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   X   

 Riemann's condition for integral, Mean value  

theorem for integral, The First fundamental theorem of calculus, The Second fundamental theorem of  

calculus 

5.1  

 5.1.1  [a, b]  P = { , , , ... ,  }    

(partition)  [a, b]  a =       ...   = b  

 P  Q  [a, b]  P  Q  

  Q  P (Q is a refinement of P) 

 Q  P 

   P = { 0, , , , 1 }  [0, 1] 

     Q = { 0,  , , , , , , 1 }  [0, 1] 

     T = {   i = 0, 1, 2, ... , 100 }  [0, 1] 

 Q  P  T  P 
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 (Upper sum)  (Lower sum)  (Riemann sum) 

 f : [a, b]  R  [a, b]  

 P = { , , , ... ,  }  [a, b] 

 [ , ], [ , ], ... , [ , ]  [a, b] 

 f  [a, b]  f  [ , ]  i = 1, 2, ... , n  

 sup { f(x)  x  [ , ] }   inf { f(x)  x  [ , ] }   i = 1, 2, ... , n  

 f  [a, b]  sup { f(x)  x  [a, b] }   inf { f(x)  x  [a, b] }  

 M = sup { f(x)  x  [a, b] }  m = inf { f(x)  x  [a, b] }  m  f(x)  M  x  [a, b] 

 5.1.2  f : [a, b]  R  [a, b]  P = { , , , ... ,  } 

 [a, b]  i  { 1, 2, 3, ... , n } 

  = sup { f(x)  x  [ , ] },  = inf { f(x)  x  [ , ] }   =  -  

U(f, P) =    f  P (upper sum of f with respect to P) 

L(f, P) =    f  P (lower sum of f with respect to P) 

   [ , ]  i  { 1, 2, ... , n }  R(f, P, { , , ... ,  }) = f( )   

R(f, P, { , , ... ,  })   f  P  , , ... ,  

 R(f, P)  C  R(f, P, { , , ... ,  })   

  [ , ]  i  { 1, 2, ... , n } 

 U(f, P), L(f, P)  The upper and lower darboux sum   

Gaston Darboux (14 August 1842 - 23 February 1917)  

 5.1.1  f : [a, b]  R  [a, b]         ... (1) 

 P = { , , , ... ,  }  [a, b]            ... (2) 

 M = sup { f(x)  x  [a, b] }  m = inf { f(x)  x  [a, b] }          ... (3) 

  1. m(b - a)  L(f, P)  U(f, P)  M(b - a) 

  2.    [ , ]  i  { 1, 2, ... , n }  L(f, P)  R(f, P, { , , ... ,  })  U(f, P) 

  3. L(f, P)  R(f, P)  U(f, P) 

  i  { 1, 2, ... , n } 

  =  - ,  = sup { f(x)  x  [ , ] }   = inf { f(x)  x  [ , ] }  ... (4) 

 [ , ]  [a, b]  m      M  i = 1, 2, 3, ... , n     ... (5) 

 L(f, P) =    = U(f, P)          ... (6) 
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 = (  - ) + (  - ) + (  - ) + ... + (  - ) =  -  = b - a  ... (7) 

   U(f, P) =  

     M           (  (5)) 

    = M  = M(b - a)      (  (7))        ... (8) 

   L(f, P) =   

     m           (  (5)) 

    = m  = m(b - a)      (  (7))        ... (9) 

 (6), (8)  (9)  m(b - a)  L(f, P)  U(f, P)  M(b - a) 

   [ , ]  i  { 1, 2, 3, ... , n }               ... (10) 

 (4)  (5)         f( )        i = 1, 2, 3, ... , n 

           f( )        i = 1, 2, 3, ... , n 

         f( )    

         L(f, P)  f( )   U(f, P) 

 L(f, P)  R(f, P, { , , ... ,  })  U(f, P) 

 (10)      [ , ]  i  { 1, 2, 3, ... , n } 

 L(f, P)  R(f, P)  U(f, P)                    

 5.1.2  f : [a, b]  R  [a, b]         ... (1) 

 { a, b }  [a, b]  { a, c, b }  [a, b]        ... (2) 

 L(f, { a, b })  L(f, { a, c, b })  U(f, { a, c, b })  U(f, { a, b }) 

  
 

 

 

 

 

 

 

 

 

 

 5.1.1 
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 m = inf { f(x)  x  [a, b] },  = inf { f(x)  x  [a, c] }   = inf { f(x)  x  [c, b] }  ... (3) 

 M = sup { f(x)  x  [a, b] },  = sup { f(x)  x  [a, c] }   = sup { f(x)  x  [c, b] } ... (4) 

 m      M  m      M           ... (5) 

        L(f, { a, b }) = m(b - a) 

          L(f, { a, c, b }) = (c - a) + (b - c) 

         m(c - a) + m(b - c)        (  (5)) 

        = m(b - a) 

 L(f, { a, b })  L(f, { a, c, b })                ... (6) 
 

 

 

 

 

 

 

 

 

 

 

 5.1.2 

        U(f, { a, b }) = M(b - a) 

          U(f, { a, ,c, b }) = (c - a) + (b - c) 

         M(c - a) + M(b - c)        (  (5)) 

        = M(b - a) 

        = U(f, { a, b }) 

 U(f, { a, c, b })  U(f, { a, b })                 ... (7) 

 5.1.1  L(f, { a, ,c, b })  U(f, { a, c, b })           ... (8) 

 (6), (7)  (8)  L(f, { a, b })  L(f, { a, c, b })  U(f, { a, c, b })  U(f, { a, b })     

 5.1.3  f : [a, b]  R  [a, b]         ... (1) 

 P = { , , , ... ,  }  [a, b]            ... (2) 

   [a, b] - P                      ... (3) 

