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คำนำ 
 คอมบินาทอริก (Combinatorics) มีความสำคัญในการศึกษาคณิตศาสตรท้ัง

คณิตศาสตรบริสุทธิ์และคณิตศาสตรประยุกตหลายสาขา เนื้อหาของวิชา combinatorics 

กลาวอยางงายคือเปนการศึกษาการนับแบบตางๆ เชน การเรียงสับเปลี่ยน การจัดหมู การ

แบงกลุม การกระจายทวินาม การหาจำนวนผลเฉลยของสมการ การแบงกั้นจำนวนเต็มบวก 

การหาผลแบงกั้นของเซต ฯลฯ เพราะวาในขอสอบ IMO มีขอสอบท่ีตองใชเนื้อหา 

combinatorics ชวยในการแกปญหา เพราะฉะนั้นจึงมีความจำเปนอยางยิ่งท่ีผูเขาสอบ IMO 

ทุกคนตองมีความรู combinatorics ในหนังสือเลมนี้จึงมีหลักการ สูตร ทฤษฎีบท ตัวอยางและ

แบบฝกหัดใหฝกแกปญหาและเฉลยเพื่อเสริมความเขาใจใหมากยิ่งขึ้น แนวทางในการเขียนจะ

ใชการยกตัวอยางใหเขาใจ กอนสรุปเปนสูตรกรณีท่ัวไปและแบบฝกหัดทุกขอตองมีเฉลย  

รองศาสตราจารย ดำรงค ทพิยโยธา 
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a = BC, b = CA, c = AB, s = 2
cba    ABC 

AC  = v  = 1v i  + 2v j  AB  = u  = 1u i  + 2u j  
R =  ABC r =  ABC 

IMO
1.  = 

2
1   AB  CD 

2.  = )cs)(bs)(as(s    (Hero's formula) 
3.  = 

2
1  bc sin A = 

2
1  ca sin B = 

2
1  ab sin C 

4. 
abc
2  = a

Asin  = b
Bsin  = c

Csin   ( ) 

5.  = 
2
1 2)vu(2|v|2|u|  

6.  = 
2
1   1u 2v  - 2u 1v   = 

2
1   det(

2v1v
2u1u )   

7.  = 
2
1   det(

1y3y1x3x
1y2y1x2x )  A( 1x , 1y ), B( 2x , 2y ), C( 3x , 3y ) 

9.  = rs = R4
abc  

10. r = 4R sin
2
A  sin

2
B  sin

2
C  

11. 2a  = 2b  + 2c  - 2bc cos A    cos A = bc2
2a2c2b   ( ) 

12. sin A + sin B + sin C = 4 cos
2
A  cos

2
B  cos

2
C  

13. cos A + cos B + cos C = 1 + 4 sin
2
A  sin

2
B  sin

2
C  

14. tan A + tan B + tan C = tan A tan B tan C 

15. sin
2
A  = bc

)cs)(bs( , cos
2
A  = bc

)as(s , tan
2
A  = )as(s

)cs)(bs(  

16. n
nxsin...2xsin1xsin   sin n

nx...2x1x  ix   (0, 2 ) 

  3
CsinBsinAsin   2

3          ( 10) 
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35

 ABC AB 2AB  = 2AC  + 2BC
 
 
 
 
 
 
 
 

6.1 (  PQR  PQR) 
OABC  

A, B, C A(a, 0, 0), B(0, b, 0) C(0, 0, c) O  
( OAB ) 2  + ( OAC ) 2  + ( OBC ) 2  = ( ABC ) 2  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 67 
P   ABC D, E, F BC, CA, AB PD  
BC, PE  CA, PF  AB D, E, F  
 
 
 
 
 
 
 
 
 
 
 
 

 D, E, F   (Pedal line)  (Simson line) 
  ABC P 



 1

1.1  (Pigeonhole principle)
  3  2  2 

 1.1  (Pigeonhole principle)  1

 n + 1  n  
   n + 1  n ... (1)

 “  ” ... (2)

 n   n 
 (1)  (2) 

 1.1  13   2 
  12  , , ... , 

 13  12 

 2 

 1.2  8   2 
  , , , , , , 

 8  7  
  2 



 1 2

 1.3  3  2  2 
  1h  = { x  Z  x  }  2h  = { x  Z  x  }  2 

 1b , 2b , 3b   3 
 Z = 1h   2h   1h   2h  = 

 1b , 2b , 3b   Z  1b , 2b , 3b   1h , 2h

 1h   2   2h   2 
 2   1h   2   2h  

 2  2 

 1.4  4  2  3 
  1b , 2b , 3b , 4b   4 

1h  = { x  Z  x  1 (mod 3) }
2h  = { x  Z  x  2 (mod 3) }
3h  = { x  Z  x  3 (mod 3) }

 Z = 1h   2h   3h   ih   jh  =   i  j
  a, b  ih   [ a - b  0 (mod 3) ]  i = 1, 2, 3
  a, b  ih   [ 3  (a - b) ]  i = 1, 2, 3 ... (1)
 4  1b , 2b , 3b , 4b   3  1h , 2h , 3h

 (1)  a, b  ih   [ 3  (a - b) ]  i = 1, 2, 3
 4  2  3 

 1.2  (Pigeonhole principle)  2

 m, n  n  m
 n  m  

  m, n  n  m
 n  m 

 “  ” ... (1)
 1 ... (2)

 (2)  m   m 
 n  n  m

 (1) 
 “  ” 

 n  m   
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 1.5  n + 1  { 1, 2, 3, ... , 2n }
  x, y  n + 1  x  y

  1x , 2x , ... , 1nx   n + 1  { 1, 2, 3, ... , 2n }
 1x , 2x , ... , 1nx   n + 1 
 { 1, 2 }, { 2, 4 }, ... , { k, 2k }, ... , { n, 2n }  n 

 k  { k, 2k } 
 x = k  y = 2k  x, y  { k, 2k }  x  y

 1.6  A, B   A    B   f : A  B
 f  1 - 1

  A, B    A    B   f : A  B
  A  = n   B  = m   A    B   n  m
 A = { 1a , 2a , ... , na  }  B = { 1b , 2b , ... , mb  }

 f( ia ) 
 1a , 2a , ... , na   n  1b , 2b , ... , mb   m 

 n  m 
 ia   ja   f( ia ) = f( ja )  f  1 - 1

 1.7  n + 1  [ 0, 1 )
 n

1

 [ 0, 1 ) = [ 0, n
1 )  [ n

1 , n
2 )  [ n

2 , n
3 )  ...  [ n

1n , n
n )

 1x , 2x , ... , 1nx   [ 0, 1 )  n + 1 
 [ 0, n

1 ), [ n
1 , n

2 ), [ n
2 , n

3 ), ... , [ n
1n , n

n )  n 

 k  [ n
1k , n

k ) 
 x, y  [ n

1k , n
k )

  x - y   n
k  - n

1k  = n
1

 1.8  10  9 
  ix , i = 1, 2, ... , 10  10 

 j = 0, 1, 2, ... , 8  jM  = { x  x  j (mod 9) }  9 

 Z = 
8

0  j
jM   iM   jM  =   i  j
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 ix , i = 1, 2, ... , 10  
8

0  j
jM

 ix , i = 1, 2, ... , 10  10  jM , j = 0, 1, 2, ... , 8  9 

 x, y  2  jM  
 x  j (mod 9)  y  j (mod 9)  x - y  0 (mod 9)

 2  9 

 1.9  S  { 1, 2, 3, ... , 11 }   S  = 7
 2  S  12

  S = { 1s , 2s , ... , 7s  }  { 1, 2, 3, ... , 11 }
 1s , 2s , ... , 7s   7 
 1h  = { 1, 11 }, 2h  = { 2, 10 }, 3h  = { 3, 9 }, 4h  = { 4, 8 }, 5h  = { 5, 7 }, 6h  = { 6 }  6 

 ih   12  i = 1, 2, 3, 4, 5 ... (1)
 1 6  S

 7s  = 6
 1s , 2s , ... , 6s   1h   2h   3h   4h   5h

 ih   2   x, y  ih   (1)  x + y  12
 2 6  S

 7  1h   2h   3h   4h   5h

 ih   2   x, y  ih   (1)  x + y  12
 2  S  12

 1.10  n   (
)  

  ib , i = 1, 2, 3, ... , n  n 
 ( )

 { 0, 1, 2, ... , n - 1 }
 ih   i , i = 0, 1, 2, 3, ... , n - 2, n - 1

 1  0 
 n - 1    1nh   = 0

 n - 1  ih , i = 0, 1, 2, 3, ... , n - 2
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 n  n - 1 

 ih  

 2

  0h   = 0
 n - 1  ih , i = 1, 2, 3, ... , n - 2, n - 1

 n  n - 1 

 ih  

 
 30 

 
   

 1.11  A  n 
  B    A  n  B 

  A = { 1a , 2a , ... , na  }
 0b  = 0

1b  = 1a

2b  = 1a  + 2a

3b  = 1a  + 2a  + 3a

:
kb  = 1a  + 2a  + 3a  + ... + ka

:
nb  = 1a  + 2a  + 3a  + ... + 1na  + na

 0b , 1b , 2b , ... , nb   n + 1 
 iM  = { x  N  x  i (mod n) }, i = 0, 1, 2, ... , n - 1  n 

  iM   jb , kb  
 j  k

 jb  = 1a  + 2a  + ... + ja   kb  = 1a  + 2a  + ... + ja  + 1ja  + 2ja  + ... + ka
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 kb  - jb  = 1ja  + 2ja  + ... + ka

 jb , kb   iM   jb   i (mod n)  kb   i (mod n)
      kb  - jb  0 (mod n)

