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���� �!����)+�� calculus ��"#�$��� D����0���&�#% D����0���) ���!�
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-#���) !��� ����+���E	F"��

��"#�$�����%����"#�-�
�. �0,� ��%���
,��G�"#���1
��
–
,��G�"#���1�
��
 ��%���3
0" – �������� ���"#�"� 1�

��,�$�G&�� ��%���
,��G�"#���1
��
–
,��G�"#���1�
��
 �-�!���(-��$�(����$� 2 (-��$� 
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�-�!���(-��$�(����$� a, b (�*)+$,� 
�
�� �  � ��  ��� �%�����'�(��� �'
,��%�#� a = b 

�������! ���#��(����!��������,%�"����&��2(����"#�$1+�������%������2���� L � R (!��� L � R) �%�#� L, R 

��'�&(�����
��
���
�� 
-�$,� ��	�
�"# ��
�� (�!%��7�� &(�� L = R ��'�(��� �&���G�����
-�$,��%�����'�

(���(����%���
,��G�"#���1
��
–
,��G�"#���1�
��
 !%��7�� 
�
�� �  = ��  ��'�(��� 

�&���G����� 
�
�� �  = ��  ��'�(��� �'
,��%�#� a = b 

�-�!�����%�����#� J (�*)+���	� ���&��2(��������������
��0+��� 
,�*� 



����� ��	
��	�
 �
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������� 1. �-�!�)�!+ a, b ��'�(-��$�(����$� (���)�$,� 
�
�� �  � ��  

$����%  ( �  – � ) �  � 0 

     a – 2 ��  + b � 0 

      a + b � 2 ��  

�&���G�����    
�
�� �  � ��  

 
�
�� �  = ��   �'
,��%�#� ( �  – � ) �  = 0 

      �'
,��%�#�     �  = �  

      �'
,��%�#�     a = b 

���
������� 2. �-�!�)�!+ x, y ��'�(-��$�(����$� ��� x + y = 1 (���)�$,� xy � 
�
�  

$����% $����� 1. �0+���(�)�2�&"0
��
 xy = x(1 – x) 

             = – ��  + x 

             = –( ��  – x + 
�
� ) + 

�
�  

             = –(x - 
�
� ) �  + 

�
�  

             � 
�
�  

�&���G����� xy %"
,��2���)��,���� 
�
�  �%�#� x = y = 

�
�  

$����� 2. �0+��%���
,��G�"#���1
��
–
,��G�"#���1�
��
 

�&���$,�   �	  � 
�

	� �  

       = 
�
�  

�&���G�����   xy � 
�
�  

�&���G����� xy %"
,��2���)��,���� 
�
�  �%�#� x = y = 

�
�  

���
������� 3. �-�!�)�!+ x, y ��� k ��'�(-��$�(����$� ��� x + y = 2k (���)�$,� xy � ��  

$����% $����� 1. �0+���(�)�2�&"0
��
 xy = x(2k – x) 

             = – ��  + 2kx 

             = –( ��  – 2kx + �� ) + ��  

             = –(x - k) �  + ��  

             � ��  
�&���G����� xy %"
,��2���)��,���� ��  �%�#� x = y = k 

$����� 2. �0+��%���
,��G�"#���1
��
–
,��G�"#���1�
��
 �	  � 
�

	� �  

                  = 
�
��  = k 

                 xy � ��  

�&���G����� xy %"
,��2���)��,���� ��  �%�#� x = y = k 
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������� 4. �-�!�)�!+ x, y ��'�(-��$�(����$� ��� x + y = 20 (���)�$,� xy � 100 

$����% $����� 1. �0+���(�)�2�&"0
��
 

   xy = x(20 – x) 

    = – ��  + 20x 

    = –( ��  – 20x + 100) + 100 

    = –(x - 10) �  + 100 

    � 100 

�&���G����� xy %"
,��2���)��,���� 100 �%�#� x = y = 10 

$����� 2. �0+��%���
,��G�"#���1
��
–
,��G�"#���1�
��
 

   �	  � 
�

	� �  

     = 
�
��  

     = 10 

    xy � 100 

�&���G����� xy %"
,��2���)��,���� 100 �%�#� x = y = 10 

�������! 
$�%!%�������1�
��
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,�1�� xy 
��
,�1��&����"#�"#�!�"#�%)+��1��� PQRS �%�#� P(x, y) ��'�(�)����+�
�� x + y = 20 )���2��"# 1 

�&���G����� &�� ��"#�"#�!�"#�%)+��1��� PQRS %"
,��2���)��,���� 100 �%�#� x = y = 10 

���
������� 5. �-�!�)�!+ x, y ��'�(-��$�(����$� ��� 3x + 4y = 24 (�!�
,��2���)1�� xy 

$����% $����� 1. �0+���(�)�2�&"0
��
 

   xy = x(
�

�
�� 
 ) 

    = –
�

 ( ��  – 8x) 

    = –
�

 ( ��  – 8x + 16) + 12 

    = –
�

 (x – 4) �  + 12 

    � 12 

�&���G����� xy %"
,��2���)��,���� 12 �%�#� x = 4 ��� y = 3 
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$����� 2. �0+�!
�M�(��
�$��,���"# 2. �"#��,�$$,� p � 0, q � 0 ��� p + q = 1 (�*)+$,� pq � 
�
�   

��� pq = 
�
�  �'
,��%�#� p = q = 

�
�  

(���%��� 3x + 4y = 24 (�*)+$,� 
�
�  + 

�

	  = 1 

�&���G�����   (
�
� )(

�

	 ) � 
�
�                    ... (1) 

      xy � 12                   ... (2) 

xy = 12  �'
,��%�#� (
�
� )(

�

	 ) = 
�
�  

    �'
,��%�#� 
�
�  = 

�

	  = 
�
�  

    �'
,��%�#� x = 4 ��� y = 3 

�&���G����� xy %"
,��2���)��,���� 12 �%�#� x = 4 ��� y = 3 
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,�1�� xy 
��
,�1��&����"#�"#�!�"#�%)+��1��� PQRS �%�#� P(x, y) ��'�(�)����+�
�� 3x + 4y = 24  

)���2��"# 2 �&���G����� &����"#�"#�!�"#�%)+��1��� PQRS %"
,��2���)��,���� 12 �%�#� x = 4 ��� y = 3 

���
������� 6. �-�!�)�!+ x, y ��'�(-��$�(����$� ��� ��  + �	  = 20 (�!�
,��2���)1�� xy 

$����% $����� 1. �0+���(�)�2�&"0
��
 

    xy = x ���� 
  

   �� �	  = �� (20 – �� ) 

     = 20 ��  – ��  

     = –( ��  – 20 �� ) 

     = –( ��  – 20 ��  + 100) + 100 

     = –( ��  – 10) �  + 100 

     � 100 

�&���G����� �� �	  %"
,��2���)��,���� 100 �%�#� ��  = 10 ��� �	  = 10 

�&���G����� xy %"
,��2���)��,���� 10 �%�#� x = ��  ��� y = ��  



����� ��	
��	�
 ��

$����� 2. �0+M�1��
�$��,���"# 4. /�#���,�$$,� a, b ��'�(-��$�(����$� ��� a + b = 20 (�*)+$,� ab � 100 

�&���$,� �� �	  = �� (20 – �� ) ��'�M�
2�1��(-��$� ��  ��� 20 – ��  /�#��$����%"
,���,���� 20 

�&���G����� �� (20 – �� ) %"
,��2���)��,���� 100 �%�#� ��  = 10 

�&���G����� �� �	  %"
,��2���)��,���� 100 �%�#� ��  = 10 ��� �	  = 10 

�&���G����� xy %"
,��2���)��,���� 10 �%�#� x = ��  ��� y = ��  

�������! 
$�%!%�������1�
��
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���!� 
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,�1�� 4xy 
��
,�1��&����"#�"#�!�"#�%)+��1��� PQRS �%�#� P(x, y) ��'�(�)��$���% ��  + �	  = 20 

)���2��"# 3 �&���G����� &����"#�"#�!�"#�%)+��1��� PQRS %"
,��2���)��,���� 40 �%�#� x = ��  ��� y = ��  

���
������� 7. �-�!�)�!+ x, y ��'�(-��$�(����$� ��� 9 ��  + 16 �	  = 144 (�!�
,��2���)1�� xy 

$����% $����� 1. �0+���(�)�2�&"0
��
 

    xy = x
��

����� �
  

   �� �	  = 
��
� �� (144 – 9 �� ) 

     = –
��
� ( ��  – 16 �� ) 

     = –
��
� ( ��  – 16 ��  + 64) + 36 

     = –
��
� ( ��  – 8) �  + 36 

     � 36 

�&���G����� �� �	  %"
,��2���)��,���� 36 �%�#� ��  = 8 ��� �	  = 
�
�  

�&���G����� xy %"
,��2���)��,���� 6 �%�#� x = 2 �  ��� y = 
�


  

$����� 2. �0+�!
�M�(��
�$��,���"# 2. �"#��,�$$,� p � 0, q � 0 ��� p + q = 1 (�*)+$,� pq � 
�
�   

��� pq = 
�
�  �'
,��%�#� p = q = 

�
�  

(�����#��*1 9 ��  + 16 �	  = 144 �&���G����� 
��
��  + 

�

	�  = 1 
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�&���G����� (
��
�� )(

�

	� ) � 
�
�   

��� (
��
�� )(

�

	� ) = 
�
�  �'
,��%�#� 

��
��  = 

�

	�  = 
�
�  

�&���G����� �� �	  � 36  

��� �� �	  = 36 �'
,��%�#� ��  = 8 ��� �	  = 
�
�  

�&���G����� xy %"
,��2���)��,���� 6 �%�#� x = 2 �  ��� y = 
�
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�!+ P(x, y) ��'�(�)��$��" 9 ��  + 16 �	  = 144 


,�1�� 4xy 
��
,�1��&����"#�"#�!�"#�%)+��1��� PQRS )���2��"# 4  

�&���G����� &�� ��"#�"#�!�"#�%)+��1��� PQRS %"
,��2���)��,���� 24 �%�#� x = 2 �  ��� y = 
�


  

���
������� 8. �-�!�)�!+ a, b, c ��'�(-��$�(����$� (���)�$,� ��  + ��  + ��  � ab + bc + ca 