 L(f, P)  L(f, P  {  })  U(f, P  {  })  U(f, P) 

   =  -   i = 1, 2, ... , n 

 a =       ...   = b    [a, b] - { , , , ... ,  }    ... (4) 

 k  { 1, 2, 3, ... , n }                 ... (5) 

 [ , ]  [ , ], [ , ]  [ , ],  -   0  

  -   0                      ... (6) 

  = inf { f(x)  x  [ , ] } 
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 5.1.3 

  = inf { f(x)  x  [ , ] }   = inf { f(x)  x  [ , ] }        ... (7) 

 [ , ]  [ , ]  [ , ]  [ , ]        (  (6)) 

   = inf { f(x)  x  [ , ] }  inf { f(x)  x  [ , ] } =     ... (8) 

     = inf { f(x)  x  [ , ] }  inf { f(x)  x  [ , ] } =       ... (9) 

   ,   ,  -   0   -   0         ... (10) 

  L(f, P) =  =  +  +   

   L(f, P  {  }) =  + (  - ) + (  - ) +  

 L(f, P  {  }) - L(f, P) = (  - ) + (  - ) -   

           (  - ) + (  - ) -   (  (10)) 

          = (  - ) -  

          =  -  

          = 0 

 L(f, P)  L(f, P  {  })                 ... (11) 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 5.1.4 
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  = sup { f(x)  x  [ , ] } 

  = sup { f(x)  x  [ , ] }   = sup { f(x)  x  [ , ] } 

 [ , ]  [ , ]  [ , ]  [ , ]        (  (6)) 

    = sup { f(x)  x  [ , ] }  sup { f(x)  x  [ , ] } =    ... (12) 

     = sup { f(x)  x  [ , ] }  sup { f(x)  x  [ , ] } =      ... (13) 

   ,   ,  -   0   -   0         ... (14) 

  U(f, P) =  =  +  +   

   U(f, P  {  }) =  + (  - ) + (  - ) +  

 U(f, P  {  }) - U(f, P) = (  - ) + (  - ) -   

           (  - ) + (  - ) -   (  (14)) 

          = (  - ) -  

          =  -  

          = 0 

 U(f, P  {  })  U(f, P)                 ... (15) 

 5.1.1  L(f, P  {  })  U(f, P  {  })            ... (16) 

 (11), (15)  (16)  L(f, P)  L(f, P  {  })  U(f, P  {  })  U(f, P)       

 5.1.4  f : [a, b]  R  [a, b]           ... (1) 

 P, Q  [a, b]  P  Q               ... (2) 

 L(f, P)  L(f, Q)  U(f, Q)  U(f, P) 

  5.1.1  L(f, Q)  U(f, Q)              ... (3) 

 Q - P   

 1  Q - P = { , , , ... ,  }  Q = P  { ,  , ... ,  }  ... (4) 

  L(f, P)  L(f, P  {  })          (  5.1.3) 

    L(f, (P  {  })  {  })        (  5.1.3) 

   = L(f, P  { ,  }) 

    L(f, (P  { ,  })  {  })     (  5.1.3) 

   = L(f, P  { , ,  }) 

   : 

    L(f, P  { , , , ... ,  }) 

   = L(f, Q)            (  (4)) 

 L(f, P)  L(f, Q)                   ... (5) 
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  U(f, P)  U(f, P  {  })          (  5.1.3) 

    U(f, (P  {  })  {  })        (  5.1.3) 

   = U(f, P  { ,  }) 

    U(f, (P  { ,  })  {  })     (  5.1.3) 

   = U(f, P  { , ,  }) 

   : 

    U(f, P  { , , , ... ,  }) 

   = U(f, Q)            (  (4)) 

 U(f, Q)  U(f, P)                   ... (6) 

 (3), (5)  (6)  L(f, P)  L(f, Q)  U(f, Q)  U(f, P) 

 2  P = { , , , ... ,  }  [a, b] 

 i  { 1, 2, 3, ... , n }  

  = inf { f(x)  x  [ , ] }   = sup { f(x)  x  [ , ] } 

 [ , ]  Q = { , , ... , ,  } 

  =     ...     =  

   ( , )  Q =    = 1   =    =  

     ( , )  Q      2 

  = inf { f(x)  x  [ , ] }  j = 1, 2, ... ,  

   = inf { f(x)  x  [ , ] }  inf { f(x)  x  [ , ] } =  

     = inf { f(x)  x  [ , ] }  inf { f(x)  x  [ , ] } =  

    : 

     = inf { f(x)  x  [ , ] }  inf { f(x)  x  [ , ] } =  

  = sup { f(x)  x  [ , ] }  j = 1, 2, ... ,  

   = sup { f(x)  x  [ , ] }  sup { f(x)  x  [ , ] } =  

     = sup { f(x)  x  [ , ] }  sup { f(x)  x  [ , ] } =  

    : 

     = sup { f(x)  x  [ , ] }  sup { f(x)  x  [ , ] } =  

         j = 1, 2, ... ,    i = 1, 2, ... , n   ... (7) 

 i  { 1, 2, 3, ... , n } 

 (  - ) = (  - ) 

    = (  -  +  - ... -  +  -  +  - ) 
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    = ((  - ) + ... + (  - ) + (  - )) 

    = (  - ) + ... + (  - ) + (  - )) 

     (  - ) + ... + (  - ) + (  - )  (  (7)) 

 (  - )  (  - ) + ... + (  - ) + (  - ) 

 i  { 1, 2, 3, ... , n } 

  

  (  - )  ( (  - ) + ... + (  - ) + (  - )) 

       L(f, P)  ( (  - ) + ... + (  - ) + (  - )) 

 Q = { { , , ... , ,  } } 

 L(f, Q) = ( (  - ) + ... + (  - ) + (  - )) 