        1ja  + 2ja  + ... + ka  0 (mod n)
 n  ( 1ja  + ... + ka )  B = { 1ja , 2ja , ... , ka  }

 B  A  n  B 

 1.12  A = { 1a , 2a , ... , 16a  }  { 1, 2, 3, ... , 30 }
  A  2 

  1a , 2a , ... , 16a   16 
 1h  = { 1, 2 }, 2h  = { 3, 4 }, 3h  = { 5, 6 }, ... , 15h  = { 29, 30 }  15 

 gcd(n, n + 1) = 1  n
 ih , i = 1, 2, ... , 15 

 { 1a , 2a , ... , 16a  }  { 1, 2, 3, ... , 30 } = 1h   2h   3h   ...  15h

 ih   x, y   x, y 
 A  2 

 1.13  n + 1  { 1, 2, 3, ... , 2n }
  x, y  n + 1  gcd(x, y) = 1

  1x , 2x , ... , 1nx   n + 1  { 1, 2, 3, ... , 2n }
 1x , 2x , ... , 1nx   n + 1   { 1, 2 }, { 2, 3 }, ... , { k, k + 1 }, ... , { 2n - 1, 2n }

 n  
 k  { k, k + 1 } 

 gcd(k, k + 1) = 1  x, y  n + 1  gcd(x, y) = 1

 1.14  S  X = { 1, 2, 3, ... , 200 }   S  = 101
  S  2 

  x  N  k  N  m  x = k2 m
 X  i = ik2 im , i = 1, 2, ... , 200

 X = { 1, 2, 3, ... , 200 } = { 1k2 1m , 2k2 2m , 3k2 3m , ... , 200k2 200m  }
 { 1m , 2m , 3m , ... , 200m  }  { 1, 3, 5, 7, ... , 199 }

 S  X = { 1, 2, 3, ... , 200 }   S  = 101
 S = { 1t2 1s , 2t2 2s , 3t2 3s , ... , 101t2 101s  }

 is   { 1m , 2m , 3m , ... , 200m  }  it   0N , i = 1, 2, 3, ... , 101
 { 1m , 2m , 3m , ... , 200m  }  { 1, 3, 5, 7, ... , 199 }
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 1s , 2s , 3s , ... , 101s   { 1, 3, 5, 7, ... , 199 }
 1s , 2s , 3s , ... , 101s   101 
 { 1 }, { 3 }, { 5 }, { 7 }, ... , { 199 }  100 

 i  j  is  = js   s = is  = js

 it2 is   jt2 js   S  it2 s  jt2 s  S
 it2 s  jt2 s  S  it   jt   it   jt

 it2 s  jt2 s  jt2 s  it2 s
 S  2  

 1.15   10  ABC  3 
 2  1 

 1.1

 D, E  AB  AD = DE = EB = 1
 F, G  BC  BF = FG = GC = 1
 H, I  C, A  CH = HI = IA = 1

 DG, EF, EH, DI, HE, ID
  ABC  1  9 

 10  10   9  9 

 2 
 1   2  1 

  5   1 
 0.5 

 1.1 x 
 [ x ]  x

 [ 2 ] = 2, [ 1.4 ] = 1, [ 1.5 ] = 1, [ 1.999 ] = 1
  x  x  [ x ]  x + 1
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 1.3  (Pigeonhole principle)  3

 m, n  n  m
 n  m   [ m

n  ] + 1 
  n  m   [ m

n  ] + 1 

  1 m  n
 “  [ m

n  ] + 1  ” ... (1)
 [ m

n  ] ... (2)

 m  n  n = qm ... (3)
 [ m

n  ] = q  m  q
 mq  n  mq  (3)

 (1) 
 [ m

n  ] + 1 

 2 m  n
 n = qm + r, 0  r  m ... (4)

 [ m
n  ] = [ q + m

r  ] = q ... (5)
 “  [ m

n  ] + 1  ” ... (6)
 [ m

n  ]
 q + 1 (  (5))

 q
 m  q

 mq  n  mq ... (7)
 (5) n = qm + r, 0  r  m  n  mq   (6) 

 [ m
n  ] + 1  

1.   13  5  3 
 [ 5

13  ] + 1 = [ 2.6 ] + 1 = 3  3 
2.   40  4 

 12   -   12   40  40 
 [ 12

40  ] + 1 = 3 + 1 = 4 
 4 

3.   45  7 
, , ... , ,   7   45  45 
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 [ 7
45  ] + 1 = 7  7 

 7 

 1.16  5  A, B, C, D  E 
  5  3 

 2   1 
  0  3

P Q R S
. 0 . 1 . 2 . 3

 A  . 0
 B, C, D  E  4   PQ, QR, RS  3 

 2 
 2  PQ, QR  RS

 2  1 

 1.17  6  3   6 

  3 

 1.2.1  1.2.2

 6  A, B, C, D, E, F
 A  5  AB, AC, AD, AE, AF

 2   AB, AC, AD, AE, AF  5 
 [ 2

5  ] + 1 = 3 
 3  AB, AC, AD, AE, AF 

 AB, AC, AD 
 1 AB, AC, AD 

 1.1  BC, CD, DB 
  BCD 
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 1.2  BC, CD, DB 
 BC, CD, DB 

 BC 
  ABC 

 2 AB, AC, AD 
 2.1  BC, CD, DB 

  BCD 
 2.2  BC, CD, DB 

 BC, CD, DB 
 BC 

  ABC 
 3 

 
1.  6 

  3  3 
  A, B, C, D, E, F 

  
 3 

 3 
 3 

 3 
2.  6  3  3 

  A, B, C, D, E, F 

 3   3 
 3   3 

3.  6 
  3   3  3   3 

  A, B, C, D, E, F 

 3 
 3   3 

 3 
 3   3  
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 1.18  17   1 

  3 
  iA  , i = 1, 2, 3, ... , 17   iA jA   iA   jA

 1A jA , j = 2, 3, 4, ... , 16  16   3  3 
 [ 3

16  ] + 1 = 6 
 1A jA , j = 2, 3, 4, 5, 6, 7 

 1  j, k  { 2, 3, 4, 5, 6, 7 }  jA kA  
 1A jA kA  

 2  j, k  { 2, 3, 4, 5, 6, 7 }  jA kA  
 jA kA  
 6  

 3 (  1.17)
   17   3 

 16  3 
  3 

  17  17   3 
 16  3 

 3 
 3 

 1.19   6  1, 2, 3, ... , 25
 x, y  6  0   x  - y    1

 1 , 2 , 3 , ... , 24 , 25   [ 1, 5 ]
 [ 1, 5 ]  { 1 }, ( 1, 2 ], ( 2, 3 ], ( 3, 4 ], ( 4, 5 ]

 1x , 2x , ... , 6x   { 1, 2, 3, ... , 25 }  1x , 2x , ... , 6x   [ 1, 5 ]
 { 1 }, ( 1, 2 ], ( 2, 3 ], ( 3, 4 ], ( 4, 5 ] 

 { 1 }  ( 1, 2 ]  ( 2, 3 ]  ( 3, 4 ]  ( 4, 5 ] = [ 1, 5 ]
 1x , 2x , ... , 6x   { 1 }  ( 1, 2 ]  ( 2, 3 ]  ( 3, 4 ]  ( 4, 5 ]

 1x , 2x , ... , 6x   6   { 1 }, ( 1, 2 ], ( 2, 3 ], ( 3, 4 ], ( 4, 5 ]  5 
 

 1  { 1 }  5  ( 1, 2 ]  ( 2, 3 ]  ( 3, 4 ]  ( 4, 5 ]
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 1w , 2w , ... , 5w   { 1x , 2x , ... , 6x  }
 1w , 2w , ... , 5w   ( 1, 2 ]  ( 2, 3 ]  ( 3, 4 ]  ( 4, 5 ]

 1w , 2w , ... , 5w   5   ( 1, 2 ], ( 2, 3 ], ( 3, 4 ], ( 4, 5 ]  4 
 

 x , y   k  { 1, 2, 3, 4 }  x , y   ( k, k + 1 ] ... (1)
 x   y   0   x  - y  ... (2)

 (1)  k  x   k + 1 ... (3)
 (1)  k  y   k + 1  -k - 1  - y   -k ... (4)
 (3)  (4)  -k - 1 + k  x  - y   (k + 1) - k

-1  x  - y   1 ... (5)
 (2)  (5)  0   x  - y    1

 1x , 2x , ... , 6x   { 1, 2, 3, ... , 25 }
 x, y  { 1x , 2x , ... , 6x  }  0   x  - y    1 

 1.20  S   S  = 7
 a = ( 1a , 2a , ... , 7a )  b = ( 1b , 2b , ... , 7b )  S

 ( 1a  - 1b )( 2a  - 2b ) ... ( 7a  - 7b ) 
  1  P  P 

 o(P) =  P  e(P) =  P  o(P) + e(P) =  P 
 ( 1a , 2a , ... , 7a )  S  { 1a , 2a , ... , 7a  } = S ... (1)

 o({ 1a , 2a , ... , 7a  }) = o(S)  e({ 1a , 2a , ... , 7a  }) = e(S) ... (2)
 o({ 1b , 2b , ... , 7b  }) = o(S)  e({ 1b , 2b , ... , 7b  }) = e(S) ... (3)

 ( 1a  - 1b )( 2a  - 2b ) ... ( 7a  - 7b ) ... (4)
 ia  - ib    i = 1, 2, ... , 7
 ( ia    ib  )  ( ia    ib  )
 o({ 1a , 2a , ... , 7a  }) = e({ 1b , 2b , ... , 7b  }) ... (5)