$����% $����� 1. �0+���(�)�2�&"0
��
 

          (a – b) �  + (b – c) �  + (c – a) �  � 0 

    ��  – 2ab + ��  + ��  – 2bc + ��  + ��  – 2ca + ��  � 0 

            2 ��  + 2 ��  + 2 ��  � 2ab + 2bc + 2ca 

              ��  + ��  + ��  � ab + bc + ca 

$����� 2. 3)�*%,�2.��"������-�
�.1�����"��#$*������%��7�%%
��!+  0 � a � b � c 

3)��0+��%����0�"�0D /�#���,�$$,� ��������"��������"#�� (x, y, z) 1�� (a, b, c) (�*)+$,� 

      ax + by + cz � aa + bb + cc 

      ax + by + cz � ��  + ��  + ��  

�&���$,� (b, c, a) ��'������"��������"#��1�� (a, b, c) 

�&���G����� ab + bc + ca � ��  + ��  + ��  

�������! )2���&��2(�� ��%����0�"�0D *)+�"# ���"# 8 1+� 25. 
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���
������� 9. (���)�$,� 3 – 4x + ��  � 0 ���(-��$�(����$� x 

$����% $����� 1. �0+ calculus 

�!+  f(x) = 3 – 4x + ��  

  f �(x)  = –4 + 4 
�  

    = 4( 
�  – 1) 

    = 4(x – 1)( ��  + x + 1) 

    = 4(x – 1)( ��  + x + 
�
�  + 

�

 ) 

    = 4(x – 1)((x + 
�
� ) �  + 

�

 ) 

�&���G����� f �(x) = 0 �'
,��%�#� x = 1 

7+� x � 1 ��+$ f �(x) � 0 �&���G�����  f ��'�D����0���) ��0,$� (0, 1) 

7+� x � 1 ��+$ f �(x) � 0 �&���G�����  f ��'�D����0���&�#% ��0,$� (1, �) 

�&���G����� f(1) = 0 ��'�
,�
-#���)��%�2��� 

�&���G����� f(x) � f(1) ���
,� x � 0 

�&���G����� 3 – 4x + ��  � 0 ���
,� x � 0 

$����� 2. �0+��%���
,��G�"#���1
��
–
,��G�"#���1�
��
 /�#���,�$$,� 

�-�!���(-��$�(����$� a, b, c, d (�*)+$,� 
�

���� ���  � � ����  

��� 
�

���� ���  = � ����  �'
,��%�#� a = b = c = d 

�&���G�����   
�

���� ����  � � �������������  

         
�
�
 ��  � x 

     3 – 4x + ��  � 0 

$����� 3. �0+���(�)�2�&"0
��
 

  ��  – 4x + 3 = ( ��  – 2 ��  + 1) + (2 ��  – 4x + 2) 

      = ( ��  – 1) �  + 2(x – 1) �  

      � 0 

 

  (��
�$��,��
,�� J �"#��,�$%�����!%) (��!'�*)+0�)�(�$,� ���&��2(�� ��%���%"*)+!���$��" 3)��G&��

��,����#� 
�$��,���"# 9. (��!'�*)+$,�$��"�"#)"�"#��)����%���'�����0+&���C��
�����(�)�2�&"0
��
)+$�����$��1+� 

��� ����� ��,��*��'
�%����"#���%"�%��
�1��(-��$�(��� �E	F"����"#�$�����%��� �'(��-��!+ �����+��.!�


,�� J ��"#�$��� �%��� ��%��� ����%���&!���%*)+�,��1���  

  ���&��2(����%��������.!���"#�$���&!���% (�*)+���	����2����1�������+��.!�(���,��*��2,���

����
,�*� 
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1. ���!�M��G�� !������1���%����"#��2,��&(��1������"# n !�������"# 2 �%�#��-�������-������� �%���

1��3(�����+$(��-��!+!�M��G��*)+�,�� �
,M��G���"#*)+(���%����!%,
+���-�%�
�$(�������%����)�%�,�� 

�&�#�
�$(���!�M��G���"#��+(��� 

���
������� 1.1 (�!�M��G��1���%��� �� 
  + ��� �  = 6 

$����%      �� 
  + ��� �  = 6              ... (1) 

          ��� �  = 6 – �� 
  

           2x + 6 = 36 – 12 �� 
  + (x – 1)       ... (2) 

            12 �� 
  = 29 – x  

        144(x – 1) = 841 – 58x + ��  

      ��  – 202x + 985 = 0 

      (x – 5)(x – 197) = 0 

            x = 5, 197 

�&���$,� x = 5, 197 ��'�M��G��1���%��� (2) �"#���)(��������-�������1���%��� (1) 

�&���G�����
+���-����
�$(���
,�����%��� (1) 

�&���$,� ���� 
  + ������� �  � 6 ��� ��
  + ����� �  = 6 �&���G����� x = 5 ��,�������'�M��G�� 

���
������� 1.2 (�!�M��G��1���%��� �� �  – 
�� 
  = �� 
  

$����%     �� �  – 
�� 
  = �� 
              ... (1) 

           – 
�� 
  = �� 
  – �� �  

           2x – 3 = (x – 1) – 2 �� 
 �� �  + (x + 2)    ... (2) 
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        2 �� 
 �� �  = 4 

       (x – 1)(x + 2) = 4 

        ��  + x – 2 = 4 

        ��  + x – 6 = 0 

       (x – 2)(x + 3) = 0 

            x = 2, –3 

�&���$,� x = 2, –3 ��'�M��G��1���%��� (2) �"#���)(��������-�������1���%��� (1) 

�&���G�����
+���-����
�$(���
,�����%��� (1) 

�&���$,� ���  – 
���� 
  = ��
  ��� �
�
  – 
�
�� 

  � �


   

�&���G����� x = 2 ��,������"#��' �M��G���"#
+����� 

2. ��
��
�G&���-�!����%������2���� 

       F(x) + G(x) = H(x)               ... (1) 

�!+�-� F(x) – G(x) 
2��%��� (1) ��+$(�)�2��!+*)+�%��� 

       F(x) – G(x) = L(x)               ... (2) 

�-��%��� (1) ��� (2) %��$� !��� �� ����&�#��)&(��1�� F(x) !��� G(x) ���(���%��� ��+$(��!�M�

�G��(���%����"#*)+%��!%, 

���
������� 1.3 (�!�M��G��1���%��� ��
�� � ��  + ��
�� � �
  = 3x 

$����% �!+  F(x) = ��
�� � ��  

     G(x) = ��
�� � �
  

�&���G�����  F(x) + G(x) = 3x                 ... (1) 

(F(x) + G(x))(F(x) – G(x)) = ( ��
�� � ��  + ��
�� � �
 )( ��
�� � ��  – ��
�� � �
 ) 

         = (2 ��  + 3x + 5) – (2 ��  – 3x + 5) 

         = 6x 

�&���G�����(���%��� (1) (�*)+        6x = 3x(F(x) – G(x)) 

                6x = 3x( ��
�� � ��  – ��
�� � �
 ) 

(��3(��� x � 0 �&���G����� ��
�� � ��  – ��
�� � �
  = 2 

             F(x) – G(x) = 2         ... (2) 

(1) + (2) (�*)+$,�             2F(x) = 3x + 2 

             2 ��
�� � ��  = 3x + 2 

            4(2 ��  + 3x + 5) = 9 ��  + 12x + 4 

                 ��  – 16 = 0 

                 x = 4, –4 
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�$(���3)�������
,���3(���(�*)+$,� x = 4 ��,������"#��'�
-�
�� 

���
������� 1.4 (�!�M��G��1���%��� ����� � 
�  – ����� � 
�  = 1 

$����% �!+  F(x) = ����� � 
�  

     G(x) = ����� � 
�  

�&���G�����    F(x) – G(x) = 1               ... (1) 

  (F(x) – G(x))(F(x) + G(x)) = (1)(F(x) + G(x)) 

      (F(x)) �  – (G(x)) �  = F(x) + G(x) 

(2 ��  + 5x – 2) – (2 ��  + 5x – 9) = F(x) + G(x) 

           7 = F(x) + G(x) 

       F(x) + G(x) = 7               ... (2) 

(1) + (2) (�*)+     2F(x) = 8 

       2 ����� � 
�  = 8 

       2 ��  + 5x – 2 = 16 

         2 ��  + 5x – 18 = 0 

        (2x + 9)(x – 2) = 0 

           x = –
�
� , 2 


�$(�������%���1��3(�����+$ x = –
�
�  ��� x = 2 �0+*)+ 

3. �0+������"#��
�$��� 3)����������,$�1���2
��"#�!%���%1���%���3(���%���'�
�$����!%, ��+$!�
,�

1��
�$����!%,�,�� 
,�*�(���-�
,�1��
�$����!%,�"#*)+%�0,$������!�M��G��1��
�$������%���3(���
�%


+����� 

���
������� 1.5 (�!�M��G��1���%��� ��� 

  + ��� 
�  = 3 

$����% ��������
,�&(�� �� 
  )+$�
�$��� t (��-��!+3
����+��1���%����,���� 

���
,� t = �� 
  �&���G����� ��  = x – 2 ��� x = ��  + 2 

(���%���      ��� 

  + ��� 
�  = 3 

(�*)+          ��� � 
�  + ��� � ��  = 3 

           ��� � �
  + ��� � ��  = 3          ... (1) 

( ��� � �
  + ��� � �� )( ��� � �
  – ��� � �� ) = 3( ��� � �
  – ��� � �� ) 

       ( ��  – t + 2) – ( ��  + t + 2) = 3( ��� � �
  – ��� � �� ) 

                –2t = 3( ��� � �
  – ��� � �� ) 

         3( ��� � �
  – ��� � �� ) = –2t          ... (2) 

(�� (1) (�*)+      3( ��� � �
  + ��� � �� ) = 9          ... (3) 
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(2) + (3) ;         6 ��� � �
  = 9 – 2t 

           36( ��  – t + 2) = 81 – 36t + 4 ��  

               32 ��  – 9 = 0 

                  ��  = 

�

�  

                x = ��  + 2 = 

�

�  + 2 = 

�

�
  


�$(���
-�
�� 3)�������
,���3(���(�*)+$,� x = 

�

�
  ��'�
-�
���"#�0+*)+ 

���
������� 1.6 (�!�M��G��1���%��� 
��

�


�

  + 3

�

��



�  = 4 

$����% ���
,� t = 
��

�


�

  ���%��� 

��

�


�

  + 3

�

��



�  = 4 

(�*)+           t + 
�


  = 4 

          ��  – 4t + 3 = 0 

          (t – 3)(t – 1) = 0 

�&���G�����           t = 1, 3 

	
����� 1.            
��

�


�

  = 1 

                3 – x = 2 + x 

                2x = 1 

              x = 
�
�  

	
����� 2.            
��

�


�

  = 3 

               3 – x = 9(2 + x) 