 L(f, P)  L(f, Q)                   ... (8) 

 i  { 1, 2, 3, ... , n } 

 (  - ) = (  - ) 

    = (  -  +  - ... -  +  -  +  - ) 

    = ((  - ) + ... + (  - ) + (  - )) 

    = (  - ) + ... + (  - ) + (  - ) 

     (  - ) + ... + (  - ) + (  - )  (  (7)) 

 (  - )  (  - ) + ... + (  - ) + (  - ) 

 i  { 1, 2, 3, ... , n } 

  

  (  - )  ( (  - ) + ... + (  - ) + (  - )) 

      U(f, P)  ( (  - ) + ... + (  - ) + (  - )) 

 Q = { { , , ... , ,  } } 

 U(f, Q) = ( (  - ) + ... + (  - ) + (  - )) 

 U(f, P)  U(f, Q)                   ... (9) 

 (3), (8)  (9)  L(f, P)  L(f, Q)  U(f, Q)  U(f, P)            
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 5.1.3  f : [a, b]  R  [a, b]  5.1.1   

{ U(f, P)  P  [a, b] }  { L(f, P)  P  [a, b] }  

   U( f ) = inf { U(f, P)  P  [a, b] } 

  U( f )   (upper integral)  f  [a, b] 

   L( f ) = sup { L(f, P)  P  [a, b] } 

  L( f )   (lower integral)  f  [a, b] 

 L( f ) = U( f )  f  [a, b] ( f is Riemann integrable on [a, b] ) 

 f  [a, b]  L( f ) = U( f )      

 L( f ) =  = U( f ) 

  = -    = 0 

   f  [a, b] (definite integral of f on [a, b]) 

f    x   

a   (lower limit)  b   (upper limit)   

      

 5.1.1  b  0  f : [0, b]  R  f(x) = x  f 

  n  N   =   i = 0, 1, 2, ... , n            ... (1) 

  =   i = 1, 2, ... , n               ... (2) 

  = {  = 0,  = ,  = , ...  = , ... ,  = b }  [0, b] 

L(f, ) = inf { f(x)  x  [ , ] }  

 = f( )( ) = f( )         (f(x) = x ) 

 =  =  = (i - 1) = ( ) = (1 - )   

 0  L(f, )    L(f, ) = (1 - ) =      ... (3) 

 (L(f, ))  = ( (1 - ))   

 L(f, ) = sup { L(f, )  n = 1, 2, 3, ... }   (  2.4.1)   ... (4) 
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 (3)  (4)  sup { L(f, )  n = 1, 2, 3, ... } =            ... (5) 

 { L(f, )  n = 1, 2, 3, ... }  { L(f, P)  P  [0, b] } 

 sup { L(f, )  n = 1, 2, 3, ... }  sup { L(f, P)  P  [0, b] } = L( f ) ... (6) 

 (5)  (6)    L( f )                  ... (7) 

U(f, ) = sup { f(x)  x  [ , ] }  

 = f( )( ) = f( )          (f(x) = x ) 

 =  =  = i = ( ) = (1 + )  (1 + 1) =  

 0  U(f, )    U(f, ) = (1 + ) =        ... (8) 

 (U(f, ))  = ( (1 + ))   

 U(f, ) = inf { U(f, )  n = 1, 2, 3, ... }   (  2.4.1)   ... (9) 

 (8)  (9)   = inf { U(f, )  n = 1, 2, 3, ... }           ... (10) 

 { U(f, )  n = 1, 2, 3, ... }  { U(f, P)  P  [0, b] } 

 inf { U(f, )  n = 1, 2, 3, ... }  inf { U(f, P)  P  [0, b] } = U( f ) ... (11) 

 (10)  (11)  U( f )                   ... (12) 

   L( f )  U( f )            (  (7)  (12)) 

 L( f ) =  = U( f ) 

 f = x dx =                      

 5.1.2  b  0  f : [0, b]  R  f(x) =   f 

  n  N   =   i = 0, 1, 2, ... , n            ... (1) 

  =   i = 1, 2, ... , n               ... (2) 

  = {  = 0,  = ,  = , ...  = , ... ,  =  }  [0, b] 

L(f, ) = inf { f(x)  x  [ , ] }  

 = f( )( ) = f( ) =      (f(x) =  ) 
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 = ( )  =  = ( ) = (1 - )(2 - )   

 0  L(f, )    L(f, ) = (1 - )(2 - ) =    ... (3) 

 (L(f, ))  = ( (1 - )(2 - ))   

 L(f, ) = sup { L(f, )  n = 1, 2, 3, ... }   (  2.4.1)   ... (4) 

 (3)  (4)  sup { L(f, )  n = 1, 2, 3, ... } =            ... (5) 

 { L(f, )  n = 1, 2, 3, ... }  { L(f, P)  P  [0, b] } 

 sup { L(f, )  n = 1, 2, 3, ... }  sup { L(f, P)  P  [0, b] } = L( f ) ... (6) 

 (5)  (6)    L( f )                  ... (7) 

U(f, ) = sup { f(x)  x  [ , ] }  

 = f( )( ) = f( ) =         (f(x) =  ) 

 = ( )  =  = ( )  

 = (1 + )(2 + )  

  (1 + 1)(2 + 1) =  

 0  U(f, )    U(f, ) = (1 + )(2 + ) =    ... (8) 

 (U(f, ))  = ( (1 + )(2 + ))   

 U(f, ) = inf { U(f, )  n = 1, 2, 3, ... }   (  2.4.1)   ... (9) 

 (8)  (9)   = inf { U(f, )  n = 1, 2, 3, ... }           ... (10) 