   S =  { 1a , 2a , ... , 7a  } 
= o({ 1a , 2a , ... , 7a  }) + e({ 1a , 2a , ... , 7a  })
= e({ 1b , 2b , ... , 7b  }) + e({ 1a , 2a , ... , 7a  }) (  (5))
= e(S) + e(S) (  (2)  (3))
= 2e(S)

  S     S  = 7
 (4) ( 1a  - 1b )( 2a  - 2b ) ... ( 7a  - 7b )  

 ( 1a  - 1b )( 2a  - 2b ) ... ( 7a  - 7b ) 
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 2  1a , 2a , ... , 7a   7 
 O   E   O, E 

 [ 2
7  ] + 1 = 4 

 1  O  4 
 1a , 2a , 3a , 4a   O

 ( 1b , 2b , ... , 7b )  ( 1a , 2a , ... , 7a )
 { 1b , 2b , ... , 7b  } = { 1a , 2a , ... , 7a  }

 { 1b , 2b , ... , 7b  }  4 
 { 1b , 2b , 3b , 4b  }  1 

 1a , 2a , 3a , 4a   { 1b , 2b , 3b , 4b  }  1 
 ( 1a  - 1b ), ( 2a  - 2b ), ( 3a  - 3b ), ( 4a  - 4b ) 
 ( 1a  - 1b )( 2a  - 2b ) ... ( 7a  - 7b ) 

 2  E  4 
 1a , 2a , 3a , 4a   E

 ( 1b , 2b , ... , 7b )  ( 1a , 2a , ... , 7a )
 { 1b , 2b , ... , 7b  } = { 1a , 2a , ... , 7a  }

 { 1b , 2b , ... , 7b  }  4 
 { 1b , 2b , 3b , 4b  }  1 

 1a , 2a , 3a , 4a   { 1b , 2b , 3b , 4b  }  1 
 ( 1a  - 1b ), ( 2a  - 2b ), ( 3a  - 3b ), ( 4a  - 4b ) 
 ( 1a  - 1b )( 2a  - 2b ) ... ( 7a  - 7b ) 

 1.21   502  1000
   1000 

  1x , 2x , ... , 502x  
 iy   0  iy   999  ix   iy  (mod 1000), i = 1, 2, ... , 502 ... (1)

 1y , 2y , ... , 502y   { 0, 1, 2, ... , 999 }
 Y = { 1y , 2y , ... , 502y  }

 1  y  Y  0   y  Y  500
 1.1  y  0  iy  = 0  jy  = 0  i  j

 (1)  ix   0 (mod 1000)  jx   0 (mod 1000)
 ix  + jx   0 (mod 1000)  ix  - jx   0 (mod 1000)

 1.2  y  500  iy  = 500  jy  = 500  i  j
 (1)  ix   500 (mod 1000)  jx   500 (mod 1000)

 ix  + jx   1000 (mod 1000)  0 (mod 1000)  ix  - jx   0 (mod 1000)
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 2  y  Y  0  y  Y  500
 1y , 2y , ... , 502y   { 1, 2, ... , 999 } - { 0, 500 }  500 

 1y , 2y , ... , 500y   500 
 1y , 2y , ... , 502y   { 1, 2, ... , 499, 501, 502, ... , 999 } ... (2)

 1y , 2y , ... , 500y   { 1, 2, ... , 499, 501, 502, ... , 999 }
 iw  = 1000 - iy , i = 1, 2, ... , 500 ... (3)
 (2), (3)  1y , 2y , ... , 500y , 1w , 2w , ... , 500w   { 1, 2, ... , 499, 501, 502, ... , 999 }
  { 1, 2, ... , 499, 501, 502, ... , 999 }  = 998

 1y , 2y , ... , 500y , 1w , 2w , ... , 500w   1000 
 1, 2, ... , 499, 501, 502, ... , 999  988 

 2.1  i, j  iy  = jy

 (1)  ix   iy  (mod 1000)  jx   jy  (mod 1000)
 ix   jx  (mod 1000)  1000  ( ix  - jx )

 2.2  i, j  iw  = jw

 (3)  iw  = 1000 - iy   jw  = 1000 - jy   iy  = jy

 2.1  1000  ( ix  - jx )
 2.3  i, j  iy  = jw ... (4)

       ix  iy  (mod 1000) (  (1))
 jw  (mod 1000) (  (4))
 1000 - jy  (mod 1000) (  (3))
 - jy  (mod 1000)
 - jx  (mod 1000) (  (1))

 1000  ( ix  + jx )
 ix , jx   1x , 2x , ... , 502x

 1000  ( ix  + jx )  1000  ( ix  - jx )
  502  

 1000 
 ix , jx   1x , 2x , ... , 502x   1000  ( ix  + jx )

 1000  ( ix  - jx )
 ( 2

ix  - 2
jx ) = ( ix  + jx )( ix  - jx )  1000  ( ix  + jx )  1000  ( ix  - jx )

 1000  ( 2
ix  - 2

jx )
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 1.22  
 

7
6  = 0. 1d 2d 3d 4d 5d 6d 7d ...  id   { 0, 1, 2, ... , 9 }, i = 1, 2, 3, ...

7
60  = 1d . 2d 3d 4d 5d 6d 7d ...  60 = 7(8) + 4  1d  = 8  7

4  = 0. 2d 3d 4d 5d 6d 7d ...

7
40  = 2d . 3d 4d 5d 6d 7d ...  40 = 7(5) + 5  2d  = 5  7

5  = 0. 3d 4d 5d 6d 7d ...

7
50  = 3d . 4d 5d 6d 7d 8d ...  50 = 7(7) + 1  3d  = 7  7

1  = 0. 4d 5d 6d 7d 8d ...

7
10  = 4d . 5d 6d 7d 8d ...  10 = 7(1) + 3  4d  = 1  7

3  = 5d . 6d 7d 8d ...

7
30  = 5d . 6d 7d 8d 9d ...  30 = 7(4) + 2  5d  = 4  7

2  = 0. 6d 7d 8d 9d ...

7
20  = 6d . 7d 8d 9d 10d ...  20 = 7(2) + 6  6d  = 2  7

6  = 0. 7d 8d 9d 10d ...

7
60  = 7d . 8d 9d 10d 11d ...   60 = 7(8) + 4  7d  = 8  7

4  = 0. 8d 9d 10d ...
     8d  = 5, 9d  = 7, 10d  = 1, 11d  = 4, 12d  = 2

13d  = 8, 14d  = 5, 15d  = 7, 16d  = 1, 17d  = 4, 18d  = 2
 jd  = )6 (mod jd   j = 7, 8, 9, ...
 7

6  = 0.857142857142857142857142... = 257148.0   257148.0  = 999999
857142  = 7

6

 p, n  p  n
 n

p   0. 1d 2d 3d 4d 5d 6d ...  id   { 0, 1, 2, ... , 9 }

 n
p  = 0. 1d 2d 3d 4d 5d 6d ... ... (1)

 (1)  n
p10  = 1d . 2d 3d 4d 5d 6d ... = 1d  + 0. 2d 3d 4d 5d 6d ... ... (2)

 10p = n 1d  + n(0. 2d 3d 4d 5d 6d ... ) ... (3)
 0  0. 2d 3d 4d 5d 6d ...  1  0  n(0. 2d 3d 4d 5d 6d ... )  n ... (4)

 10p = n 1d  + 1 r   1 r   0  1 r   n ... (5)
 (3), (4)  (5)  1 r  = n(0. 2d 3d 4d 5d 6d ... )

  n
r10 1 = 2d . 3d 4d 5d 6d ... = 2d  + 0. 3d 4d 5d 6d ...

 10 1 r = n 2d  + n(0. 3d 4d 5d 6d ... ) ... (6)
 0  0. 3d 4d 5d 6d ...  1  0  n(0. 3d 4d 5d 6d ... )  n ... (7)

 10 1 r  = n 2d  + 2 r   2 r   0  2 r   n ... (8)
 (6), (7)  (8)  2 r  = n(0. 2d 3d 4d 5d 6d ... )

    10p = n 1d  + 1 r   1 r   0  1 r   n (  (5))
  10 1 r = n 2d  + 2 r   2 r   0  2 r   n (  (8))
 10 2 r = n 3d  + 3 r   3 r   0  3 r   n
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 10 3 r = n 4d  + 4 r   4 r   0  4 r   n
:

  10 j r = n 1jd  + 1j r   1j r   0  1j r   n
:

         10 n r = n 1nd  + 1n r    1n r   0  1n r   n
 1 r , 2 r , 3 r , 4 r , ... , 1n r   { 0, 1, 2, ... , n - 1 }

 1 r , 2 r , 3 r , 4 r , ... , 1n r   n + 1 
 0, 1, 2, ... , n - 1  n 

 k, m  { 1, 2, 3, ... , n + 1 }  k  m  k r , m r   { 1 r , 2 r , 3 r , ... , 1n r  } 
k r  = m r   k r  = m r   k r , m r   { 0, 1, 2, ... , n - 1 } ... (9)

 k  m
 t = m - k ... (10)

 tj r  = j r   tj d  = j d   j = k + 1, k + 2, ...
 P( j )  “ tj r  = j r   tj d  = j d  ”

(1)  P(k + 1) 
 (9) k r  = m r   (10) m = k + t  k r  = m r  = tk r ... (11)

 10 k r  = n 1kd  + 1k r   1k r   0  1k r   n ... (12)
 10 m r  = n 1md  + 1m r  1m r   0  1m r   n ... (13)

 10 k r  = 10 m r  (  (9))
     n 1kd  + 1k r = n 1md  + 1m r (  (12)  (13))