              10x = –15 

              x = –
�

  

���
,� x = 
�
� , –

�

  ���%���3(��� ��+$ x = 

�
�  ��� x = –

�

  �0+*)+ 

4. �%������2����M��$� !��� M�
,�� 1������"# 3 ����"# 4 ����"# 5 
$��-��2
�M��$�!���M�
,�� %�0,$�

��������
�$�������&�#��-��!+3
����+��1���%�����%��7!�M��G��*)+�,�� 

���
������� 1.7 (�!�M��G��1���%��� 3 1x2 
  + 3 1x 
  = 1 

$����%        31  = ( 3 1x2 
  + 3 1x 
 ) 
  

        1 = (2x – 1) + 3( 3 1x2 
 ) � 3 1x 
  + 3 3 1x2 
 ( 3 1x 
 ) �  + (x – 1) 

        = 3x – 2 + 3 3 1x2 
 3 1x 
 ( 3 1x2 
  + 3 1x 
 ) 

       3 – 3x = 3 3 1x2 
 3 1x 
  

            1 – x = 3 1x2 
 3 1x 
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        (1 – x) 
  = (2x – 1)(x – 1) 

 (2x – 1)(x – 1) + (x - 1) 
  = 0 

  (x – 1)((2x – 1) + (x – 1) � ) = 0 

 (x –1)(2x – 1 + 2x  – 2x + 1) = 0 

        (x – 1) 2x  = 0 

          x = 1, 0 


�$(���)+$�������
,���3(��� 
-�
���"#�0+*)+
�� x = 1 ��,����� 

�������! �2
�M��$��"#�-�
�.�0,� 

1. �&���$,�  (u + v) �  = ��  + 2uv + ��  

 �&���G�����  ��  + ��  = (u + v) �  – 2uv 

2. �&���$,�  (u + v) 
  = 
�  + 3 �� v + 3u ��  + 
�  

        = 
�  + 
�  + 3uv(u + v) 

 �&���G�����  
�  + 
�  = (u + v) 
  – 3uv(u + v) 

3. �&���$,�     (u + v) �  = 4u  + 4 3u v + 6 2u ��  + 4u 3v  + 4v  

        = 4u  + 4v  + 4uv( 2u  + �� ) + 6 2u ��  

     4u  + 4v  = (u + v) �  – 4uv( 2u  + �� ) – 6 2u ��  

4. �&���$,�     (u + v) �  = 5u  + 5 4u v + 10 3u 2v  + 10 2u 3v  + 5u 4v  + 5v  

        = 5u  + 5v  + 5uv( 3u  + 3v ) + 10 2u 2v (u + v) 

        = 5u  + 5v  + 5uv ((u + v) 
  – 3uv(u + v)) + 10 2u 2v (u + v) 

        = 5u  + 5v  + 5uv(u + v) 
  – 5 2u 2v (u + v) 

 �&���G����� 5u  + 5v  = (u + v) �  – 5uv(u + v) 
  + 5 2u 2v (u + v) 

���
������� 1.8 (�!�M��G��1���%��� 3 7x �  + 3 x28 
  = 5 

$����%      35  = ( 3 7x �  + 3 x28 
 ) 
  

      125 = (x + 7) + 3( 3 7x � ) � 3 x28 
  + 3 3 7x � ( 3 x28 
 ) �  + (28 – x) 

      = 35 + 3 3 7x � 3 x28 
 ( 3 7x �  + 3 x28 
 ) 

      = 35 + 3 3 7x � 3 x28 
 (5) 

     15 3 7x � 3 x28 
  = 90 

     3 x7 � 3 x28 
  = 6 

    (7 + x)(28 – x) = 216 

    196 + 21x – 2x  = 216 

  2x  – 21x + 20 = 0 

    (x – 20)(x – 1) = 0 

       x = 1, 20 
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�$(���
-�
��3)�������
,����%��� 3 7x �  + 3 x28 
  = 5 (�*)+$,� x = 1, 20 �0+*)+ 

�&���G����� x = 1, 20 ��'�M��G��1���%��� 3 7x �  + 3 x28 
  = 5  

5. �0+������"#��
�$��� 2 
�$����&�#�0,$������!�M��G��1���%��� 3)�������!+ &(�����&(�����%���%"


,���'� u, v ��+$ !�M��G����&(��1�� u, v 
,�*�(���-�M��G��1�� u, v �"#*)+*�0,$������!�M��G��1��

�%����)�% 

���
������� 1.9 (�!�M��G��1���%��� 3 x1 �  + 3 x1 
  = 2 

$����% �!+  u = 3 x1 �  ��� v = 3 x1 
   

�&���$,� 3 x1 �  + 3 x1 
  = 2 �&���G����� u + v = 2 

�&���$,� 3u  + 3v  = 1 + �  + 1 – �  = 2 

�&���G����� 2 = 3u  + 3v  = (u + v) 
  – 3uv(u + v) = 32  – 3uv(2) = 8 – 6uv 

�&���G�����         uv = 1 

�&���G�����   3 x1 � 3 x1 
  = 1 

           1 – x = 1 

          x = 0 

���
������� 1.10 (�!�M��G��1���%��� 5 x21 �  + 5 x21 
  = 5 2  

$����% �!+  u = 5 x21 �  ��� v = 5 x21 
   

�&���G����� 5u  + 5v  = 1 + 2x + 1 – 2x =  2 

�&���$,� 5 x21 �  + 5 x21 
  = 5 2  �&���G����� u + v = 5 2  

�&���$,� 5u  + 5v  = (u + v) �  – 5(u + v) 
uv + 5(u + v) 2u 2v  

�&���G�����    2 = ( 5 2 ) �  – 5( 5 2 ) 
uv + 5 5 2 2u 2v   

     – 5 4 uv + 2u 2v  = 0 

     uv(uv – 5 4 ) = 0 

	
����� 1. u = 0    (�*)+   5 x21 �  = 0   �&���G����� x = –
�
�  

	
����� 2. v = 0    (�*)+   5 x21 
  = 0   �&���G����� x = 
�
�  

	
����� 3. uv = 5 4    (�*)+     5 x21 � 5 x21 
  = 5 4  

          (1 + 2x)(1 – 2x) = 4 

            1 – 4 2x  = 4 

              4 2x  = –3 *%,%"
-�
����'�(-��$�(��� 

���
,� x = 
�
� , –

�
�  ���%��� 5 x21 �  + 5 x21 
  = 5 2  ��+$�0+*)+ 

�&���G�����M��G��1���%��� 5 x21 �  + 5 x21 
  = 5 2  
�� x = 
�
� , –

�
�  
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1. ��  + ���� �  = 22 

2. ��� �  = 2x + 2 

3. 3.1 ��
  = �� 
  

 3.2 
�� �  + 
� �  = 0 

4. (�!�M��G��1���%��� 

 4.1 �� 
  + �

  = 4x – 3 ��  + 1 

 4.2 ��� �  + ����
 �
  + 2 = 0 

 4.3 �� �  + �  = 2 

5. ��
  + 

��

�

�

 = 2 

6. 1 + �� ��� 

  = x 

7. �� �  + �
�� �  = ���
 �  

8. ��� �
 
�  + ��� �
 ��  = 3 

9. 
��� �  – ��
  – ��� �  + �� 
  = 0 

10. �� �  – �  = 1 

11. ��� �  + ��� �  – ��  – 
�� �  = 0 

12. ����
 � ��  – ����
 � ��  = 1 

13. x + �  + �� �  + ���� �  = 3 

14. 
��
���



�  – 2

���
��
�

  = 1 

15. 
��
��



�  – 

��
��

�

  = 

�


  

16. ��  – 4x + 6 = ������ � �
  

17. 2 ��  + 6 – 2 ��
�� � �
  = 3(x + 4) 

18. ��
 �  + � 
 �� �  = 6 

19. 3 ��  + 15x + 2 ����� ��  = 2 

20. 
��

����


 �








  – 
��

��





 �

�


  = 4 

21. ���
� 
��  + ����� 

�  = 5 

22. ���� 
�  – ���� 

  = 2 
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23. ���� ��  + ���� ��  = ����� � ��  

24. ���� ��  + ���� ��  = ���
�
 � ��  

25. ���� ��  + ���� �
  = 4 

26. �� 
  + 
� �  + 2 �
������ �
  = 4 – 2x 

27. 3x  + 1 = 2 3 1x2 
  

28. ��� 
  – ���
 
  = 
� 
  

29. � 
��� �  – � �� 
  – � ��� �  + � �� 
  = 0 

30. 3 x12 
  + 3 x14 �  = 2 

31. x6 
  + 2 4 )2x)(x6( 

  + 2x 
  = 2 

32. ��� �  – ��� 
  – �� �  + 
�� �  = 0 

33. ���
� 
�  = 5 – x 

34. 4 2x2 
  + 4 x26 
  = 2  

35. 4 x1 
  + 4 x15 �  = 2 

36. 3 x8 �  + 3 x8 
  = 1 

37. (�!�M��G��1�������%��� 

      1x  + 2x  = 3 

      5
1x  + 5

2x  = 33 

38. 5 x32 
  + 5 x1 �  = 3 

39. 
x
1  + 

���

�



 = 

12
35  ��� x � 0 

40. 
��

����

�
�  + 7x �  = 

1x
7
�

 

41. 5x22x 
�
  + ���
�� 
��  = 7 2  

42. 
��

��

�
 – 

�

����� �  = 1 

43. 4( ���  – 1)( ��
  + 1) = x 

44. 3 x  + 3 3x2 
  = 3 )1x(12 
  

45. 3 1x �  + 3 2x �  + 3 3x �  = 0 

46. 3 x  + 3 16x 
  = 3 8x 
  

47. (�!�
,� a �"#�-��!+�%��� ax2 �  = a – x %"M��G�� 

48. (�!�M��G��1���%��� ��  – xa 
  = a    �%�#� a ��'�(-��$�(��� 
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49. (�!�M��G��1���%��� �� �� �  = x + a    �%�#� a ��'�(-��$�(��� 

50. (�!�M��G��1���%��� 1 + �  = �� 
     �%�#� a ��'�(-��$�(��� 

51. (�!�M��G��1���%��� ax 
  = a x      �%�#� a ��'�(-��$�(��� 

52. (�!�M��G��1���%��� a4)ax( 2 ��  + a = x  �%�#� a ��'�(-��$�(��� 

53. (�!�M��G��1�������%��� 

             4 3x  + 5 3y  = 35 

            4 x  + 5 y  = 5 

54. (�!�M��G��1�������%��� 

             
 �  + 3 y  = 4 

                xy = 27 

55. (�!�M��G��1�������%���  

           x  + 2 y  = 9 

              x – 4y = 9 

56. (�!�M��G��1�������%���  

           
y
x  + 

x
y  = 

2
5  

                x + y = 10 

57. (�!�M��G��1�������%��� 

           22 y3xy4x 
�  = x + 1 

                x – y = 1 

58. (�!�
,�1��  ( 0
n2 ) – ( 2

n2 ) + ( 4
n2 ) – ( 6

n2 ) + ... + (–1) � ( n2
n2 ) 

 ���    ( 1
n2 ) – ( 3

n2 ) + ( 5
n2 ) + ... + (–1) � ( 1n2

n2

 ) 

�&
�	�� ����1"��&(��1��M��$�!���M�
,�� (
�
� ) – (

�
� ) + (

�
� ) – (

�
� ) + ...  