 { U(f, )  n = 1, 2, 3, ... }  { U(f, P)  P  [0, b] } 

 inf { U(f, )  n = 1, 2, 3, ... }  inf { U(f, P)  P  [0, b] } = U( f ) ... (11) 

 (10)  (11)  U( f )                   ... (12) 

   L( f )  U( f )            (  (7)  (12)) 

 L( f ) =  = U( f ) 

  =  dx =                     
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 5.1.5  f : [a, b]  R  [a, b]  P, Q  [a, b] 

 L(f, P)  U(f, Q) 

     L(f, P)  L(f, P  Q)        (  5.1.4  P  P  Q) 

       U(f, P  Q)       (  5.1.1) 

       U(f, Q)        (  5.1.4  Q  P  Q)     

 5.1.6  f : [a, b]  R  [a, b]         ... (1) 

  1. L( f )  U( f ) 

  2.  f  [a, b]  L(f, P)    U(f, P)  P  [a, b] 

  S = { L(f, P)  P  [a, b] }              ... (2) 

 sup S = sup { L(f, P)  P  [a, b] } = L( f )        ... (3) 

 Q  [a, b] 

  L(f, P)  U(f, Q)  P  [a, b]     (  5.1.5) 

  U(f, Q)  { L(f, P)  P  [a, b] } 

  U(f, Q)  S  sup S  U(f, Q) 

 sup S  U(f, Q)  Q  [a, b] 

 sup S  { U(f, Q)  Q  [a, b] } 

 sup S  inf { U(f, Q)  Q  [a, b] } 

 { U(f, Q)  Q  [a, b] } = { U(f, P)  P  [a, b] } 

 sup S  inf { U(f, P)  P  [a, b] } 

 U( f ) = inf { U(f, P)  P  [a, b] }  sup S  U( f )    ... (4) 

 (3)  (4)  L( f )  U( f ) 

2.  f  [a, b] 

 L( f ) =  = U( f )                   ... (5) 

 P  [a, b] 

    L(f, P)  sup { L(f, Q)  Q  [a, b] } 

    = L( f )               (  5.1.3) 

    =                (  (5)) 

    = U( f )               (  (5)) 

    = inf { U(f, Q)  Q  [a, b] }    (  5.1.3) 

     U(f, P) 



 5  

  L(f, P)    U(f, P) 

 L(f, P)    U(f, P)  P  [a, b]            

 5.1.7 (Riemann's condition for integral) 

 f : [a, b]  R  [a, b]              ... (1) 

 f  [a, b]     0    [a, b]  

 U(f, ) - L(f, )     

 ( )  f  [a, b]               ... (2) 

 L( f ) = U( f )              (  5.1.3)   ... (3) 

   0  

   0 

 L( f ) = sup { L(f, P)  P  [a, b] }    (  5.1.3) 

 L( f ) -   { L(f, P)  P  [a, b] } 

   [a, b]  L( f ) -   L(f, )  (  1.4.13)  

 -L(f, )   - L( f )                  ... (4) 

 U( f ) = inf { U(f, P)  P  [a, b] }    (  5.1.3) 

 U( f ) +   { U(f, P)  P  [a, b] } 

   [a, b]  U(f, )  U( f ) +   (  1.4.13)  ... (5) 

  =     

   [a, b],        

 L(f, )  U(f, )  U(f, )  U(f, )     (  5.1.4)   ... (6) 

 L(f, )  U(f, )  L(f, )  L(f, )  U(f, )  U(f, ) 

 L(f, )  L(f, )  U(f, )  U(f, ) 

    U(f, ) - L(f, )  U(f, ) - L(f, ) 

           U( f ) +  +  - L( f )    (  (4)  (5)) 

          =  + (U( f ) - L( f )) 

          =  + 0        (  (3)) 

          =  

    0    [a, b]  U(f, ) - L(f, )   

( )     0    [a, b]  U(f, ) - L(f, )       ... (7) 

 f  [a, b]                   ... (8) 
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  L( f )  U( f )  L( f )  U( f ) (  5.1.6)  L( f )  U( f )  
  L( f )  U( f )  U( f ) - L( f )  0  
   = U( f ) - L( f )                     ... (9) 
  (7)    [a, b]  U(f, ) - L(f, )   
     U(f, ) - L(f, )  U( f ) - L( f )      (  (9)) 
       U(f, ) - U( f )  L(f, ) - L( f )           ... (1 ) 
  U( f ) = inf { U(f, P)  P  [a, b] }    [a, b] 
  U(f, )  U( f )  U(f, ) - U( f )           ... (11) 
  L( f ) = sup { L(f, P)  P  [a, b] }    [a, b] 
  L( f )  L(f, )  L(f, ) - L( f )              ... (12) 
  (1 ), (11)  (12)  0  0   (8)   

 f  [a, b]                    
 5.1.8  f : [a, b]  R  [a, b]         ... (1) 

 1.  f  [a, b]  L(f, P)  A  U(f, P)  P  [a, b]   = A 

  2.  f  [a, b]         [a, b]  

      f -   L(f, )  U(f, )  f +   

 1.  f  [a, b]  L(f, P)  A  U(f, P)  P  [a, b]   ... (2) 
     

 f  [a, b] 
   [a, b]  U(f, ) - L(f, )        (  5.1.7)  ... (3) 

 (2)  L(f, )  A  U(f, )                   ... (4) 

 f  [a, b]  L(f, )    U(f, ) (  5.1.6)  ... (5) 

 (4)  (5)    - A   U(f, ) - L(f, )            ... (6) 

 (3)  (6)    - A         

   - A        

  = A                (  1.2.3) 

2.  f : [a, b]  R  f  [a, b]              ... (1) 



 5  

 L( f ) = f = U( f )             (  5.1.3)   ... (2) 