= n 1tkd  + 1m r (  (11))
      1m r  - 1k r = n 1kd  - n 1tkd

= n( 1kd  - 1tkd ) ... (14)
 n  ( 1m r  - 1k r )  1m r  - 1k r   0 (mod n)
 1m r   1k r  (mod n) ... (15)
 (12), (13)  1k r , 1m r   { 0, 1, 2, ... , n - 1 }  1m r   1k r  (mod n)
 1m r  = 1k r   (14)  n( 1kd  - 1tkd ) = 0
 1kd  - 1tkd  = 0  1kd  = 1tkd   1kd  = t1kd   ... (16)

 m = k + t (  (11))  1m r  = 1k r   1)tk( r  = 1k r

 1k r  = t1k r

 1kd  = t1kd   1k r  = t1k r   P(k + 1) 
(2)   P( j )   j  k + 1  P( j + 1 ) 

 P( j )   j  k + 1
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 tj r  = j r   tjd  = jd  ... (17)
 (9) k r  = m r   (10) m = k + t  k r  = m r  = tk r ... (18)

 10 j r  = n 1jd  + 1j r   1j r   0  1j r   n ... (19)
 10 tj r  = n 1tjd  + 1tj r  1tj r   0  1tj r   n ... (20)

 n 1jd  + 1j r  = 10 j r  = 10 tj r  = n 1tjd  + 1tj r

 1j r  - 1tj r  = n 1tjd  - n 1jd  = n( 1tjd  - 1jd ) ... (21)
 n  ( 1j r  - 1tj r )  1j r   1tj r  (mod n)
 (19), (20)  1j r , 1tj r   { 0, 1, 2, ... , n - 1 }  1j r   1tj r  (mod n)
 1tj r  = 1j r   t1j r  = 1j r ... (22)

 (21)  (22)  1tjd  = 1jd   t1jd  = 1jd   ... (23)
 (22)  (23)  P( j + 1 ) 

  P( j )   j = k + 1, k + 2, ...
 tj r  = j r   tj d  = j d   j = k + 1, k + 2, ...
 jd  = ) t(mod jd   j = k + 1, k + 2, ...
 1tkd 2tkd ... t2kd  = 1kd 2kd ... tkd

1t2kd 2t2kd ... t3kd  = 1kd 2kd ... tkd

 n
p  

 n
p  = 0. 1d 2d ... kd 1kd 2kd ... 1tkd

  13
9  = 792306.0

17
13  = 1294164705882357.0

19
1  = 173684252631578940.0

29
1  = 1413793068965517234482758620.0

47
1  = 7936142553191488297872340468085106321276595740.0

 1.23  n + 1  n 
  1x , 2x , ... , 1nx  

 iy  = { r  r  i (mod n) }, i = 1, 2, ... , n
 iy   jy  =   i  j  Z = 1y   2y   ...  ny

 1x , 2x , ... , 1nx   n + 1   1y , 2y , ... , ny   n 

 i  iy  = { r  r  i (mod n) } 
 a, b  iy   a  i (mod n)  b  i (mod n)

 a - b = 0 (mod n)  n  (a - b)
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 1.24  10  35   10 
  10  

 3   2   1 
  5 

  1m , 2m , ... , 8m , 9m , 10m   10 
 3 ,  2 ,  1 

 10m   3 
 9m   2   8m   1 

 1m , 2m , ... , 7m   = 35 - (3 + 2 + 1) = 29
 1m , 2m , ... , 7m   7  29 
 7 

 29  1m , 2m , ... , 7m   7 
 [ 7

29  ] + 1 = 5 
 5 

 1.25  n  n  3
  { 12  - 1, 22  - 1, ... , 1n2  - 1 }  n 

  i r   0  i r   n  i2   i r  (mod n), i = 1, 2, 3, ... , n ... (1)
 n   i r   0  i = 1, 2, 3, ... , n

 1 r , 2 r , ... , n r   n   1, 2, 3, ... , n - 1  n - 1 

 i, j  { 1, 2, 3, ... , n }  i  j  i r  = j r ... (2)
 i  j ... (3)

 (1)         i2  i r  (mod n)
 j r  (mod n) (  (2))
 j2  (mod n) (  (1))

 i2  - j2  0 (mod n)
      j2 ( ji2  - 1)  0 (mod n) (  (3) i - j  0)

 n  ( j2 ( ji2  - 1)) ... (4)
 n   gcd(n, j2 ) = 1 ... (5)
 n  ( j2 ( ji2  - 1))  gcd(n, j2 ) = 1  n  ( ji2  - 1)
 i, j  { 1, 2, 3, ... , n + 1 }  i - j  0  i - j  { 1, 2, 3, ... , n - 1 }

 { 12  - 1, 22  - 1, ... , 1n2  - 1 }  n 



1
1. 7 3 3  
2. A = { 1, 2, 3, 4, ... , 126 } B A  
 n(B) = 7 x, y 2 B 1    2 
3. A, B, C, D, E 5 2  
 2   
4. 5 1  
 2   
5. 9 1   
 3 3    
6. 77  
 132  
 21  
7. IMO 8  
 11 23  
8. 2n  + 1  
 8.1   
 8.2    
      
9. 9 2  
  
10.  + 1   2  
 2  
11. S = { 1, 4, 7, 10, 13, ... , 97, 100 } A S  A  = 20 
  2 A 104 
12. S  S  = 2k + 1 k  
 a = ( , , ... , ) b = ( , , ... , ) S 
 (  - )(  - ) ... (  - )  
13. 10   
  13.1 2   13.2 3  
14. 200 100  
  100   
 100  
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15.  M = { 1m , 2m , ... , 9m  }  im   5
  M 

16.  1p  = 2, 2p  = 3, 3p  = 5, ... , np   np   n
A = { 1m , 2m , ... , 1nm  }  im   np

  B  A  B 
17.  M = { 1m , 2m , ... , 2013m  }  im   23

  M 
18. A  n + 2  { 1, 2, 3, ... , 3n }

  p, q  A  n   p - q   2n
19.  1a , 2a , 3a , 4a , ... 

  m  n  m - n  ma  - na

20.   n + 1   2 sin n
21.   3, 23 , 33 , 43 , ...  001
22.  n 

  x  x  0  7  n  x
23.   n  7  ( n44  - 1)
24. (IMO 1 / 1970)  X  10   10, 11, ... , 99

  X 
25.  A = ( 1a , 2a , ... , 

12n
a ) 

  ( 1a , 2a , ... , 
12n

a )  ( 1b , 2b , ... , 1nb )
  ( 1c , 2c , ... , 1nc )

26.   11  { 1, 2, 3, ... , 28 }
 2  1

27.  2014, 20142014, 201420142014, ...  2557 
28.  7, 77, 777, 7777, 77777, ...  2013 
29.  n 
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 1

1.   1A  = { n  Z  3  n  1 } = { n  Z  n  1 (mod 3) } ... (1)

2A  = { n  Z  3  n  2 } = { n  Z  n  2 (mod 3) } ... (2)
3A  = { n  Z  3  n  0 } = { n  Z  n  3 (mod 3) } ... (3)

 iA   jA  =   i  j  Z = 1A   2A   3A ... (4)
 (1), (2)  (3)   x, y, z  iA   3  (x + y + z) ... (5)

 1x , 2x , 3x , ... , 6x , 7x   7 
 Z = 1A   2A   3A   1x , 2x , 3x , ... , 6x , 7x   1A   2A   3A

 1A , 2A , 3A   3 
 [ 3

7  ] + 1 = 3 
 iA   3 ... (6)

 (5)  (6)  3  { 1x , 2x , 3x , ... , 6x , 7x  }  3  

2.   A  1A  = { 1, 2 }
2A  = { 3, 4, 5, 6 }
3A  = { 7, 8, 9, 10, 11, 12, 13, 14 }
4A  = { 15, 16, 17, ... , 30 }
5A  = { 31, 32, 33, ... , 62 }  6A  = { 63, 64, 65, ... , 126 }

 A = 1A   2A   ...  6A   iA   jA  =   i  j ... (1)
 i = 1, 2, 3, 4, 5, 6   x, y  iA   x  y  1  

x
y   2 ... (2)

 B = { 1x , 2x , 3x , ... , 6x , 7x  }  A
 1x , 2x , 3x , ... , 6x , 7x   7   1A , 2A , ... , 6A   6 

 iA    x, y  { 1x , 2x , 3x , ... , 6x , 7x  }  x, y  iA

 x  y  (2)  1  
x
y   2

 x, y  { 1x , 2x , 3x , ... , 6x , 7x  }  1  
x
y   2

3.   1   1.3

 1.3

 A, B, C, D, E  5  1 P , 2 P , 3 P , 4 P   4 
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  iP   2 
 iP   2

 2  2  

4.   4  1 P , 2 P , 3 P , 4 P   1.4

 1.4

 2   OAB  2  
 2   i P   2  , i = 1, 2, 3, 4 ... (1)

 1 P , 2 P , 3 P , 4 P   4  5  5 

 iP   2   (1)  2  iP   2  
 2  2  

5.