 !%��7�� ����$�!��������(�7��&(����)�+��1��
,� k = 0, 2, 4, ... (�7��
,� k %����)�"#%"
,�*%,���� n  

 (
�
� ) – (



� ) + (

�
� ) – (

�
� ) + ...  

 !%��7�� ����$�!��������(�7��&(����)�+��1��
,� k = 1, 3, 5, ... (�7��
,� k %����)�"#%"
,�*%,���� n  

 ���-�����)"�$��� 

 (
�
� ) + (

�
� ) + (

�
� ) + ... + (

�
� ) + ...       , k = 0, 2, 4, ...  

 (
�
� ) + (



� ) + (

�
� ) + ... + (

�
� ) + ...       , k = 1, 3, 5, ... 

 (
�
� ) + (

�
� ) + (

�
� ) + ... + (

�
� ) + ...       , k = 0, 4, 8, ... 

 !%��7�� ����$�!��������(�7�����%��)�+��1�� (
�
� ) 3)��"# k ��'�
,�%����)�"#%"
,�*%,���� n  
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59. (�!�
,�1��  (
�
� ) – (

�
� ) + (

�
� ) – (

�
� ) + ... 

 ���    (
�
� ) – (



� ) + (

�
� ) – (

�
� ) + ... 

60. (�!�
,�1��  (
�
� ) + (

�
� ) + (

�
� ) + (

��
� ) + ... 

 ���    (
�
� ) + (

�
� ) + (

�
� ) + (

�

� ) + ...  

      (
�
� ) + (

�
� ) + (

��
� ) + (

��
� ) + ... 

      (


� ) + (

�
� ) + (

��
� ) + (

��
� ) + ... 

61. (�!��2
�1�� sin nx ��� cos nx ��&(��1�� sin x ��� cos x 

62. (�!��2
�1�� tan 3x, tan 4x, tan 5x ��� tan 6x ��&(��1�� tan x 

63. �!+  n ��'�(-��$��
'%�$� ��� n � 1  

 (���)�$,� sin
�
� sin

�

�� sin
�


�  ... sin
�

���� �
  = 
���

�



 

64. �-�!�)�!+ x, y ��'�(-��$�(��� ��� n ��'�(-��$��
'%�$�  

 (�!�
,�1��  sin y + sin(y + x) + sin(y + 2x) + ... + sin(y + nx) 

 ���    cos y + cos(y + x) + cos(y + 2x) + ... + cos(y + nx) 

65. (�!�
,�1�� (
�
� ) – 3(

�
� ) + �
 (

�
� ) – 

 (

�
� )+ ... + (–1) � �
 (

��
� )  

 �%�#� 2k ��'�
,��"#%���"#��) �"#�-��!+  2k � n 

66. (�!�
,�1�� (
�
� ) + (

�
� ) + (

�
� ) + (

��
� ) + ... 

67. (�!�
,�1�� (
�
� ) + (

�
� ) + (

�
� ) + (

��
� ) + ... 

68. (�!�
,�1�� (
�
� ) + (



� ) + (

�
� ) + (

�
� ) + ... 

69. (�!�
,�1�� (
�
� ) + (

�
� ) + (

��
� ) + (

��
� ) + ... 
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1. $����%            ��  + ���� �  = 22 

�!+ k = ��  (�*)+$,�               k + ��� �  = 22 

                             ��� �  = 22 – k 

                           k + 20 = 484 – 44k + ��  

         ��  – 45k + 464 = 0 

        (k – 16)(k – 29) = 0 

�&���$,� k � 0 �&���G����� k = 16, 29 �&���G����� �� = 16, 29 

�&���$,� 29 + �����  � 22 ��� 16 + �����  = 22  

�&���G����� �� = 16, x = � 4 

2. $����%    ��� �  = 2x + 2 

       ��  + 7  = 4 ��  + 8x + 4 

     3 ��  + 8x – 3 = 0 

      (3x – 1)(x + 3) = 0 

         x = 


� , –3 

�&���$,� ��
� � �
  � 2(–3) + 2 ��� ��


�� � �   = 

�

��  = 



�  = 2(


� ) + 2  

�&���G����� x = 


�  

3. $����% 3.1 ��
  = �� 
  

�&���$,� {x � 4 – x � 0} = (–�, 4] ��� {x � x – 6 � 0} = [6, �) 

�&���G�����*%,%" x �"#�-��!+  ��
  = �� 
  

3.2  
�� �  + 
� �  = 0 

�&���$,� 
�� �  � 0 ��� 
� �  � 0  

�&���G����� 
�� �  + 
� �  = 0 �%�#� 2x + 3 = 0 ��� x + 3 = 0 

�&���G����� x = 
�



  ��� x = –3 /�#���'�*�*%,*)+ 

�&���G�����*%,%" x �"#�-��!+  
�� �  + 
� �  = 0 

4. $����% 4.1 �� 
  + �

  = 4x – 3 ��  + 1 

�&���$,�3)�%�1�� �� 
  
�� [6, �) ���3)�%�1�� �

  
�� (–�, 3] 

�&���G�����*%,%" x �"#�-��!+  �� 
  + �

  = 4x – 3 ��  + 1 

4.2  ��� �  + ����
 �
  + 2 = 0 

�&���$,� ��� �  � 0 ��� ����
 �
  � 0  

�&���G�����*%,%" x �"#�-��!+  ��� �  + ����
 �
  + 2 = 0 
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4.3  �� �  + �  = 2 

�&���$,�3)�%� �  
�� [0, �) 

�%�#� x � 0 (�*)+ �� �  � 3 �&���G�����*%,%" x �"#�-��!+  �� �  + �  = 2 

5. $����%    ��
  + 

��

�

�

 = 2 

�!+ k = ��
          k + 

�

�
�

 = 2 

           ��  + 3k + 4 = 2k + 6 

         ��  + k – 2 = 0 

        (k + 2)(k – 1) = 0 

�&���$,� k � 0 �&���G�����     k = 1 

�&���G�����           ��
  = 1 

�&���G�����          x = 1 

6. $����%    1 + �� ��� 

  = x 

         �� ��� 

  = x – 1 

         1 – �� �� 
  = ��  – 2x + 1 

            �� �� 
  = 2x – ��  

            ��  – ��  = 4 ��  – 4 
�  + ��  

         4 
�  – 5 ��  = 0 

           �� (4x – 5) = 0 

            x = 0, 
�

�  

3)�������
,����%���3(���(�*)+ x = 
�

�  ��'�M��G��1���%��� 

7. $����%      �� �  + �
�� �  = ���
 �  

         ���
 �  – �� �  = �
�� �  

    (3x + 12) + 2 ���
 � �� �  + (x + 1) = 4x + 13 

           2 ���
 � �� �  = 0 

             x = –4 !��� –1 

3)����
�$(���
-�
����� �� �  + �
�� �  = ���
 �  
,�1�� x �"#�0+*)+
�� x = –1 

8. $����%       ��� �
 
�  + ��� �
 ��  = 3         ... (1) 

( ��� �
 
�  + ��� �
 �� )( ��� �
 
�  – ��� �
 �� ) 

                 = 3( ��� �
 
�  – ��� �
 �� ) 

        ( 
�  + ��  – 1) – ( 
�  + ��  + 2) = 3( ��� �
 
�  – ��� �
 �� ) 
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         ��� �
 
�  – ��� �
 ��  = 1         ... (2) 

(1) + (2) (�*)+           2 ��� �
 
�  = 2 

              
�  + ��  – 1 = 1 

              
�  + ��  – 2 = 0 

             (x – 1)( ��  + 2x + 2) = 0 

�&���$,� ��  + 2x + 2 = (x + 1) �  + 1 � 0 �&���G����� x = 1  


�$(���
-�
��3)�������
,����%���1��3(�����+$ x = 1 �0+*)+ 

9. $����% 
��� �  – ��
  – ��� �  + �� 
  = 0 

�&���$,�3)�%�1�� ��
  
�� (–�, 2] ���3)�%�1�� �� 
  
�� [2, �) 

�&���G�����&�(�����G&�� x = 2  

�&���$,� 
����� �  – ��
  – ����� �  + ��
  = ��  – ��  = 0  

�&���G����� x = 2 ��'�M��G��1���%��� 

10. $����% $����� 1.     �� �  – �  = 1 

        (x + 5) – 2 �� � �  + x = 1 

             ����� �  = 2 + x 

              x(x + 5) = 4 + 4x + ��  

             ��  + 5x = 4 + 4x + ��  

             x = 4 

�&���$,� ���  – �  = 1 �&���G����� x = 4 ��'�M��G��1���%��� �� �  – �  = 1 

$����� 2.         �� �  – �  = 1 

             �� �  = 1 + �  

           x + 5 = 1 + 2 �  + x 

             �  = 2 

�&���G�����          x = 4 

11. $����%     ��� �  + ��� �  = ��  + 
�� �  

   (6x + 1) + 2 ��� � ��� �  + (4x + 2) = 8x + 2 �� 
�� �  + (2x + 3) 

        ��� � ��� �  = �� 
�� �  

         24 ��  + 16x + 2 = 16 ��  + 24x 

         8 ��  – 8x + 2 = 0 

         4 ��  – 4x + 1 = 0 

           (2x – 1) �  = 0 

�&���G����� x = 
�
�  
�$(�������%������#%
+���+$ x = 

�
�  �0+*)+ 
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12. $����% (��3(���  ����
 � ��  – ����
 � ��  = 1           ... (1) 


2�
��))+$� ����
 � ��  + ����
 � ��  (�*)+ 

( ����
 � ��  – ����
 � �� )( ����
 � ��  + ����
 � �� ) 

           = ����
 � ��  + ����
 � ��  

(3 ��  + 5x + 8) – (3 ��  + 5x + 1) = ����
 � ��  + ����
 � ��  

  ����
 � ��  + ����
 � ��  = 7               ... (2) 