   0  

   [a, b]  U(f, ) - L(f, )      (  5.1.7)   ... (3) 

 f  [a, b]  L(f, )  f  U(f, )  (  5.1.6)   ... (4) 

 (3)  U(f, )  L(f, ) +                    ... (5) 

 (4)  L(f, ) +   f +   U(f, ) +                ... (6) 

 (5)  (6)  U(f, )  f +                   ... (7) 

 (3)  U(f, ) -   L(f, )                   ... (8) 

 (4)  L(f, ) -   f -   U(f, ) -                ... (9) 

 (8)  (9)  f -   L(f, )                ... (10) 

 (4), (7)  (10)  f -   L(f, )  U(f, )  f +             

 5.1.9  f(x) = c  x  [a, b]  f = c(b - a) 

  f(x) = c  x  [a, b] 

 P = { , , , ... ,  }  [a, b] 

  = sup { f(x)  x  [ , ] }   = inf { f(x)  x  [ , ] }  i = 1, 2, ... , n 

 f(x) = c  x  [a, b]   = c   = c  i = 1, 2, ... , n 

  =  -   i = 1, 2, ... , n   = b - a 

  L(f, P) =  = c  = c  = c(b - a) 

    U(f, P) =  = c  = c  = c(b - a) 

  U( f ) = inf { U(f, P)  P  [a, b] } = inf { c(b - a) } = c(b - a) 

    L( f ) = sup { L(f, P)  P  [a, b] } = sup { c(b - a) } = c(b - a) 

 L( f ) = U( f ) = c(b - a) 

 f  [a, b]   = c(b - a)      (  5.1.7)    
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 5.1.3  f : [0, 2]  R  f(x) = 
 

 
 

 f  [0, 2] 

  P = { , , , ... ,  }  [0, 2] 

  = sup { f(x)  x  [ , ] }   = inf { f(x)  x  [ , ] }  i = 1, 2, ... , n 

 f(x) = 
 

 
  

 [ , ]   i = 1, 2, ... , n 

  = 1   = 0  i = 1, 2, ... , n 

  L(f, P) =  = (0)  = 0 

    U(f, P) =  = (1)  = (1)  = 2 

  U( f ) = inf { U(f, P)  P  [0, 2] } = inf { 2 } = 2 

    L( f ) = sup { L(f, P)  P  [0, 2] } = sup { 0 } = 0 

 L( f )  U( f )  f  [0, 2] 

 f  f         

 5.1.4  f : [1, 6]  R  f(x) =   

 f  [1, 6] 

    0 

  = min { 1,  }  0    1       

 P = {  = 1,  = 2 - ,  = 2 + ,  = 6 } 

   = sup { f(x)  x  [ , ] } = sup { f(x)  x  [1, 2 - ] } = sup { 3 } = 3 

   = inf { f(x)  x  [ , ] } = inf { f(x)  x  [1, 2 - ] } = inf { 3 } = 3 

   = sup { f(x)  x  [ , ] } = sup { f(x)  x  [2 - , 2 + ] } = sup { 3, 17, -5 } = 17 

   = inf { f(x)  x  [ , ] } = inf { f(x)  x  [2 - , 2 + ] } = inf { 3, 17, -5 } = -5 

   = sup { f(x)  x  [ , ] } = sup { f(x)  x  [2 + , 6] } = sup { -5} = -5 

   = inf { f(x)  x  [ , ] } = inf { f(x)  x  [2 + , 6] } = inf { -5 } = -5 

   =  -  = (2 - ) - 1 = 1 -  



 5  

   =  -  = (2 + ) - (2 - ) =             ... (1) 

   =  -  = 6 - (2 + ) = 4 -  

  U(f, P) =  =  +  +  = 3  + 17  + (-5)  

  L(f, P) =  =  +  +  = 3  + (-5)  + (-5)  

   U(f, P) - L(f, P) = (3  + 17  + (-5) ) - (3  + (-5)  + (-5) )  

         = 22  = 22( )         (  (1)) 

         =      

    0  P  [1, 6]  U(f, P) - L(f, P)   

 f  [1, 6]             (  5.1.7)  

  P  [1, 6]  P    P  

 P = { 1, 2 - k, 2 + k, 6 }  k   

 0  k  1  U(f, P) - L(f, P)     

   U(f, P) = ((2 - k) - 1) sup { f(x)  x  [1, 2 - k] } + ((2 + k) - (2 - k)) sup { f(x)  x  [2 - k, 2 + k] } 

     + (6 - (2 + k)) sup { f(x)  x  [2 + k, 6] } 

   = (1 - k)(3) + (2k)(17) + (4 - k)(-5) 

   = -17 + 36k 

   L(f, P) = ((2 - k) - 1) inf { f(x)  x  [1, 2 - k] } + ((2 + k) - (2 - k)) inf { f(x)  x  [2 - k, 2 + k] } 

     + (6 - (2 + k)) inf { f(x)  x  [2 + k, 6] } 

   = (1 - k)(3) + (2k)(-5) + (4 - k)(-5) 

   = -17 - 8k 

 U(f, P) - L(f, P) = (-17 + 36k) - (-17 - 8k) = 44k     k   

 k  (0, 1)  k    k =        

 5.1.5  0  w  1, n  N    w      ...      1 

 f : [w, 1]  R  f(x) =  

 f  [w, 1] 

    0 

 1   w      ...      1 
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 -w  -    -    - w  (  - )  (  - w) 

  = min { , (  - ) } 

 0    , 0    (  - )  0    (  - w)     ... (1) 

 

 

 

 

 

 

 

 

 

 

 

 5.1.5 

    =  - ,     =  +  

   =  - ,    =  +  

   : 