 1.5

 4   1 P , 2 P , 3 P , 4 P   1.5
 = 1  iP   

4
1  , i = 1, 2, 3, 4

 9  9  1 P , 2 P , 3 P , 4 P   4 
 [ 4

9  ] + 1 = 3 
 i P   3   X, Y, Z  i P

 XYZ   2
1  iP  = 2

1 (
4
1 ) = 

8
1

 3  X, Y, Z  XYZ  
8
1  

6.   1, 2, 3, ... , 77 
 ia  =  i

 132 
 1a   2a   ...  77a  ... (1)
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 1  1a   2a   ...  77a   132 ... (2)
 1a  + 21, 2a  + 21, ... , 77a  + 21 ... (3)

 22  1a  + 21  2a  + 21  ...  77a  + 21  153 ... (4)
 1a , 2a , ... , 77a , 1a  + 21, 2a  + 21, ... , 77a  + 21  154 
 1, 2, 3, ... , 153  153 

 1a , 2a , ... , 77a , 1a  + 21, 2a  + 21, ... , 77a  + 21 
 (2) 1a , 2a , ... , 77a  

 (4) 1a  + 21, 2a  + 21, ... , 77a  + 21 
 i  j  ia  = ja  + 21  ia  = ja  + 21  ja   i  j

 j  i  21 
 21  

7.   IMO  8  56 
 ia  =  i, i = 1, 2, ... , 56

 11 
  1a   2a   ...  56a  ... (1)

 1  1a   2a   ...  56a   8(11) = 88 ... (2)
 1a  + 23, 2a  + 23, ... , 56a  + 23 ... (3)

 24  1a  + 23  2a  + 23  ...  56a  + 23  111 ... (4)
 1a , 2a , ... , 56a , 1a  + 23, 2a  + 23, ... , 56a  + 23  112 
 1, 2, 3, ... , 111  111 

 1a , 2a , ... , 56a , 1a  + 23, 2a  + 23, ... , 56a  + 23 
 (2) 1a , 2a , ... , 56a  

 (4) 1a  + 23, 2a  + 23, ... , 56a  + 23 
 i  j  ia  = ja  + 23  ia  = ja  + 23  ja   i  j

 j  i  23 
 23 

8.

8.1  P(n)  “  2n 
2n  + 1   ”

(1)  P(2) 
 G = { A, B, C, D }  2(2) = 4 
 F  G   F   22  + 1 = 5
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 E = { XY  X, Y  G }
 4  2

4  = 6    E  = 6

  F   5   E  = 6 
 A, B 

 F = { AC, AD, BC, BD, CD }  BC, CD, BD 
 P(2) 

(2)   P(k)   k  2  P(k + 1) 
 P(k)   k  2

 G = { 1 P , 2 P , ... , 2k2 P  }  2(k + 1) ... (1)
 F  G   F   (k + 1) 2  + 1 ... (2)

  F   (k + 1) 2  + 1  1  A, B  G  AB  F ... (3)
 0G  = G - { A, B }   0G   = 2k ... (4)
 AG  = { iC   iC   0G   A iC   F }   AG   = p ... (5)
 BG  = { jD   jD   0G   B jD   F }   BG   = q ... (6)

 1 p + q  2k ... (7)
 AG   BG   0G  AG   BG     0G  

 AG   +  BG   -  AG   BG     0G  
p + q -  AG   BG    2k (  (4), (5), (6))
p + q - 2k   AG   BG  
0  p + q - 2k   AG   BG  (  (7))

 AG   BG   
 AG   BG     C  AG   BG

 AC  F  BC  F  AB, BC, AC 
 2 p + q  2k ... (8)
 AG  = { 1C , 2C , ... , pC  }  BG  = { 1D , 2D , ... , qD  }
 1G  = { 1C , 2C , ... , pC  }  { 1D , 2D , ... , qD  }  { A, B }
 B ,AE  = { A 1C , A 2C , ... , A pC  }  { B 1D , B 2D , ... , B qD  }  { AB }

 { A 1C , A 2C , ... , A pC  }, { B 1D , B 2D , ... , B qD  }, { AB } 
  B ,AE   = p + q + 1 ... (9)

 (8)  (9)   B ,AE    2k + 1  -  B ,AE    -(2k + 1) ... (10)
     F - B ,AE  =  F  -  B ,AE  (  B ,AE   F)

 (k + 1) 2  + 1 -  B ,AE    (  (3))



 1 25

 (k + 1) 2  + 1 - (2k + 1) (  (10))
= 2k  + 1

  0G   = 2k   F - B ,AE    2k  + 1
 F - B ,AE  

  P(n)   n = 2, 3, 4, ...

8.2  1G  = { 1 P , 2 P , ... , nP  }  2G  = { 1Q , 2Q , ... , nQ  }  1G   2G  = 
 G = 1G   2G    G  = 2n
 F = { jiQP   i, j = 1, 2, 3, ... , n }   F  = 2n

 G  F 
  G  = 2n,  F  = 2n   

9.   S(a, b, c) = { (x, y, z)  x  a (mod 2), y  b (mod 2), z  c (mod 2) }
 a, b, c  { 0, 1 }

 { (x, y, z)  x, y, z  } = 
} 1 0, {  c b, a,
S(a, b, c)

 i P , i = 1, 2, ... , 9  9 
 1 P , 2 P , ... , 9 P   

} 1 0, {  c b, a,
S(a, b, c)

 i P , i = 1, 2, ... , 9  9 
 S(0, 0, 0), S(0, 0, 1), S(0, 1, 0), S(0, 1, 1), S(1, 0, 0), S(1, 0, 1), S(1, 1, 0), S(1, 1, 1)

 8 

 a, b, c  { 0, 1 }  i P , j 
P   S(a, b, c)

 i P , j 
P   i P (x, y, z)  j 

P (x , y , z )  i  j

i P (x, y, z), j 
P (x , y , z )  S(a, b, c)

x  a (mod 2), y  b (mod 2), z  c (mod 2)
 x   a (mod 2), y   b (mod 2), z   c (mod 2)

x + x   2a (mod 2), y + y   2b (mod 2), z + z   2c (mod 2)
x + x   0 (mod 2), y + y   0 (mod 2), z + z   0 (mod 2)

2
xx , 2

yy , 2
zz   ( 2

xx , 2
yy , 2

zz )  ji  
PP 

 9  i P , j 
P

 ( 2
xx , 2

yy , 2
zz )  ji  

PP 
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   9  2
 

10.   ie   { 0, 1 }, i = 1, 2, ... , n
 S( 1e , 2e , ... , ne ) = { ( 1x , 2x , ... , nx )  ix   ie  (mod 2), i = 1, 2, ... , n }

 { ( 1x , 2x , ... , nx )  1x , 2x , ... , nx   } = 
} 1 0, {  ne , ... ,2e ,1e
S( 1e , 2e , ... , ne )

 i P , i = 1, 2, ... , n2  + 1  nR  
 i P   

} 1 0, {  ne , ... ,2e ,1e
( 1e , 2e , ... , ne ), i = 1, 2, ... , n2  + 1

 i P , i = 1, 2, ... , n2  + 1  n2  + 1 
 S( 1e , 2e , ... , ne ), ie   { 0, 1 }, i = 1, 2, ... , n  n2  

 ke   { 0, 1 }, k = 1, 2, ... , n  i P , j 
P   S( 1e , 2e , ... , ne )

 i P , j 
P   i P ( 1x , 2x , ... , nx )  j 

P ( 1y , 2y , ... , ny )  i  j
i P ( 1x , 2x , ... , nx ), jP ( 1y , 2y , ... , ny )  S( 1e , 2e , ... , ne )

ix   ie  (mod 2)  iy   ie  (mod 2), i = 1, 2, ... , n
ix  + iy   2 ie  (mod 2), i = 1, 2, ... , n
ix  + iy   0 (mod 2), i = 1, 2, ... , n

2
yx ii  , i = 1, 2, ... , n

( 2
yx 11 , 2

yx 22 , ... , 2
yx nn )  ji  

PP 

 n2  + 1  nR   i P , j 
P   ji  

PP 

11.   S  =  { 1, 4, 7, 10, 13, ... , 97, 100 }  = 34
 S  { 1 }, { 4, 100 }, { 7, 97 }, ... , { 46, 53  }, { 49, 55 }, { 52 }

 0S  = { 1 }, 1S  = { 4, 100 }, 2S  = { 7, 97 }, ... , 15S  = { 46, 53  }, 16S  = { 49, 55 }, 17S  = { 52 }
 i  { 1, 2, ... , 16 }  iS   104 ... (1)

 A = { 1a , 2a , ... , 20a  }
 { 1a , 2a , ... , 20a  } - { 1, 52 }  1S   2S   ...  16S

  { 1a , 2a , ... , 20a  } - { 1, 52 }   18
 B = { 1b , 2b , ... , 18b  }  { 1a , 2a , ... , 20a  } - { 1, 52 }

 B  { 1a , 2a , ... , 20a  } - { 1, 52 }  A  1S   2S   ...  16S

 1b , 2b , ... , 18b   18   1S , 2S , 3S , ... , 16S   16 

 i  { 1, 2, ... , 16 }  iS   A 
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 (1)  iS   104
 2  B  104

 B  A  2  A  104 

12.   1  P  P 
 o(P) =  P  e(P) =  P  o(P) + e(P) =  P 

 a = ( 1a , 2a , ... , 1k2a )  S
 { 1a , 2a , ... , 1k2a  } = S ... (1)
 o({ 1a , 2a , ... , 1k2a  }) = o(S)  e({ 1a , 2a , ... , 1k2a  }) = e(S) ... (2)

 o({ 1b , 2b , ... , 1k2b  }) = o(S)  e({ 1b , 2b , ... , 1k2b  }) = e(S) ... (3)
 ( 1a  - 1b )( 2a  - 2b ) ... ( 1k2a  - 1k2b ) ... (4)

 ia  - ib    i = 1, 2, ... , 2k + 1
 ( ia    ib  )  ( ia    ib  )
 o({ 1a , 2a , ... , 1k2a  }) = e({ 1b , 2b , ... , 1k2b  }) ... (5)