(1) + (2) ;    2 ����
 � ��  = 8 

       3 ��  + 5x + 8 = 16 

       3 ��  + 5x – 8 = 0 

        (3x + 8)(x – 1) = 0 

           x = –


� , 1 

�&���$,� ��������
 ��  – ��������
 ��  = 1 ��� ��



����
�

���
 �
�  – ��



����
�

���
 �
�  = 1 

�&���G����� x = 1, 



�
  ��'�M��G���"#
+����� 

13. $����% (��3(��� x + �  + �� �  + ���� �  = 3           ... (1) 

(��3(���(�*)+ x � 0 ���
,�        t = �  + �� �          ... (2) 

(�*)+ ��  = x + 2 � �� �  + (x + 2) = 2x + 2 + 2 ���� �  �&���G����� t � 0 

�&���G�����         x + 1 + ���� �  = 
�

� �  

              x + ���� �  = 
�

� �  – 1          ... (3) 

(�� (1), (2) ��� (3) (�*)+     
�

� �  – 1 + t = 3 

           ��  – 2 + 2t = 6 

           ��  + 2t – 8 = 0 

            (t + 4)(t – 2) = 0 

�&���$,� t � 0 �&���G�����         t = 2 

(�� (1) (�*)+$,�         �  + �� �  = 2 

               �� �  = 2 – �  

             x + 2 = 4 – 4 �  + x 

             4 �  = 2 

                �  = 
�
�  

               x = 
�
�  
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14. $����% (��3(��� 
��
���



�  – 2

���
��
�

  = 1 

���
,�  t = 
��
���



�  � 0 (�*)+      t – 

�
�  = 1 

          ��  – t – 2 = 0 

          (t – 2)(t + 1) = 0 

�&���$,� t � 0 �&���G�����       t = 2 

            
��
���



�  = 2 

             2x + 1 = 4x – 4 

               2x = 5 

             x = 
�

�  


�$(���
-�
��3)�������
,����%��� 
��
���



�  – 2

���
��
�

  = 1 ��+$ x = 

�

�  �0+*)+ 

15. $����% (��3(��� 
��
��



�  – 

��
��

�

  = 

�


  

���
,�  t = 
��
��



�  � 0 (�*)+  t – 

�
�  = 

�


  

         2 ��  – 2 = 3t 

         2 ��  – 3t – 2 = 0 

       (2t + 1)(t – 2) = 0 

�&���$,� t � 0 �&���G�����      t = 2 

             
��
��



�  = 2 

           x + 1 = 4x – 4 

              3x = 5 

            x = 



�  


�$(���
-�
����+$&�$,� x = 



�  �0+*)+ 

16. $����% (���%���3(��� ��  – 4x + 6 = ������ � �
  

���
,�            t = ��  – 4x + 6          ... (1) 

�&���$,�         ��  – 4x + 6 = ������ � �
  

�&���G�����          t = ��  

               ��  = 2t 

           ��  – 2t = 0 

           t(t – 2) = 0 

�&���$,� t = ��  – 4x + 6 = (x – 2) �  + 2 � 0 �&���G����� t = 2 
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�&���G�����(���%��� (1) (�*)+    ��  – 4x + 6 = 2 

             ��  – 4x + 4 = 0 

              (x – 2) �  = 0 

               x = 2 

���
,�����%���  ��  – 4x + 6 = ������ � �
  ��+$ x = 2 �0+*)+ 

17. $����% (���%���3(���(�*)+ 2 ��  – 3x – 6 – 2 ��
�� � �
  = 0       ... (1) 

���
,� t = ��
�� � �
  �&���G�����        ��  = 2 ��  – 3x + 2      ... (2) 

���               2 ��  – 3x = ��  – 2 

�&���G����� (�� (1)         ��  – 2 – 6 – 2t = 0 

             ��  – 2t – 8 = 0 

              (t – 4)(t + 2) = 0 

�&���$,� t � 0 �&���G�����           t = 4  

�&���G�����(���%��� (2) (�*)+      ��
�� � �
  = 4 

             2 ��  – 3x + 2 = 16 

               2 ��  – 3x – 14 = 0 

              (2x – 7)(x + 2) = 0 

                 x = 
�

� , –2 

���
,� x = 
�

� , –2 ���%��� 2 ��  + 6 – 2 ��
�� � �
  = 3(x + 4) &�$,��0+*)+���� 2 
,�  

�&���G�����M��G��1���%���
�� x = 
�

� , –2 

18.  $����% (���%���3(��� ��
 �  + � 
 �� �  = 6 

���
,�              t = � 
 �� �              ... (1) 

           ��  = ��
 �  

�&���G�����        ��  + t = 6 

         ��  + t – 6 = 0 

        (t + 3)(t – 2) = 0 

�&���$,� t � 0 �&���G����� t = 2 

�&���G�����(�� (1) (�*)+        2 = � 
 �� �  

             16 = 
�  + 8 

             
�  = 8 

               x = 2 

�&���$,� ���  + � ���  = 4 + 2 = 6 �&���G�����M��G��1���%���
�� x = 2 
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19. $����% (���%���3(��� 3 ��  + 15x + 2 ����� ��  = 2          ... (1) 

���
,�                     t = ����� ��      ... (2) 

                   ��  = ��  + 5x + 1 

                  ��  + 5x = ��  – 1 

                  3 ��  + 15x = 3 ��  – 3 

�&���G�����(���%��� (1) (�*)+        3 ��  – 3 + 2t = 2 

                3 ��  + 2t – 5 = 0 

                (3t + 5)(t – 1) = 0 

�&���$,� t � 0 �&���G����� t = 1  

�&���G�����(���%��� (2) (�*)+         1 = ����� ��  

                  1 = ��  + 5x + 1 

               x(x + 5) = 0 

                  x = 0, –5 


�$(���3)�������
,����%��� 3 ��  + 15x + 2 ����� ��  = 2 ��+$ x = 0, –5 �0+*)+ 

20. $����% (���%���3(��� 
��

����


 �








  – 
��

��





 �

�


  = 4 

���
,� t = 
 �  �&���G����� 
�  = x  

�&���G�����       
��

��
�

�




  – 

��

�� �

�

  = 4 

        ( ��  + 1) – (t – 1) = 4 

            ��  – t – 2 = 0 

           (t – 2)(t + 1) = 0 

           t = 2, –1 

�&���$,� t = 
 �  �&���G����� x = 8, –1 

�&���$,� 
 �  + 1 = 0 �%�#� x = –1 �&���G����� x = –1 *%,��'�M��G�� 

�&���$,� 
���

������











  – 
��

���






�

  = 

��

���




  – 

��
��

�

  = 




��  – 1 = 4  

�&���G����� x = 8 ��'�M��G�� 

21. $����% $����� 1. ���
� 
��  + ����� 

�  = 5 

���
,� t = �� 
  � 0 �&���G����� ��  = x – 1 

�&���G����� x + 3 = ��  + 4 ��� x + 8 = ��  + 9 ���      ���� � ��  + ���� � 
�  = 5 

                   ����� �  + ��
�� 
  = 5 

                       t + 2 + � t – 3 � = 5 
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����� 1. t � 3   �&���G�����  � t – 3 � = t – 3 

            t + 2 + t – 3 = 5 

              t = 3 

               �� 
  = 3 

              x = 10 

	
����� 2. 0 � t � 3  �&���G�����     � t – 3 � = –t + 3 

             t + 2 – t + 3 = 5 

�&���$,�            5 = 5 

�&���G����� 0 � t � 3 �0+*)+���
,� t �&���G�����  0 � �� 
  � 3 

               0 � x – 1 � 9 

                  1 � x � 10 

�&���G�����M��G��1�� ���
� 
��  + ����� 

�  = 5 
�� x �"#
,���2,��0,$� [1, 10] 

$����� 2.            ���
� 
��  + ����� 

�  = 5 

          ��������� �
�
  + ��������� �


  = 5 

              ������ �
  + ��
��� 

  = 5 

               �� 
  + 2 + � �� 
  – 3 � = 5 

	
����� 1. 0 � �� 
  � 3  (�*)+$,�   �� 
  + 2 + (– �� 
  + 3) = 5 

                        5 = 5 

�&���G����� x ���
,��"# 0 � �� 
  � 3 ��'�M��G��*)+ 

	
����� 2. �� 
  � 3    (�*)+$,�    �� 
  + 2 + �� 
  – 3 = 5 

                    2 �� 
  = 6 

                      �� 
  = 3 

                     x = 10 

(������������"(�*)+   0 � �� 
  � 3 

        0 � x – 1 � 9 

         1 � x � 10 

�&���G����� {x � ���
� 
��  + ����� 

�  = 5} = [1, 10] 

22. $����% $����� 1. ���� 
�  – ���� 

  = 2           ... (1) 

���
,�     t = �� 
  � 0 

        ��  = x – 1 

      x = ��  + 1 

�&���G�����   ���� � ��  – ���� � 
�  = 2 

    ���� � ��  – ���� � �
  = 2 
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       ����� �  – ����� 
  = 2 

          t + 1 – � t – 1 � = 2 

	
����� 1.  0 � t – 1  (�*)+$,�       t + 1 – t + 1 = 2 

                 2 = 2 

	
����� 2.  t – 1 � 0  (�*)+$,�    t + 1 + t – 1 = 2 

                 t = 1 ��'�*�*%,*)+ 

�&���G�����      t – 1 � 0 

              t � 1 

          �� 
  � 1 

            x – 1 � 1 

              x � 2 

�&���G����� {x � ���� 
�  – ���� 

  = 2} = [2, �) 

$����� 2. �%�#� x – 1 � 0, x � 1 (�*)+$,�     ���� 
�  – ���� 

  = 2 

             �������� �
�
  – �������� �


  = 2 

                  �������� �
  – �������� 

  = 2 

                    ��  – ����� 
  = 2 

                       x – � x – 2 � = 2 

	
����� 1. x – 2 � 0     x – (–(x – 2)) = 2 

              2x – 2 = 2 

               x = 2 ��'�*�*%,*)+ 

	
����� 2. x – 2 � 0      x – (x – 2) = 2 

               2 = 2 

�&���G����� x – 2 � 0 !��� x � 2 ��'�M��G�����
,� x  

�&���G����� {x � ���� 
�  – ���� 

  = 2} = [2, �) 

23. $����% ���� ��  + ���� ��  = ����� � ��            ... (1) 

���
,�                 t = ���� ��  � 0        ... (2) 