   =  - ,     =  +  

   =  - ,     =  +  

   = 1 - ,     = 1 

 n  { 2, 3, 4, ... } 

 0  n - 1  n + 1           -    -  

  -   ...   -   1 -  

 (  - )  ...  (  - )  (1 - ) 

   (  - )             (  (1)) 

   (  - )  ...  (  - )  (1 - ) 

 w            ...              1 

 P = { w, , , , , ... , , , , , , 1 } 

 P  [w, 1] 

  inf { f(x)  x  [w, ] } = 0,    sup { f(x)  x  [w, ] } = 0 

  inf { f(x)  x  [ , ] } = 0,    sup { f(x)  x  [ , ] } = 1 

  inf { f(x)  x  [ , ] } = 0,  sup { f(x)  x  [ , ] } = 0 

  : 



 5  

  inf { f(x)  x  [ , ] } = 0,   sup { f(x)  x  [ , ] } = 1 

  inf { f(x)  x  [ , ] } = 0,   sup { f(x)  x  [ , ] } = 0 

  inf { f(x)  x  [ , 1] } = 0,    sup { f(x)  x  [ , 1] } = 1 

L(f, P) = 0(  - w) + 0(  - ) + 0(  - ) + 0(  - ) + ... + 0(1 - ) = 0 

U(f, P) = 0(  - w) + 1(  - ) + 0(  - ) + 1(  - ) + ... + 1(1 - ) 

  = (  - ) + (  - ) + ... + (1 - ) 

  = 2( ) + 2( ) + ... + 2( ) +  

   n(2( ) 

   (2n)               (  (1)) 

    
 U(f, P) - L(f, P)   

 2  = w      ...      1 

  = min { , (  - ) } 

 0      0    (  - )          ... (2) 

 

 

 

 

 

 

 

 

 

 

 

 

 5.1.6 

    =  +  

   =  - ,     =  +  

   =  - ,    =  +  

  : 

   =  - ,     =  +  

   =  - ,     =  +  

   = 1 - ,     = 1 

 (  - )  ...  (  - )  (1 - ) 
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   (  - )             (  (2)) 

   (  - )  ...  (  - )  (1 - ) 

  

w              ...              1 

 P = { w, , , , , , ... , , , , , , 1 } 

 P  [w, 1] 

  inf { f(x)  x  [w, ] } = 0,    sup { f(x)  x  [w, ] } = 1 

  inf { f(x)  x  [ , ] } = 0,   sup { f(x)  x  [ , ] } = 0 

  inf { f(x)  x  [ , ] } = 0,   sup { f(x)  x  [ , ] } = 1 

  inf { f(x)  x  [ , ] } = 0,   sup { f(x)  x  [ , ] } = 0 

  : 

  inf { f(x)  x  [ , ] } = 0,   sup { f(x)  x  [ , ] } = 1 

  inf { f(x)  x  [ , ] } = 0,   sup { f(x)  x  [ , ] } = 0 

  inf { f(x)  x  [ , 1] } = 0,    sup { f(x)  x  [ , 1] } = 1 

L(f, P) = 0(  - w) + 0(  - ) + 0(  - ) + ... + 0(  - ) + 0(1 - ) = 0 

U(f, P) = 1(  - w) + 0(  - ) + 1(  - ) + ... + 1(  - ) + 0(  - ) 

    + 0(1 - ) 

  = (  - w) + (  - ) + (  - ) + ... + (  - ) + (1 - ) 

  =  + 2( ) + 2( ) + ... + 2( ) +  

   (n + 1)(2( )) 

   2(n + 1)              (  (2)) 

    
 U(f, P) - L(f, P)   

    0  P  [w, 1]  U(f, P) - L(f, P)   

 f  [w, 1]           (  5.1.7)      

 5.1.6  f : [0, 1]  R  f(x) = 
    

  
 

 f  [0, 1] 

    0 

 w = min { 1,  }                      ... (1) 

 0  w  1  w                    ... (2) 



 5  

   0  n  N  n    n + 1          ... (3) 

   w      ...      1            ... (4) 

 f(x) = 
    

  
 

 f : [w, 1]  R  f(x) =      ... (5) 

 f  [w, 1]           (  5.1.5) 

   [w, 1]  U(f, ) - L(f, )          ... (6) 

 P = { 0 }   

 P  [0, 1] 

       L(f, P) = 0(w - 0) + L(f, ) = L(f, )         ... (7) 

         U(f, P) = 1(w - 0) + U(f, )  

         = w + U(f, )  

           + U(f, )       (  (2))       ... (8) 

   U(f, P) - L(f, P)   + U(f, ) - L(f, )     (  (7)  (8)) 

           +          (  (6)) 

         =  

    0  P  [0, 1]  U(f, P) - L(f, P)   

 f  [0, 1]           (  5.1.7)      

 5.1.7  f : [0, 1]  R  f(x) =   

         

                 

 f  [0, 1] 

    0 

   0  

 K  N  K  1 +   K  2  K                ... (1) 

  Y = {   [0, 1]  x = 0  x =   a, b  N  gcd(a, b) = 1  b  K }   ... (2) 

 Y    Y  = m                ... (3) 

 1 =   1  K  0, 1  Y 

 Y = { , , ... ,  }      ...   