  S =  { 1a , 2a , ... , 1k2a  } 
= o({ 1a , 2a , ... , 1k2a  }) + e({ 1a , 2a , ... , 1k2a  })
= e({ 1b , 2b , ... , 1k2b  }) + e({ 1a , 2a , ... , 1k2a  }) (  (5))
= e(S) + e(S) (  (2)  (3))
= 2e(S)

  S     S  = 2k + 1
 (4) ( 1a  - 1b )( 2a  - 2b ) ... ( 1k2a  - 1k2b )  

 ( 1a  - 1b )( 2a  - 2b ) ... ( 1k2a  - 1k2b ) 

 2  1a , 2a , ... , 1k2a   2k + 1 
 O   E   O, E 

 [ 2
1k2  ] + 1 = k + 1 

 1  O  k + 1 ... (1)
 1a , 2a , ... , 1ka   O ... (2)

 ( 1b , 2b , ... , 1k2b )  ( 1a , 2a , ... , 1k2a )
 { 1b , 2b , ... , 1k2b  } = { 1a , 2a , ... , 1k2a  } ... (3)

 (1), (2)  (3)  { 1b , 2b , ... , 1k2b  }  k + 1 
 { 1b , 2b , ... , 1kb  }  1 

 1a , 2a , ... , 1ka   { 1b , 2b , ... , 1kb  }  1 
 ( 1a  - 1b ), ( 2a  - 2b ), ... , ( 1ka  - 1kb ) 
 ( 1a  - 1b )( 2a  - 2b ) ... ( 1k2a  - 1k2b ) 
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 2  E  k + 1 ... (4)
 1a , 2a , ... , 1ka   E ... (5)

 ( 1b , 2b , ... , 1k2b )  ( 1a , 2a , ... , 1k2a )
 { 1b , 2b , ... , 1k2b  } = { 1a , 2a , ... , 1k2a  } ... (6)

 (4), (5)  (6)  { 1b , 2b , ... , 1k2b  }  k + 1 
 { 1b , 2b , ... , 1kb  }  1 

 1a , 2a , ... , 1ka   { 1b , 2b , ... , 1kb  }  1 
 ( 1a  - 1b ), ( 2a  - 2b ), ... , ( 1ka  - 1kb ) 
 ( 1a  - 1b )( 2a  - 2b ) ... ( 1k2a  - 1k2b ) 

13.

 1.6

13.1  9 
 3

1   3
2

 2   3
2

 10  10 
 9  9 

 2 
 2  3

2

13.2  1C , 2C , 3C , 4C  
 1C , 2C , 3C , 4C   2

1

 1C   2C   3C   4C  
 10  10  1C , 2C , 3C , 4C   4 

 [ 4
10  ] + 1 = 3 

 3  2
1  
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14.   1a , 2a , ... , 100a   i, i = 1, 2, 3, ... , 100
 1

 2 
 1  50  100 

 2

 1a   2a

 is  = 1a  + 2a  + ... + ia , i = 1, 2, 3, ... , 100 ... (1)

 ia   1  i = 1, 2, ... , 100  1  1s   2s   ...  100s  = 200 ... (2)
  i  j  1  js  - is   200 ... (3)

 ix   0  ix   99  ix   is  (mod 100) ... (4)
 1x , 2x , ... , 100x   { 0, 1, 2, 3, ... , 99 } ... (5)

 2.1  i  j  ix  = jx

 i  j
 (4)  ix   is  (mod 100)  jx   js  (mod 100)

 is   js  (mod 100)
 js  - is   0 (mod 100)  100  ( js  - is ) ... (6)

 (3)  (6)    js  - is = 100
( 1a  + 2a  + ... + ja ) - ( 1a  + 2a  + ... + ia ) = 100 (  (1))

 1ia  + 2ia  + ... + ja = 100
 i + 1, i + 2, ... , j  100 

 2.2 ix   i = 1, 2, 3, ... , 100 ... (7)
 101x   0  101x   99  101x   2a  (mod 100) ... (8)
 1x , 2x , ... , 100x , 101x   101 
 0, 1, 2, ... , 99  100 

 k  j  kx  = jx

 (7) ix   i = 1, 2, 3, ... , 100
 k = 101

 101x  = jx ... (9)
 (8) 101x   2a  (mod 100)   (4) jx   js  (mod 100) ... (10)

 (9)  (10)  js  = 2a  (mod 100)  100  ( js  - 2a )
100  ( js  - 2a ) 100  (( 1a  + 2a  + 3a  + ... + ja ) - 2a )

100  ( 1a  + 3a  + ... + ja )
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1a  + 3a  + ... + ja  = 0  100  200
 1a   1  1a  + 3a  + ... + ja   0
 1  1a   1a  + 3a  + ... + ja   1a  + 2a  + 3a  + ... + ja   200

 1a  + 3a  + ... + ja  = 100
 100 

15.   im   5
 im   x2 y3 z5   x, y, z 

 S(a, b, c) = { x2 y3 z5   x  a (mod 2), y  b (mod 2), z  c (mod 2) }  a, b, c  { 0, 1 }
 { 1a , 2a , ... , 9a  }  

} 1 0, {  c b, a,
S(a, b, c)

 im , i = 1, 2, ... , 9  9 
 S(0, 0, 0), S(0, 0, 1), S(0, 1, 0), S(0, 1, 1), S(1, 0, 0), S(1, 0, 1), S(1, 1, 0), S(1, 1, 1)

 8 

 a, b, c  { 0, 1 }  im , jm   S(a, b, c)  i  j
 x, y, z, x , y , z   im  = x2 y3 z5   jm  = x2 y3 z5

 x  a (mod 2), y  b (mod 2), z  c (mod 2)
 x   a (mod 2), y   b (mod 2), z   c (mod 2)

 x + x   2a (mod 2), y + y   2b (mod 2), z + z   2c (mod 2)
x + x   0 (mod 2), y + y   0 (mod 2), z + z   0 (mod 2)
x + x , y + y   z + z  

im jm  = xx2 yy3 zz5  

16.   S     S  S
  A  = n + 1  A  1n2  - 1 

 iB   A , i = 1, 2, 3, ... , 1n2  - 1
 is  =  iB , i = 1, 2, 3, ... , 1n2  - 1

 im   np

 is   np

 S( 1e , 2e , ... , ne ) = { 1x
1p 2x

2p  ... nx
np   ix   ie  (mod 2), i = 1, 2, ... , n }  ie   { 0, 1 }  i

 { is   i = 1, 2, ... , 1n2  - 1 }  
} 1 0, {   ne , ... ,2e ,1e
S( 1e , 2e , ... , ne )

 is , i = 1, 2, ... , 1n2  - 1  1n2  - 1 
 S( 1e , 2e , ... , ne ), ie   { 0, 1 }  i = 1, 2, ... , n  n2  
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 S( 1e , 2e , ... , ne )  is   js   is , js   S( 1e , 2e , ... , ne )
 ix , iy , i = 1, 2, 3, ... , n  is  = 1x

1p 2x
2p  ... nx

np   js  = 1y
1p 2y

2p  ... ny
np

 ix   ie  (mod 2)  iy   ie  (mod 2)
 ix  + iy   2 ie  (mod 2)  0 (mod 2)
 is js  = 1y1x

1p 2y2x
2p  ... nynx

np  
 (  iB )(  jB ) 

  (  iB )(  jB ) =  ( iB  - ( iB   jB ))  ( iB   jB )  ( jB  - ( iB   jB ))  ( iB   jB )
=  ( iB  - ( iB   jB )  ( jB  - ( iB   jB ) (  ( iB   jB )) 2

=  (( iB  - ( iB   jB ))  ( jB  - ( iB   jB ))) (  ( iB   jB )) 2

 (  iB )(  jB )  (  ( iB   jB )) 2  
  (( iB  - ( iB   jB ))  ( jB  - ( iB   jB ))) 
 ( iB  - ( iB   jB ))  ( jB  - ( iB   jB ))  A

  (( iB  - ( iB   jB ))  ( jB  - ( iB   jB ))) 

17.   1p  = 2, 2p  = 3, 3p  = 5, 4p  = 7, 5p  = 11, 6p  = 13, 7p  = 17, 8p  = 19, 9p  = 23
 S( 1e , 2e , ... , 9e ) = { 1x

1p 2x
2p  ... 9x

9p   ix   ie  (mod 2), i = 1, 2, ... , 9 }  ie   { 0, 1 }  i
 1  im , i = 1, 2, ... , 2013  2013 

 S( 1e , 2e , ... , 9e ), ie   { 0, 1 }  i = 1, 2, ... , 9  92  = 512 

 2013m , 2012m  
 ix   iy   2013m  = 1x

1p 2x
2p  ... 9x

9p   2012m  = 1y
1p 2y

2p  ... 9y
9p

 ix   ie  (mod 2)  iy   ie  (mod 2)
 ix  + iy   2 ie  (mod 2)  0 (mod 2)
 2013m 2012m  = 1y1x

1p 2y2x
2p  ... 9y9x

9p  
 1w  = 2013m 2012m   1w  

 2   { 1m , 2m , ... , 2011m  }  = 2011  512
 im , jm   { 1m , 2m , ... , 2011m  }  S( 1e , 2e , ... , 9e ) 

 im , jm   2010m , 2011m  
 2010m 2011m  

 2w  = 2010m 2011m  
 1. M = { 1m , 2m , ... , 2013m  }  2013 

2.  M  2 
3.  1w , 2w , ...   iw  
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 751  M  511 
 1w , 2w , ... , 751w  

 W = { 1w , 2w , ... , 751w  }
 i  { 1, 2, ... , 751 }

 iw   M 
 M  23

 iw  = 1x
1p 2x

2p  ... 9x
9p

 iw  = 1x
1p 2x

2p  ... 9x
9p    ix  , i = 1, 2, ... , 9

 ix   0 (mod 4)  ix   2 (mod 4) , i = 1, 2, ... , 9
 T( 1e , 2e , ... , ne ) = { 1x