                ��  = ��  + x + 1 

           ��  + x + 4 = ��  + 3 

          2 ��  + 2x + 9 = 2 ��  + 7 

�&���G�����(�� (1) (�*)+     
� � �  + t = ��� � �  

       ��  + 3 + 2t 
� � �  + ��  = 2 ��  + 7 

                 2t 
� � �  = 4 
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              �� ( ��  + 3) = 4 

          ��  + 3 ��  – 4 = 0 

        ( ��  + 4)( ��  – 1) = 0 

�&���$,� ��  + 4 � 0 �&���G����� ��  = 1 

�&���$,� t � 0 �&���G����� t = 1 �&���G�����(���%��� (2) (�*)+     ��  + x + 1 = 1 

                            x(x + 1) = 0 

                       x = –1, 0 


�$(���
-�
��3)�������
,����%��� (1) (�*)+$,� x = –1 ��� x = 0 ��'�M��G�� 

24. $����% ���� ��  + ���� ��  = ���
�
 � ��            ... (1) 

���
,�                        t = ���� ��  � 0        ... (2) 

                ��  = ��  + x + 2 

          ��  + x + 7 = ��  + 5 

                3 ��  + 3x + 19 = 3 ��  + 13 

�&���G�����(�� (1) (�*)+    �� � �  + t = �
�
 � �  

        ( ��  + 5) + 2t �� � �  + ��  = 3 ��  + 13 

             2t �� � �  = ��  + 8 

           4 �� ( ��  + 5) = ��  + 16 ��  + 64 

          3 ��  + 4 ��  – 64 = 0 

        (3 ��  + 16)( ��  – 4) = 0 

�&���$,� 3 ��  + 16 � 0 �&���G����� ��  = 4 

�&���$,� t � 0 �&���G����� t = 2 �&���G�����(�� (2) (�*)+    ��  + x + 2 = 4 

                  ��  + x – 2 = 0 

                 (x – 1)(x + 2) = 0 

                      x = 1, –2 


�$(���
-�
��3)�������
,����%��� (1) (�*)+$,� x = 1 ��� x = –2 ��'�M��G�� 

25. $����% ���� ��  + ���� �
  = 4              ... (1) 

���
,�     t = ��� �  � 0 

        ��  = x + 11                   ... (2) 

      x = ��  – 11 

�&���G�����    ���� � �
  + ���� � 

  = 4             ... (3) 

             4 = ���� � 
�  + ���� � 

  

��� ���� � 
�  – ���� � 

  
2����� 2 1+��(�*)+ 
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     4( ���� � 
�  – ���� � 

 ) = ( ��  + t – 11) – ( ��  – t – 11) 

             = 2t 

     2( ���� � 
�  – ���� � 

 ) = t              ... (4) 

(�� (3) ;   2( ���� � 
�  + ���� � 

 ) = 8             ... (5) 

�&���G����� (4) + (5) ;   4 ���� � 
�  = t + 8 

        16( ��  + t – 11) = ��  + 16t + 64 

           15 ��  – 240 = 0 

               ��  = 16 

(�� (2) (�*)+$,�         x + 11 = 16  

�&���G�����          x = 5  

�&���$,� ���� ��  + ���� �
  = 4 �&���G����� x = 5 ��'�M��G�� 

26. $����% �� 
  + 
� �  + 2 �
������ �
  = 4 – 2x           ... (1) 

        
� �  + 2 �
������ 

   = (4 – 2x) – �� 
   

(x + 3) + 4 3x � )3x)(1x( �
  + 4(x – 1)(x + 3) 

              = (4 – 2x) �  – 2(4 – 2x) 1x 
  + (x – 1) 

     x + 3 + 4(x + 3) 1x 
  + 4 2x  + 8x – 12 = 16 – 16x + 4 2x  – 4(2 – x) 1x 
  + x – 1 

              20 1x 
  = –24x + 24 

                5 1x 
  = –6(x – 1) 

�&���G����� x – 1 = 0 /�#�(�*)+$,� x = 1 
�$(���
-�
��3)�������
,�(�*)+ x = 1 ��'�M��G�� 

27. $����% 3x  + 1 = 2 3 1x2 
  

���
,� y = 3 1x2 
  �&���G�����       3y  = 2x – 1 

           3y  + 1 = 2x              ... (1) 

(��3(���(�*)+        3x  + 1 = 2y              ... (2) 

(2) – (1) (�*)+$,�       3x  – 3y  = 2(y – x) 

       (x – y)( 2x  + xy + 2y ) = 2(y – x) 

    (x – y)( 2x  + xy + 2y  + 2) = 0 

�&���$,�      2x  + xy + 2y  + 2 = 2x  + yx + 
4
y2  + 

�

	
 �
 + 2 

            = (x + 
�

	 ) �  + 
4
y3 2

 + 2 � 0 

�&���G�����       x – y = 0 

            x = y 

(�� (1) ;                    3x  + 1 = 2x 

           3x  – 2x + 1 = 0 
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      (x – 1)( 2x  + x – 1) = 0 

            x = 1, 
�

��� ��
  = 1, 
�

��

 , 
�

���
  


�$(������%��� 3x  + 1 = 2 3 1x2 
  ��+$�0+*)+���� 3 
,� �&���G����� x = 1, 
�

���
  ��'�M��G�� 

28. $����% (��3(���(�*)+     ��� 
  – 
� 
  = ���
 
   

     (2x – 4) – 2 ��� 
 
� 
  + (x – 3) = 3x – 11 

            –2 ��� 
 
� 
  = –4 

            ��� 
 
� 
  = 2 

             (2x – 4)(x – 3) = 4 

           2 ��  – 10x + 12 = 4 

             2 ��  – 10x + 8 = 0 

              ��  – 5x + 4 = 0 

           (x – 4)(x – 1) = 0 

                x = 1, 4 

�&���$,� ����� 
  – �����
 
  � 
�
  ��� ����� 
  – �����
 
  = 
� 
   

�&���G����� x = 4 ��'�M��G�� 

29. $����% � 
��� �  – � �� 
  – � ��� �  + � �� 
  = 0 �&���$,�3)�%�1�� � �� 
  
�� (–�, 2]  

���3)�%�1�� � �� 
  
�� [2, �) �&���G�����&�(�����G&�� x = 2  

�&���$,� � 
����� �  – � �� 
  – � ����� �  + � �� 
  = � ��  – � ��  = 0  

�&���G����� x = 2 ��'�M��G���%��� 

30. $����% 
3 x12 
  + 3 x14 �  = 2 

        32  = ( 3 x12 
  + 3 x14 � ) 
  

      8 = (12 – x) + 3( 3 x12 
 ) � 3 x14 �  + 3 3 x12 
 ( 3 x14 � ) �  + (14 + x) 

      = 26 + 3 3 x12 
 3 x14 � ( 3 x12 
  + 3 x14 � ) 

      = 26 + 3 3 x12 
 3 x14 � (2) 

     –18 = 6 3 x12 
 3 x14 �  

   3 x12 
 3 x14 �   = –3 

  (12 – x)(14 + x) = –27 

     168 – 2x – 2x  = –27 

 2x  + 2x – 195 = 0 

 (x + 15)(x – 13) = 0 

      x = –15, 13 


�$(���
-�
��3)�������
,����%��� 3 x12 
  + 3 x14 �  = 2 (�*)+ x = –15, 13 ��'�M��G�� 
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31. $����% x6 
  + 2 4 )2x)(x6( 

  + 2x 
  = 2 

�!+ u = 4 x6 
  ��� v = 4 2x 
   

�&���G����� 4u  + 4v  = 6 – x + x – 2 = 4               ... (1) 

�&���$,� x6 
  + 2 4 )2x)(x6( 

  + 2x 
  = 2  

�&���G����� 2u  + 2uv + 2v  = 2  

�&���G�����   (u + v) �  = 2 

�&���$,�(�� (1)   4 = 4u  + 4v  

       = (u + v) �  – 4uv( 2u  + 2v ) – 6 2u 2v    ... ()2���&��2(���"#!�+� 13) 

       = (u + v) �  – 4uv((u + v) �  – 2uv) – 6 2u 2v  

       = (u + v) �  – 4(u + v) � uv + 2 2u 2v  

       = 4 – 8uv + 2 2u 2v  

     2 22vu  – 8uv = 0 

     uv(uv – 4) = 0 

	
����� 1. u = 0     (�*)+  4 x6 
  = 0   �&���G����� x = 6 

	
����� 2. v = 0     (�*)+  4 2x 
  = 0   �&���G����� x = 2 

	
����� 3. uv – 4 = 0   (�*)+       uv = 4 

              4 x6 
 4 2x 
  = 4 

              (6 – x)(x –2) = 256 

                –12 + 8x – 2x  = 256 

            2x  – 8x + 268 = 0  

              (x – 4) �  + 252 = 0  *%,%"�����'�(-��$�(��� 


�$(��� x = 6, 2 ����%��� x6 
  + 2 4 )2x)(x6( 

  + 2x 
  = 2 ��+$�0+*)+  

�&���G�����M��G��1���%��� x6 
  + 2 4 )2x)(x6( 

  + 2x 
  = 2 
�� x = 2, 6 

32. $����% (��3(���(�*)+  ��� �  + 
�� �  = ��� 
  + �� �  

    (5x + 1) + 2 ��� � 
�� �  + (2x + 3) = (6x – 2) + 2 ��� 
 �� �  + (x + 6) 

             ��� � 
�� �  = ��� 
 �� �   

          (5x + 1)(2x + 3) = (6x – 2)(x + 6) 

           10 ��  + 17x + 3 = 6 ��  + 34x – 12 

              4 ��  – 17x + 15 = 0 

               (x – 3)(4x – 5) = 0 

               x = 3, 
�
�  

3)����
�$(���
-�
��(�*)+ x = 3, 
�

�  ��'�M��G��1���%��� 
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33. $����%  ���
� 
�  = 5 – x 

       31 + x – ��  = 25 – 10x + ��  

      2 ��  – 11x – 6 = 0 

      (2x + 1)(x – 6) = 0 

         x = –
�
� , 6 

�&���$,� �
�
��

�
�
� 

  = 5 – (–

�
� ) ��� 
��
� 
�  � 5 – 6  

�&���G����� x = 
�
�
  

34. $����%  4 2x2 
  + 4 x26 
  = 2  

�!+  u = 4 2x2 
  ��� v = 4 x26 
   

�&���G����� 4u  + 4v  = 2x – 2 + 6 – 2x = 4 

�&���$,� 4 2x2 
  + 4 x26 
  = 2   

�&���G����� u + v = 2  

�&���$,�  4 = 4u  + 4v  

     = (u + v) �  – 4uv( 2u  + 2v ) – 6 2u 2v      ... ()2���&��2(���"#!�+� 13) 