  0 =    = 1 
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 Y  [0, 1]  0 =     ...   = 1        ... (4) 

 n   n  max { K,  }  n  K  n       ... (5) 

 P = { , , , ... ,  }   =   i = 0, 1, 2, ... , n          ... (6) 

 P  [0, 1]   =   i = 1, 2, ... , n   = 1 ... (7) 

 (4)  (6)  { 0, 1 }  P  Y                 ... (8) 

 (P  Y) - { 0, 1 }                       ... (9) 

  x  (P  Y) - { 0, 1 }                   ... (10) 

  x  P  x  Y  x  0  x  1            ... (11) 

  P = { 0, , , ... , , 1 }  x  0  x  1  

  u  { 1, 2, ... , n - 1 }  x =     (0, 1)       ... (12) 

  n   gcd(u, n) = 1           ... (13) 

  (11), (12)  (13)    Y  gcd(u, n) = 1            ... (14) 

  (2)  (14)  n  K  n  K (  (5))  

  (9)   

 (P  Y) - { 0, 1 } =  

 { 0, 1 }  P  Y (  (8))  (P  Y) - { 0, 1 } =   P  Y = { 0, 1 }  ... (15) 

 { , , ... ,  }  { , , ... ,  } =            ... (16) 

   A = { i  { 1, 2, 3, ... , n }  [ , ]  Y =  }            ... (17) 

  B = { i  { 1, 2, 3, ... , n }  [ , ]  Y   }            ... (18) 

 A  B =   A  B = { 1, 2, 3, ... , n }            ... (19) 

 P = { , , , ... ,  }  [0, 1], Y  m , 0  Y    Y 

  B   m                      ... (20) 

 i  A 

  [ , ]  [0, 1]  [ , ]  Y =             ... (21) 

  x  [ , ] 

   [ , ]  Y =   0, 1  Y  x  0  x  1     ... (22) 

   1 x   f(x) = 0  f(x)   

   2 x  

   x  0  x  1  x  

   u, v  N, u  v  gcd(u, v) = 1  x =   f(x) =   ... (23) 

   0    1  [ , ]  Y =     Y       ... (24) 



 5  

   v  K                      ... (25) 

    Y = {   [0, 1]  a, b  N  gcd(a, b) = 1  b  K } (  (2)) 

    u, v  N, u  v  gcd(u, v) = 1 (  (23))  v  K (  (25)) 

      Y  x =   x  Y 

    x  [ , ]  Y  (21)  

    (25)   

   v  K  

  v  K  0      f(x)   (  (23)  (1)) 

   f(x)    x  [ , ] 

   = sup { f(x)  x  [ , ] }   

     i  A                  ... (26) 

             (  (26)) 

         =  

           

         = (1)         (  (7)) 

                     ... (27) 

 i  B 

  x  [ , ] 

  0  f(x)  1  x  [0, 1]  [ , ]  [0, 1] 

  f(x)  1  x  [ , ]   = sup { f(x)  x  [ , ] }  1 

   1  i  B 

   (1)  

        =  

        =          (  (7)) 

        = (1) 

         (m)          (  (20)) 

 n   (  (5))            ... (28) 
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    U(f, P) =   

    =  +         (  (19)) 

      +                (  (27)  (28)) 

 U(f, P)                         ... (29) 

 i  { 1, 2, 3, ... , n } 

   = inf { f(x)  x  [ , ] } 

  f(x)  0  x  [0, 1]  f(x) = 0  x    = 0 

 L(f, P) =  = (0)  = 0            ... (30) 

 (29)  (30)  U(f, P) - L(f, P)   

    0  P  [a, b]  U(f, P) - L(f, P)   

 f  [0, 1]  

  3.2.6   

1.  c   f  c 

2.  c   f  c  f  

 f  [0, 1]  f  [0, 1]    

 5.1.10  f : [a, b]  R 

 1.  f : [a, b]  R   f  [a, b] 

 2.  f : [a, b]  R   f  [a, b] 

 3.  f : [a, b]  R   f  [a, b] 

 1.  f : [a, b]  R               ... (1) 

 f(a)  f(x)  f(b)  x  [a, b]  f  [a, b]  f(a)  f(b) 

 1 f(a) = f(b) 

  f : [a, b]  R   f(a)  f(x)  f(b)  x  [a, b] 

  f(a)  f(x)  f(b)  x  [a, b]  f(a) = f(b)  f(x) = f(a)  x  [a, b] 

  5.1.   f  [a, b]   = f(a)(b - a) 

 2 f(a)  f(b) 

  n  N  

   = { , , , ... ,  }   = a   =  +   i = 1, 2, ... , n 

    [a, b]   =   i = 1, 2, ... , n 

  i  { 1, 2, ... , n } 



 5  

   f  (  (1))  

    = inf { f(x)  x  [ , ] } = f( )  

       = sup { f(x)  x  [ , ] } = f( ) 

   = f( )   = f( )  i = 1, 2, 3, ... , n        ... (2) 

   L(f, ) =  = f( )  = f( ) 

     U(f, ) =  = f( )  = f( ) 

    U(f, ) - L(f, ) =  -   

  =  -   

  = (  - ) 

  = (f( ) - f( ))              (  (2)) 

  = (f( ) - f( ) + f( ) - f( ) + f( ) - f( ) + ... + f( ) - f( )) 

  = (f( ) - f( )) 

  = (f(b) - f(a)) 

  U(f, ) - L(f, ) =             ... (3) 

    0 

  a  b  f(b)  f(a)    0 

  The Archimedian Property of R (  1.4.6)  n  N    n 

                      ... (4) 

  P =  = { , , , ... ,  }  [a, b]         ... (5) 

   =   i = 1, 2, ... , n 

  (3), (4)  (5)  U(f, P) - L(f, P) = U(f, ) - L(f, ) =    

     0  P  [a, b]  U(f, P) - L(f, P)    

  f  [a, b]              (  5.1.7)  

2.  f : [a, b]  R                  ... (1) 

 f(a)  f(x)  f(b)  x  [a, b]  f  [a, b]  f(b)  f(a) 

 1 f(a) = f(b) 

  f : [a, b]  R   f(a)  f(x)  f(b)  x  [a, b] 
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  f(a)  f(x)  f(b)  x  [a, b]  f(a) = f(b)  f(x) = f(a)  x  [a, b] 