1p 2x
2p  ... 9x

9p   ix   ie  (mod 4), i = 1, 2, ... , 9 }, ie   { 0, 2 }  i
 1w , 2w , ... , 751w   751 
 T( 1e , 2e , ... , 9e ), ie   { 0, 2 }, i = 1, 2, ... , 9  92  = 512 

 iw , jw   T( 1e , 2e , ... , 9e ) 
 ix   iy   iw  = 1x

1p 2x
2p  ... 9x

9p   jw  = 1y
1p 2y

2p  ... 9y
9p

 ix   ie  (mod 4)  iy   ie  (mod 4)
 ix  + iy   2 ie  (mod 4)

 ie  = 0  ie  = 2  ix  + iy   0 (mod 4)  ix  + iy   4 (mod 4)
 4  ( ix  + iy )
 iw jw  = 1y1x

1p 2y2x
2p  ... 9y9x

9p  
 iw   '

im , "
im  

jw   '
jm , "

jm  
 '

im , "
im , '

jm , "
jm  

 '
im "

im '
jm "

jm  = iw jw  
 M 

18.   A = { 1x , 2x , ... , 2nx  }  { 1, 2, 3, ... , 3n } ... (1)
 m = max A ... (2)

 m  3n ... (3)
 a  3n - a = m ... (4)
 iy  = ix  + a, i = 1, 2, ... , n + 2  B = { 1y , 2y , ... , 2ny  } ... (5)

 iy  - jy  = ix  - jx   i, j ... (6)
 max B = 3n ... (7)

 2ny  = 3n ... (8)
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 B = { 1y , 2y , ... , 1ny , 2ny  = 3n }
 1  i  { 1, 2, ... , n + 1 }  iy   { n + 1, n + 2, ... , 2n -1 }

 n + 1  iy   2n - 1
-(2n -1)  - iy   -(n + 1)
3n - (2n -1)  3n - iy   3n - (n + 1)
n + 1  2ny  - iy   2n - 1 (  (5))
n   2ny  - iy    2n
n   2nx  - ix    2n (  (6))

 2  i  { 1, 2, ... , n + 1 }  iy   { n + 1, n + 2, ... , 2n -1 }
 1y , 2y , ... , 1ny   { 1, 2, 3, ... , n, 2n, 2n + 1, 2n + 2, ... , 3n - 1 }

 1y , 2y , ... , 1ny   n + 1 
 { 1, 2n }, { 2, 2n + 1 }, { 3, 2n + 2 }, ... , { i, i + 2n - 1 }, ... , { n, 3n - 1 }  n 

 i  { 1, 2, ... , n }  k, j  { 1, 2, ... , n + 1 }  ky , jy   { i, i + 2n - 1 }
  ky  - jy   = ( i + 2n - 1) - i = 2n - 1

 (6)   kx  - jx   = ( i + 2n - 1) - i = 2n - 1
 n   kx  - jx    2n

19.   1a , 2a , 3a , 4a , ... 
 1a   2a   3a   4a   ... ... (1)

 m  n ... (2)
 m - n  ma  - na ... (3)

 m - n - 1  ma  - na ... (4)
 (1)  (2)  na   1na   2na   3na   ...  2ma   1ma   ma

- na   - 1na   - 2na   - 3na   ...  - 2ma   - 1ma   - ma

ma  - na   ma  - 1na   ma  - 2na   ma  - 3na   ...  ma  - 2ma   ma  - 1ma   ma  - ma

ma  - na   ma  - 1na   ma  - 2na   ma  - 3na   ...  ma  - 2ma   ma  - 1ma   0 ... (5)
 (4)  (5) 

m - n - 1  ma  - 1na   ma  - 2na   ma  - 3na   ...  ma  - 2ma   ma  - 1ma   1
m - n - 2  ma  - 1na   ma  - 2na   ma  - 3na   ...  ma  - 2ma   ma  - 1ma   1 ... (6)

 ma  - 1na , ma  - 2na , ... , ma  - 1ma   ... (7)
 ma  - 1na , ma  - 2na , ... , ma  - 1ma   { 1, 2, ... , m - n - 3, m - n - 2 }

 ma  - 1na , ma  - 2na , ... , ma  - 1ma   m - n - 1 
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 1, 2, ... , m - n - 3, m - n - 2  m - n - 2 

 2  ma  - 1na , ma  - 2na , ... , ma  - 1ma  
 (7)

 (3) m - n  ma  - na  
 m - n  ma  - na

  m  n  m - n  ma  - na

20.   2

 1.7

 n  10AA , 21AA , ... , n1n AA

 nA   0A

 1iiAA   n
2   i = 1, 2, ... , n

   2
1ii )AA( = 21  + 21  - 2(1)(1) cos 1ii AÔA

= 2 - 2 cos n
2

= 2 - 2(1 - 2 2sin n )
= 4 2sin n

 1iiAA  = 2 sin n

  P, Q  1iiAA   PQ  2 sin n ... (1)
 1P , 2P , ... , 1nP   n + 1 

 10AA , 21AA , ... , n1n AA   n  n 

 1iiAA  
 P, Q  1iiAA   (1)  PQ  2 sin n

 P, Q  2 sin n

21.

 1  x  001  x  x  1 (mod 1000)
 3, 23 , 33 , 43 , ...  1000  1

 ka  = k3  - 1, k = 1, 2, 3, ... , 1001 ... (1)
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 k = 1, 2, ... , 1001  kb   0  kb   999  ka   kb  (mod 1000)
 1b , 2b , ... , 1001b   1001 

 1000  0, 1, 2, 3, ... , 999  1000 

 1kb , 2kb    1kb  = 2kb ... (2)
 1k   2k ... (3)

 1ka   1kb  (mod 1000)  2ka   2kb  (mod 1000) ... (4)
 (2)  (4)       1ka  2ka  (mod 1000)

    1ka  - 2ka  0 (mod 1000)
 ( 2k3  - 1) - ( 1k3  - 1)  0 (mod 1000) (  (1))

    2k3  - 1k3  0 (mod 1000)
    1k3 ( 1k2k3  - 1)  0 (mod 1000) (  (3) 2k  - 1k   0)

 1000  ( 1k3 ( 1k2k3  - 1))
 gcd(1000, 1k3 ) = 1  1000  ( 1k3 ( 1k2k3  - 1))  1000  ( 1k2k3  - 1)

 1k2k3   1 (mod 1000)
 3, 23 , 33 , 43 , ...  1000  1

 23  = 9, 33  = 27, 43  = 81, 53  = 729,
 3, 23 , 33 , 43 , ...  001

 2  Euler theorem  a, m  gcd(a, m) = 1  )m(a   1 (mod m)
 )1000(3   1 (mod 1000)  (1000) = ( 32 35 ) = 32 35 (1 - 2

1 )(1 - 5
1 ) = 400

 4003   1 (mod 1000)  1000  ( 4003  - 1)
 4003   001

22. n = 1  x = 0   7, 77, 777, ...
n = 2  x = 70   7070, 707070, ...
n = 3  x = 777   707070, 777000, ...

 n 
 ka  = 

digits k
777...777   A = { 1a , 2a , ... , 1na  }

 k = 1, 2, ... , n, n + 1
 kb   1  kb   n - 1  ka   kb  (mod n) ... (1)
 1b , 2b , ... , nb , 1nb   n + 1 

 n  0, 1, 2, ... , n - 1  n 
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 i  j  ib  = jb ... (2)
 i  j

 (2) ib  = jb   (1) ia   ib  (mod n)  ja   jb  (mod n)
  ja  - ia  ib  - jb  (mod n)

 0 (mod n) (  (2))
 n  ( ja  - ia ) ... (3)

 ia  = 
digits i

777...777   ja  = 
digits j

777...777   i  j

 ja  - ia  = 
digits j

777...777  - 
digits i

777...777  = 
digits i s0' digits, ij s'7
000...777000...777

 n  
digits i s0' digits, ij s'7
000...777000...777

 x = 
digits i s0' digits, ij s'7
000...777000...777   x  0  7  n  x

23.   1  ka  = k44  - 1
 A = { 1a , 2a , ... , 7a  }

  ia   A  7  ia ... (1)
 7  a  a  A

 kb   kb   6  ka   kb  (mod 7), k = 1, 2, ... , 7 ... (2)
 (1)  (2)  { 1b , 2b , ... , 7b  }  { 1, 2, 3, ... , 6 }

 1b , 2b , ... , 7b   7   1, 2, 3, ... , 6  6 

 i  j  ib  = jb ... (3)
 i  j  1  j - i  5 ... (4)

 (2) ia   ib  (mod 7)  ja   jb  (mod 7)  (3) ib  = jb

 ja   ia  (mod 7)
 7  ( ja  - ia ) 7  (( j44  - 1) - ( i44  - 1))

7  ( j44  - i44 )
7  ( i44 ( ij44  - 1)) (  (4) 0  j - i)

 gcd(7, 44) = 1  gcd(7, i44 ) = 1
 gcd(7, i44 ) = 1  7  ( i44 ( ij44  - 1))  7  ( ij44  - 1)
 i, j  { 1, 2, ... , 6 }  1  j - i  5

 ij44  - 1  A  7  ( ij44  - 1)  (1)
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 (1) 
 n = j - i  7  ( n44  - 1)

 2  Euler theorem  a, m  gcd(a, m) = 1  )m(a   1 (mod m)
 (m) =  m

 )7(44   1 (mod 7)  (7) = 6
 644   1 (mod 7)  7  ( 644  - 1)

