2ab)
= 3(2ab + ( 2a  + 2b  - 2c ))(2ab - ( 2a  + 2b  - 2c ))
= 3((2ab) 2  - ( 2a  + 2b  - 2c ) 2 ) = 3(4 2a 2b  - ( 4a  + 4b  + 4c  + 2 2a 2b  - 2 2b 2c  - 2 2c 2a ))

 (4 3 ) 2  = 3(- 4a  - 4b  - 4c  + 2 2a 2b  + 2 2b 2c  + 2 2a 2c ) ... (2)
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 (2)  ( 2a  + 2b  + 2c ) 2  - (4 3 ) 2  = ( 4a  + 4b  + 4c  + 2( 2a 2b  + 2b 2c  + 2c 2a ))
 - (3(- 4a  - 4b  - 4c  + 2 2a 2b  + 2 2b 2c  + 2 2a 2c ))

= 4 4a  + 4 4b  + 4 4c  - 4 2a 2b  - 4 2b 2c  - 4 2c 2a

= 4( 4a  + 4b  + 4c  - 2a 2b  - 2b 2c  - 2c 2a ) ... (3)
 0  ( 2a  - 2b ) 2  = 4a  - 2 2a 2b + 4b   4a  + 4b   2 2a 2b ... (4)

    4b  + 4c  2 2b 2c ... (5)
     4c  + 4a  2 2c 2a ... (6)

 (4), (5)  (6)            2( 4a  + 4b  + 4c )  2 2a 2b  + 2 2b 2c  + 2 2c 2a

       4a  + 4b  + 4c  2a 2b  + 2b 2c  + 2c 2a ... (7)
 (7)    29   345

 (7)     4a  + 4b  + 4c  - 2a 2b  - 2b 2c  - 2c 2a  0 ... (8)
 (3)  (8)        ( 2a  + 2b  + 2c ) 2  - (4 3 ) 2  0

      ( 2a  + 2b  + 2c ) 2  (4 3 ) 2

       2a  + 2b  + 2c  4 3 ... (9)
 (9)  (4), (5)  (6) 

2a  = 2b , 2b  = 2c   2c  = 2a

a = b = c
 ABC 

 3  2b  - 2bc + 2c  = (b - c) 2   0 ... (1)
     2b  + 2c  2bc = 2bc(1)

    2b  + 2c  2bc sin(A + 30 ) (  1  sin(A + 30 ) ... (2)
= 2bc(sin A sin 30  + cos A sin 30 )
= 2bc( 2

3 sin A + 2
1 cos A)

= 3 bc sin A + bc cos A
= 3 bc sin A + 2

1 (2bc cos A)
= 3 bc sin A + 2

1 ( 2b  + 2c  - 2a )  ( )
      2 2b  + 2 2c  2 3 bc sin A + 2b  + 2c  - 2a

     2a  + 2b  + 2c  2 3 bc sin A = 4 3 ( 2
1 bc sin A) = 4 3 (   = 2

1 bc sin A)
     2a  + 2b  + 2c  4 3 ... (3)

 (3)  (1)  (2) 
b = c  sin(A + 30 ) = 1
b = c  A = 60

 ABC 
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