     = (u + v) �  – 4uv((u + v) �  – 2uv) – 6 2u 2v  

     = ( 2 ) �  – 4uv(( 2 ) �  – 2uv) – 6 2u 2v   

     = 4 – 4uv(2 – 2uv) – 6 2u 2v  

     = 4 – 8uv + 8 2u 2v  – 6 2u 2v  

�&���G�����  0 = –8uv + 2 2u 2v  

  uv(uv – 4) = 0 

	
����� 1. u = 0    (�*)+  4 2x2 
  = 0    �&���G����� x = 1 

	
����� 2. v = 0    (�*)+  4 x26 
  = 0    �&���G����� x = 3 

	
����� 3. uv = 4   (�*)+    4 2x2 
 4 x26 
  = 4 

          (2x – 2)(6 – 2x) = 256 

          (x – 1)(3 – x) = 64 

           –3 + 4x – 2x  = 64 

           2x  – 4x + 67 = 0 *%,%"�����'�(-��$�(��� 

���
,� x = 1, 3 ���%���  4 2x2 
  + 4 x26 
  = 2  ��+$�0+*)+ 

�&���G�����M��G��1���%���  4 2x2 
  + 4 x26 
  = 2  
�� x = 1, 3 

35. $����% 4 x1 
  + 4 x15 �  = 2 

�!+ u = 4 x1 
  ��� v = 4 x15 �   

�&���G����� 4u  + 4v  = 1 – x + 15 + x = 16 
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$	&��	�
 ��

�&���$,�    4 x1 
  + 4 x15 �  = 2  

�&���G�����       u + v = 2 

�&���$,�     16 = 4u  + 4v   

      = (u + v) �  – 4uv( 2u  + 2v ) – 6 2u 2v     ... ()2���&��2(���"#!�+� 13) 

      = (u + v) �  – 4uv((u + v) �  – 2uv) – 6 2u 2v  

      = 42  – 4uv( �� – 2uv) – 6 2u 2v  

�&���G�����    0 = –16uv + 2 2u 2v  

   uv(uv – 8) = 0 

	
����� 1. u = 0  (�*)+ 4 x1 
  = 0    �&���G����� x = 1 

	
����� 2. v = 0   (�*)+ 4 x15 �  = 0    �&���G����� x = –15 

	
����� 3. uv = 8  (�*)+   4 x1 
 4 x15 �  = 8 

            (1 – x)(15 + x) = 4096 

          15 – 14x – 2x  = 4096 

          2x  + 14x + 4081 = 0  

          (x + 7) �  + 4032 = 0   *%,%"�����'�(-��$�(��� 

���
,� x = 1, –15 ���%��� 4 x1 
  + 4 x15 �  = 2 ��+$�0+*)+ 

�&���G�����M��G��1���%��� 4 x1 
  + 4 x15 �  = 2 
�� x = 1, –15 

36. $����% 3 x8 �  + 3 x8 
  = 1 

�!+ u = 3 x8 �  ��� v = 3 x8 
   

�&���G����� 3u  + 3v  = 8 + x + 8 - x = 16 

�&���$,� 3 x8 �  + 3 x8 
  = 1  

�&���G����� u + v = 1 

�&���$,�      16  = 3u  + 3v  

       = (u + v) 
  – 3uv(u + v)       ... ()2���&��2(���"#!�+� 13) 

       = 31  – 3uv(1) 

       = 1 – 3uv 

�&���G�����      uv = –5 

   3 x8 � 3 x8 
  = –5 

    64 – 2x  = –125 

        2x  = 189 

       x = � 3 21  

���
,� x = � 3 21  ���%��� 3 x8 �  + 3 x8 
  = 1 ��+$�0+*)+ 

�&���G�����M��G��1���%��� 3 x8 �  + 3 x8 
  = 1 
�� x = � 3 21  
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37. $����%   1x  + 2x  = 3                 ... (1) 

      5
1x  + 5

2x  = 33                 ... (2) 

�!+     1�  = 1x  + 2x  = 3 , 2�  = 1x 2x   

���    ks  = k
1x  + k

2x            �%�#� k = 1, 2, ... 

�&���$,�     33 = 5
1x  + 5

2x   

     = 5s   

     = 5
1�  – 5 3

1� 2�  + 5 1�
2
2�          ... ()2���&��2(���"#!�+� 13) 

       33 = 53  – 5( 33 ) 2�  + 5(3) 2
2�  

     = 243 – 135 2�  + 15 2
2�  

�&���G�����      15 2
2�  – 135 2�  + 210 = 0 

          2
2�  – 9 2�  + 14 = 0 

         ( 2�  – 7)( 2�  – 2) = 0 

              2�  = 2, 7 

              1x 2x  = 2, 7 

	
����� 1. 1x 2x  = 7  

   �&���$,� 1x  + 2x  = 3 �&���G�����     1x  + 
1x
7  = 3 

             2
1x  – 3 1x  + 7 = 0 

            ( 1x  – 
�

 ) �  + 

�
��  = 0 ��'�*�*%,*)+ 

	
����� 2. 1x 2x  = 2  

   �&���$,� 1x  + 2x  = 3 �&���G�����     1x  + 
1x
2  = 3 

             2
1x  – 3 1x  + 2 = 0 

           ( 1x  – 2)( 1x  – 1) = 0 

                   1x  = 2, 1 

���                  2x  = 1, 2 

�&���G����� ( 1x , 2x ) = (2, 1), (1, 2) 

38. $����% 5 x32 
  + 5 x1 �  = 3 

�!+ u = 5 x32 
  ��� v = 5 x1 �   

�&���G����� 5u  + 5v  = (32 – x) + (1 + x) = 33 

�&���$,� 5 x32 
  + 5 x1 �  = 3  

�&���G����� u + v = 3 

�&���$,� u + v = 3 ��� 5u  + 5v  = 33  

�&���G����� u = 2, v = 1 !��� u = 1, v = 2        ... ()2���!�M��G���"#1+� 37.) 
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����� 1.      v = 1 

        5 x1 �  = 1 

      1 + x = 1 

        x = 0 

	
����� 2.      v = 2 

       5 x1 �  = 2 

      1 + x = 32 

        x = 31 

���
,� x = 0, 31 ���%��� 5 x32 
  + 5 x1 �  = 3 ��+$�0+*)+ 

�&���G�����M��G��1���%��� 5 x32 
  + 5 x1 �  = 3 
�� x = 0, 31 

39. $����% 
x
1  + 

���

�



 = 

12
35  ��� x � 0 

���
,�       u = 
�
� ,         v = 

���

�



 

         2u  = 
��

� ,            2v  = 
���

�



 

         2x  = 
��

� ,       1 – 2x  = 
��

�  

�&���G����� 
2u
1  + 

��

�  = 1 ��� 2u  + 2v  = �� ��              ... (1) 

�&���$,� 
x
1  + 

���

�



 = 

12
35  �&���G�����   u + v = 

��

�  

            2u  + 2uv + 2v  = (
12
35 ) �  = 

���
����  

               2u 2v  + 2uv = 
���
����        ... ((�� (1)) 

        144 2u 2v  + 288uv – 1225 = 0 

           (12uv + 49)(12uv – 25) = 0 

                 uv = –
12
49 , 

12
25  

�&���$,� u = 
�
�  ��� v = 

���

�



 ��� x � 0 �&���G����� uv = 

12
25  

�&���G�����    (
�
� )(

���

�



) = 

12
25  

            x ���
  = 
25
12  

          2x (1 – 2x ) = 
625
144  

        4x  – 2x  + 
625
144  = 0 

    625 ��  – 625 2x  + 144 = 0 

      (25 2x  – 16)(25 2x  – 9) = 0 
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 (5x – 4)(5x + 4)(5x – 3)(5x + 3) = 0 

�&���$,� 0 � x � 1 �&���G����� x = 
5
4 , 

5
3  

���
,� x = 
5
4 , 

5
3  ���%��� 

x
1  + 

���

�



 = 

12
35  ��+$�0+*)+ 

�&���G�����M��G��1���%��� 
x
1  + 

���

�



 = 

12
35  
�� x = 

5
4 , 

5
3  

40. $����%      
��

����

�
�  + 7x �  = 

1x
7
�

 

        ���� �  + �������� ��  = 7 

         x8x2 �  + 7x8x2 ��  = 7             ... (1) 

���
,�                t = x8x2 �  � 0 

               2t  = 2x  + 8x           ... (2) 

            2t  + 7 = 2x  + 8x + 7 

�&���G�����(�� (1)     t + 7t2 �  = 7 

           7t2 �  = 7 – t 

            2t  + 7 = 49 – 14t + 2t  

             14t = 42 

             t = 3 

              2t  = 9 

�&���G�����(�� (2) (�*)+$,�    2x  + 8x = 9 

            2x  + 8x – 9 = 0 

        (x + 9)(x – 1) = 0 

             x = –9, 1 

���
,� x = –9, 1 ���%��� 
1x
x8x2

�
�  + 7x �  = 

1x
7
�

 ��+$�0+*)+�G&�� x = 1 ��,����� 

�&���G�����M��G��1���%��� 
1x
x8x2

�
�  + 7x �  = 

1x
7
�

 
�� x = 1 

41. $����%    5x22x 
�
  + ���
�� 
��  = 7 2          ... (1) 

���
,�               t = ��� 
  � 0        ... (2) 

�&���G�����               2t  = 2x – 5 

                  2x = 2t  + 5 

                x = 
�

�� � �  = 
2
t2  + 

�

�  

�&���G����� x – 2 = 
2
t2  + 

2
1  ��� x + 2 = 

�
��  + 

�

�              ... (3) 
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(�� (1), (2) ��� (3) (�*)+$,�    �
�
�

�
�� ��  + �


�
�

�
�� ��  = 7 �  

            ���� � ��  + 9t6t2 ��  = 14 

             ����� �  + ��
�� �  = 14 

              (t + 1) + (t + 3) = 14 

                  t = 5 

�&���G�����             5x2 
  = 5 

                 2x – 5 = 25 

�&���G�����               x = 15 

���
,� x = 15 ���%��� (1) ��+$�0+*)+ 

�&���G�����M��G��1���%��� 5x22x 
�
  + ���
�� 
��  = 7 2  
�� x = 15 

42. $����% 
��

��

�
 – 

�

����� �  = 1                 ... (1) 

���
,�                 t = 
��

��

�
 � 0      ... (2) 

                    2t  = 
��
��
�

 