24.    S  S
 X  { 11, 12, ... , 99 }   X  = 10
 Q = { Y  Y  X  Y   }   Q  = 102  - 1 = 1024 - 1 = 1023
 Q = { 1X , 2X , ... , 1023X  }  iX   X  iX     i = 1, 2, ... , 1023

 90 + 91 + 92 + ... + 99 = 2
10 (90 + 99) = 945

 X  11
 1X , 2X , ... , 1023X   1023 
 11, 12, ... , 945 (  935 )  935 

 iX , jX   iX   jX   iX  = jX ... (1)
 1 iX , jX   
 2 iX , jX    A = iX  - ( iX   jX )  B = jX  - ( iX   jX )

 iX   jX   A  B = , A    B  
      A =  ( iX  - ( iX   jX ))

= iX  -  ( iX   jX )
= jX  -  ( iX   jX ) (  (1))
=  ( jX  - ( iX   jX ))
=  B
 A  X, B  X, A  B = , A  B = X   A =  B

 X 

1.  S = { 1, 2, ... , 50 }  X  S   X  = 10
 Q = { Y  Y  X  Y   }   Q  = 102  - 1 = 1024 - 1 = 1023

 Q = { 1X , 2X , ... , 1023X  }
 iX   X  iX     i = 1, 2, ... , 1023

 41 + 42 + ... + 50 = 2
10 (50 + 41) = 445
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 X  1
 1X , 2X , ... , 1023X   1023 
 1, 2, ... , 445  445  445 

 iX , jX   iX   jX   iX  = jX

 X 
 X   S 

2.  S = { 1, 2, ... , n }  X  S   X  = m
 Q = { Y  Y  X  Y   }   Q  = m2  - 1
 Q = { 1X , 2X , ... ,

1m2
X  }

 iX   X  iX     i = 1, 2, ... , m2  - 1
 n - m + 1, n - m + 2, ... , n = 2

m ((n - m + 1) + n) = 2
m (2n + 1 - m)

 X  1
 1X , 2X , ... , 

1m2
X   m2  - 1 

 1, 2, ... , 2
m (2n + 1 - m)  2

m (2n + 1 - m)  2
m (2n + 1 - m) 

  2
m (2n + 1 - m)  m2  - 1 

 X 

25.   it  =  A  ia

 1  “  i  { 1, 2, 3, ... , 2n  + 1 } [ it   n + 1 ] ” 
 it  =  A  ia

 it   n + 1
 ( 1b  = ia , 2b , 3b , ... , itb )  A

 it   n + 1  ( 1b , 2b , ... , 1nb )  A  ia  = 1b

 ( 1a , 2a , ... , 
12n

a )  ( ia  = 1b , 2b , ... , 1nb )
 2  “  i  { 1, 2, 3, ... , 2n  + 1 } [ it   n + 1 ] ” 

  i  { 1, 2, 3, ... , 2n  + 1 } [ 1  it   n ] ... (1)
 1t , 2t , ... , 

12n
t   2n  + 1   1, 2, 3, ... , n  n 

 [ n
1n2

 ] = [ n + n
1  ] = n

 [ n
1n2

 ] + 1 = [ n + n
1  ] + 1 = n + 1 

 { 1t , 2t , ... , 
12n

t  }  n + 1 
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 1k , 2k , ... , nk , 1nk   1  1k   2k   ...  nk   1nk   2n  + 1
 1kt , 2kt , ... , nkt , 1nkt   { 1t , 2t , ... , 

12n
t  }

 1kt  = 2kt  = ... = nkt  = 1nkt ... (2)
 i, j  { 1, 2, ... , n, n + 1 }  i  j

 ika   jka ... (3)
 ( 1a , 2a , ... , 

12n
a )   ika   jka

 jkt  =  A  jka

 ( jka  = 1b , 2b , ... , 
jktb )  jkt   A

 ( ika , jka  = 1b , 2b , ... , 
jktb )  A  ika

 ( ika , jka  = 1b , 2b , ... , 
jktb )  jkt  + 1

 ikt  =  A  ika

 jkt  + 1  ikt   jkt   jkt  + 1  ikt ... (4)
 (2)  jkt  = ikt   (4)

 (3) ika   jka    ika   jka

 1ka   2ka   ...  nka   1nka

 1  1k   2k   ...  nk   1nk   2n  + 1  1ka   2ka   ...  nka   1nka

 ( 1ka , 2ka , ... , nka , 1nka )  A

26.   { 1, 2, 3, ... , 28 } 
1S  = { 1 }, 2S  = { 2, 4, 6, 8, 10, 12, 16, 18, 20, 24, 28 }, 3S  = { 3, 9, 27 }, 4S  = { 5, 15, 25 }
5S  = { 7, 14 }, 6S  = { 11, 22 }, 7S  = { 13, 26 }, 8S  = { 17 }, 9S  = { 19 }, 10S  = { 23 }

 { 1, 2, 3, ... , 28 } = 1S   2S   ...  10S   iS   jS  =   i  j
 1x , 2x , ... , 11x   { 1, 2, 3, ... , 28 }

 { 1x , 2x , ... , 11x  } - 1S   8S   9S   10S  = { 1x , 2x , ... , 11x  } - { 1, 17, 19, 23 }
  { 1x , 2x , ... , 11x  } - { 1, 17, 19, 23 }   7

 Y = { 1y , 2y , ... , 7y  }  { 1x , 2x , ... , 11x  } - { 1, 17, 19, 23 }
 1y , 2y , ... , 7y   7  2S , 3S , 4S , 5S , 6S , 7S   5 

 2S , 3S , 4S , 5S , 6S , 7S  
 i = 2, 3, 4, 5, 6  gcd(x, y)  1  x, y  iS

 2  1y , 2y , ... , 7y   1
 { 1y , 2y , ... , 7y  }  { 1x , 2x , ... , 11x  } - { 1, 17, 19, 23 }

 2  1x , 2x , ... , 11x   1 
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27.   ka  = 
digits k4

2014...20142014   A = { 1a , 2a , ... , 2557a  }

  A  2557 ... (1)
 2557  a  a  A ... (2)

 kb   kb   2556  ka   kb  (mod 2557), k = 1, 2, ... , 2557 ... (3)
 (2)  (3)  { 1b , 2b , ... , 2557b  }  { 1, 2, 3, ... , 2556 }

 1b , 2b , ... , 2557b   2557 
 1, 2, 3, ... , 2556  2556 

 i  j  ib  = jb ... (4)
 i  j  1  j - i  2556

 (4) ib  = jb   (3) ia   ib  (mod 2557)  ja   jb  (mod 2557)
   ja  - ia  ib  - jb  (mod 2557)

 0 (mod 2557) (  (4))
 2557  ( ja  - ia ) ... (5)

 ia  = 
digits 4i

2014...20142014   ja  = 
digits 4j

2014...20142014   i  j

    ja  - ia = 
digits 4j

2014...20142014  - 
digits 4i

2014...20142014

= 
digits 4i s0' digits i)  4(j s'2014

0000...14000000002014201420

= 
digits i)  4(j

2014...20142014 i410

= ija i410 ... (6)
 (5)  (6)  2557  ( ija i410 ) ... (7)

 gcd(2557, 5) = 1  gcd(2557, 2) = 1  gcd(2557, i410 ) = 1 ... (8)
 (7)  (8)  2557  ija   2557  

digits i)  4(j
2014...20142014   ... (9)

 (2)  (9) 
 (1)  A  2557  
 A  2557 

 2014, 20142014, 201420142014, ...  2557 

28.   ka  = 
digits k

777...777   A = { 1a , 2a , ... , 2013a  }

  A  2013 ... (1)
 2013  a  a  A ... (2)
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 kb    kb   2012  ka   kb  (mod 2013) }, k = 1, 2, ... , 2013 ... (3)
 (2)  (3)  { 1b , 2b , ... , 2013b  }  { 1, 2, 3, ... , 2012 }

 1b , 2b , ... , 2013b   2013 
 1, 2, 3, ... , 2012  2012 

 i  j  ib  = jb ... (4)
 i  j  1  j - i  2012

 (3) ia   ib  (mod 2013), ja   jb  (mod 2013)
   ja  - ia  ib  - jb  (mod 2013)

 0 (mod 2013) (  (4))
 2013  ( ja  - ia ) ... (5)

 ia  = 
digits i

777...777   ja  = 
digits j

777...777   i  j

     ja  - ia = 
digits j

777...777  - 
digits i

777...777

= 
digits i s0' digits, ij s'7
000...777000...777

= 
digits ij

777...777 i10

= ija i10 ... (6)
 (5)  (6)  2013  ( ija i10 ) ... (7)

 gcd(2013, 5) = 1  gcd(2013, 2) = 1  gcd(2013, i10 ) = 1 ... (8)
 (7)  (8)  2013  ija   2013  

digits ij
777...777   (1)

 (1)  A  2013  
 A  2013 

 7, 77, 777, 7777, 77777, ...  2013 

29.   1A , 2A , 3A , ... , 1nA , nA   n 
 

 iA   0, 1, 2, ... , n - 1   i = 1, 2, 3, ... , n
 3 

 1  n - 1
 0, 1, 2, 3, ... , n - 2

 n  n 
 0, 1, 2, ... , n - 2  n - 1 
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 2  n - 1  n - 1
 nA   n - 1 

 1A , 2A , 3A , ... , 1nA   n - 2 
 1A , 2A , 3A , ... , 1nA   n - 1 

 1, 2, ... , n - 2  n - 2 

 1A , 2A , ... , 1nA  
 3  2  n - 1

 n - 1 
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