                   
4
t2  = 

�����

�

�
 

                   
2t
4  = 

�

����� �  

                    
t
2  = 

�

����� �       ... (3) 

(�� (1), (2) ��� (3) (�*)+            t – 
t
2  = 1 

               2t  – t – 2 = 0 

              (t – 2)(t + 1) = 0 

�&���$,� t � 0 �&���G�����               t = 2 

                  4 = 
��
��
�

 

                  4x + 4 = 2x 

                  x = –2 

���
,� x = –2 ���%��� (1) ��+$�0+*)+ 

�&���G�����M��G��1���%��� 
��

��

�
 – 

�

����� �  = 1 
�� x = –2 

43. $����% 4( ���  – 1)( ��
  + 1) = x              ... (1) 

�&���$,� 1 + x � 0 ��� 1 – x � 0 �&���G����� –1 � x � 1 

���
,�  u = ���  ��� v = ��
   

�&���G����� 0 � u � 2  ��� 0 � v � 2  ��� 2u  = 1 + x , 2v  = 1 – x 
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�&���G�����  2u  + 2v  = 1 + x + 1 – x = 2 

     ��  – ��  = (1 + x) – (1 – x) = 2x 

2(1) ;            8( ���  – 1)( ��
  + 1) = 2x 

                8(u – 1)(v + 1) = 2u  – 2v  

              8(uv + u – v – 1) = 2u  – 2v      ... (2) 

�&���$,� (u – v) �  = 2u  – 2uv + 2v  = 2u  + 2v  – 2uv = 2 – 2uv  

�&���G����� 2uv = 2 – (u – v) �  

�&���G�����(�� (2) ;    4(2uv) + 8(u – v) – 8 = 2u  – 2v  

      4(2 – (u – v) � ) + 8(u – v) – 8 = (u + v)(u – v) 

   –4(u – v) �  + 8(u – v) – (u + v)(u – v) = 0 

    (u – v)(8 – 4(u – v) – (u + v)) = 0 

       (u – v)(8 – 5u + 3v) = 0 

	
����� 1. u – v = 0    ���  = ��
  

        1 + x = 1 – x 

          x = 0 

	
����� 1. 8 – 5u + 3v = 0  (�*)+$,� 5u – 3v = 8             ... (3) 

�&���$,� 0 � u � 2 , 0 � v � 2   

�&���G����� 0 � 5u � 5 2  , –3 2 � –3v � 0 

�&���G�����(���%��� (3) (�*)+$,� 8 = 5u – 3v � 5 2  � 8 1�)��+����  

�&���G����� x = 0 ��'�
-�
���)"�$��,����� 

44. $����%   3 x  + 3 3x2 
  = 3 )1x(12 
              ... (1) 

         3 )1x(12 
  = 3 x  + 3 3x2 
  

�&���G�����         12(x – 1) = ( 3 x  + 3 3x2 
 ) 
   

           = x + 3( 3 x ) � ( 3 3x2 
 ) + 3 3 x ( 3 3x2 
 ) �  + (2x – 3) 

           = 3x – 3 + 3 3 x 3 3x2 
 ( 3 x  + 3 3x2 
 ) 

        9(x – 1) = 3 3 x 3 3x2 
 3 )1x(12 
  

        3(x – 1) = 3 x 3 3x2 
 3 )1x(12 
  

          27(x – 1) 
  = x(2x – 3)(12(x – 1)) 

    27(x – 1) 
  – x(2x – 3)(12(x – 1)) = 0 

       (x – 1)(27(x – 1) �  – 12x(2x – 3)) = 0 

    (x – 1)(27 2x  – 54x + 27 – 24 2x  + 36x) = 0 

        (x – 1)(3 2x  – 18x + 27) = 0 

          (x – 1)( 2x  – 6x + 9) = 0 



����� 1 ������	�
$	&��	�
 ��

          (x – 1)(x – 3) �  = 0 

              x = 1, 3 

���
,� x = 1, 3 ���%��� (1) ��+$�0+*)+ 

�&���G�����M��G��1���%���    3 x  + 3 3x2 
  = 3 )1x(12 
  
�� x = 1, 3 

45. $����%    3 1x �  + 3 2x �  + 3 3x �  = 0            ... (1) 

�&���G�����         – 3 3x �  = 3 1x �  + 3 2x �  

             (– 3 3x � ) 
  = ( 3 1x �  + 3 2x � ) 
  

         –(x + 3) = (x + 1) + 3( 3 1x � ) � 3 2x �  + 3 3 1x � ( 3 2x � ) �  + (x + 2) 

          –3x – 6 = 3 3 1x � 3 2x � ( 3 1x �  + 3 2x � ) 

        –x – 2 = 3 1x � 3 2x � (– 3 3x � ) 

          x + 2 = 3 1x � 3 2x � 3 3x �  

         (x + 2) 
  = (x + 1)(x + 2)(x + 3) 

    (x + 2)((x + 2) �  – (x + 1)(x + 3)) = 0 

  (x + 2)( 2x  + 4x + 4 – 2x  – 4x – 3) = 0 

           x + 2 = 0 

             x = –2 

���
,� x = –2 ���%��� (1) ��+$�0+*)+ 

�&���G�����M��G��1���%���  3 1x �  + 3 2x �  + 3 3x �  = 0 
�� x = –2 

46. $����%     3 x  + 3 16x 
  = 3 8x 
              ... (1) 

�&���G�����       x – 8 = ( 3 x  + 3 16x 
 ) 
  

            = x + 3( 3 x ) � 3 16x 
  + 3 3 x ( 3 16x 
 ) �  + (x – 16) 

            = 2x – 16 + 3 3 x 3 16x 
 ( 3 x  + 3 16x 
 ) 

            = 2x – 16 + 3 3 x 3 16x 
 3 8x 
  

           –x + 8 = 3 3 x 3 16x 
 3 8x 
  

           (–x + 8) 
  = 27x(x – 16)(x – 8) 

   27x(x – 16)(x – 8) + (x – 8) 
  = 0 

   (x – 8)(27x(x – 16) + (x – 8) � ) = 0 

(x – 8)(27 2x  – 432x + 2x  – 16x + 64) = 0 

    (x – 8)(28 2x  – 448x + 64) = 0 

     (x – 8)(7 2x  – 112x + 16) = 0 

�&���G�����           x = 8, 
����

���������������� 
�
 

             = 8, 
��
�������� �   



����� 1 ������	�
$	&��	�
 ���

             = 8, 
��

������� �   

             = 8, 8 � 
�

����  

���
,� x = 8, 8 � 
�

����  ���%��� (1) ��+$�0+*)+ 

�&���G�����M��G��1���%��� 3 x  + 3 16x 
  = 3 8x 
  
�� x = 8, 8 � 
�

����  

47. $����%    ��� �  = a – x                ... (1) 

        2x  + a = 2a  – 2ax + 2x  

      2a  – 2ax – a = 0 

         2ax = a(a – 1) 

	
����� 1. a = 0    (�*)+���#��*1 2ax = a(a – 1) ��'�(������
,� x 

       (�� (1) (�*)+   ��  = –x 

               � x � = –x 

       �&���G����� x � 0 

	
����� 2. a � 0   (�*)+$,� x = 
�

�� 
  

       �&���$,� ��
�

��� � �
  = 
�

������ � ��
  = 
�

���� ��  = 
�

�� 

 �  

       ��� a – x = a – 
2
1a 
  = 

2
1a �  

       (���%��� (1) (�*)+$,� 
�

�� 

 �  = 
2
1a �  

       �&���G�����    a + 1 � 0 

              a � –1 

�&���G����� ax2 �  = a – x %"M��G�� x = 
2
1a 
  �%�#� a � [–1, 0) � (0, �) 

(������ 2 ���"����*)+$,� �%��� ��� �  = a – x %"M��G��
�%���#��*11�� a )���"�  

   1.  a � (–�, –1)    *%,%"M��G�� 

   2.  a � [–1, 0) � (0, �)  M��G�� x = 
2
1a 
  

   3.  a = 0       x � 0 ��'�M��G�����
,� 

48. $����% �&���$,� a – x � 0 �&���G����� a � x              ... (1) 

�&���$,�            xa 
  = 2x  – a 

�&���G�����           2x  – a � 0 

                2x  � a            ... (2) 

�&���G�����(�� (1) ��� (2) (�*)+$,�    x � a � 2x            ... (3) 

�&���$,�            2x  – �� 
  = a 



����� 1 ������	�
$	&��	�
 �


�&���G�����    4x  – 2 2x �� 
  + (a – x) = 2a  

        4x  – 2 2x ( 2x  – a) + (a – x) = 2a     (�&���$,� xa 
  = 2x  – a) 

        4x  – 2 4x  + 2a 2x  + a – x = 2a  

        2a  – (2 2x  + 1)a + ( 4x  + x) = 0 

               a = 
����

������������������ ���� �
���
  

�&���$,�       (2 ��  + 1) �  – 4(1)( 4x  + x) = 4 4x  + 4 2x  + 1 – 4 4x  – 4x 

               = 4 2x  – 4x + 1 

               = (2x - 1) �  

�&���G�����            a = 
�

���������� �� 
��
 

               a = 
�

���������� � 
�� , 
�

���������� � 

�   

               = 2x  + x , 2x  – x + 1 

	
����� 1.   a = 2x  + x 

    �&���$,� a � 2x  �&���G����� a – 2x  � 0 

    �&���$,� x = a – 2x  �&���G����� x � 0            ... (4) 

    �&���$,� 2x  – x – a = 0                 ... (5) 

    �&���G����� x = 
�

���� ��
          �%�#� 1 + 4a � 0 !��� a � –
�
�  

 	
����� 1.1 x = 
�

���� ��
  �%�#� a � [–
�
� , 0] 

 �������! 7+� a � 0 (��-��!+  x � 0 1�)��+���� x � 0 (�� (4) 

 	
����� 1.2 x = 
�

���� �

  �%�#� a � –
�
�  

	
����� 2.  a = 2x  – x + 1  �&���G����� –x + 1 = a - 2x  

    �&���$,�(�� (2)        a � 2x  

            a – 2x  � 0 

            –x + 1 � 0 

             x � 1 

�&���G�����(�� (3) (�*)+ a � 1 

&�(�����%���   2x  – x + (1 – a) = 0           �%�#� a � 1 

            x = 
�

���������� 

�
 = 

�


��� 
�    �%�#� 4a – 3 � 0 

�&���$,� x � 1 �&���G����� x = 
�


��� 
�  ��,����� 

����M��G��
�%���"
,�� J 1��
,� a (���%��� 2x  – xa 
  = a 
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