  5.1.   f  [a, b]   = f(a)(b - a) 

 2 f(a)  f(b) 

  n  N 

   = { , , , ... ,  }   = a   =  +   i = 1, 2, ... , n 

    [a, b]   =   i = 1, 2, ... , n 

  i  { 1, 2, ... , n } 

   f  (  (1))  

     = inf { f(x)  x  [ , ] } = f( )  

       = sup { f(x)  x  [ , ] } = f( ) 

   = f( )   = f( )  i = 1, 2, ... , n        ... (2) 

   L(f, ) =  = f( )  = f( ) 

     U(f, ) =  = f( )  = f( ) 

  U(f, ) - L(f, ) =  -   

   =  -   

   = (  - )  

   = (f( ) - f( ))              (  (2)) 

   = (f( ) - f( ) + f( ) - f( ) + f( ) - f( ) + ... + f( ) - f( )) 

   = (f( ) - f( )) 

   =  

  U(f, ) - L(f, ) =              ... (3) 

    0 

  a  b  f(a)  f(b)    0 

  The Archimedian Property of R (  1.4.6)  n  N    n 

  (f(a) - f(b))                     ... (4) 

  P =  = { , , , ... ,  }  [a, b]         ... (5) 



 5  

   =   i = 1, 2, ... , n 

  (3), (4)  (5)  U(f, P) - L(f, P) = U(f, ) - L(f, ) = (f(a) - f(b))   

     0  P  [a, b]  U(f, P) - L(f, P)   

  f  [a, b]          (  5.1.7)  

3.  1.  2.   f : [a, b]  R   f  [a, b]   

 5.1.11  f : [a, b]  R  [a, b]  f  [a, b] 

  f : [a, b]  R  [a, b]               ... (1) 

   0  

   0 

 f  [a, b]  f  [a, b] (  3.4.6) 

   0   u, v  [a, b]   u - v      f(u) - f(v)      ... (2) 

 n  N  n                    ... (3) 

  = a   =  +   i = 1, 2, 3, ... , n           ... (4) 

 P = { , , , ... ,  }  [a, b] 

  =   i = 1, 2, 3, ... , n              ... (5) 

 i  { 1, 2, ... , n } 

  f  [ , ]   = inf { f(x)  x  [ , ] } 

    [ , ]   = f( )     (  3.3.11)   ... (6) 

  f  [ , ]   = sup { f(x)  x  [ , ] } 

    [ , ]   = f( )     (  3.3.11)   ... (7) 

  ,   [ , ]  ,   [a, b]    -     -  ... (8) 

  (3)  (4)   -  =       -           ... (9) 

  (9)  (2)   f( ) - f( )                ... (10) 

  (6), (7)  (10)    -                 ... (11) 

        -   =  -  

   -                     ... (12) 

  -     i = 1, 2, 3, ... , n             ... (13) 

  U(f, P) - L(f, P) =  -  

       =  -     (  (5)) 
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       = (  - ) 

                (  (12)) 

       = ( )  

       =  

    0  P  [a, b]  U(f, ) - L(f, )   

 f  [a, b]           (  5.1.7)     

 5.1.12  f : [a, b]  R  [a, b]  f  (a, b)  

 f  [a, b] 

  f : [a, b]  R   f  (a, b)          ... (1) 

 f     0  -   f(x)    x  [a, b]    ... (2) 

   0 

   0 

 M = max { ,  }  M    0  M    0      ... (3) 

   0, 0    M  -M  f(x)  M  x  [a, b]      ... (4) 

     0    M 

     0    b - a 

     0  2( )  b - a 

     a +   b -  

     a  a +   b -   b        (  (4)   0) 

 [a + , b - ]  (a, b)                 ... (5) 

 f  (a, b)  [a + , b - ]  (a, b) 

 f  [a + , b - ]  

 f  [a + , b - ]      (  5.1. ) 

 f  [a + , b - ]    0 

   [a + , b - ]  U(f, ) - L(f, )   (  5.1.7) 

  = {  = a + , , , , ... , , ,  = b -  }  

 [a + , b - ]  U(f, ) - L(f, )         ... (6) 



 5  

 n = w + 2 

    = a   =  = a +                 ... (7) 

   = ,  = , ... ,  = ,  =  = b -    = b   ... (8) 
 

 

 

 

 

 

 

 

 

 

 5.1.7 

  1. P = { , , , , ... , , ,  }  [a , b] 

    2.  = inf { f(x)  x  [ , ] } = inf { f(x)  x  [a, a + ] } 

      = inf { f(x)  x  [ , ] } = inf { f(x)  x  [ , ] } 

      = inf { f(x)  x  [ , ] } = inf { f(x)  x  [ , ] } 

     : 

      = inf { f(x)  x  [ , ] } = inf { f(x)  x  [ , ] } 

      = inf { f(x)  x  [ , ] } = inf { f(x)  x  [b - , b] } 

    3.  = inf { f(x)  x  [ , ] }  = L(f, )      ... (9) 

    4.  = sup { f(x)  x  [ , ] } = sup { f(x)  x  [a, a + ] } 

      = sup { f(x)  x  [ , ] } = sup { f(x)  x  [ , ] } 

      = sup { f(x)  x  [ , ] } = sup { f(x)  x  [ , ] } 

     : 

      = sup { f(x)  x  [ , ] } = sup { f(x)  x  [ , ] } 

      = sup { f(x)  x  [ , ] } = sup { f(x)  x  [b - , b] } 

    5.  = sup { f(x)  x  [ , ] }  = U(f, )    ... (10) 

      L(f, P) =   

      =  +  +   

      =  + L(f, ) +      (  (9)) 

      = ( ) + L(f, ) + ( )    (  (7)  (8)) 
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           U(f, P) =   

      =  +  +  

      =  + U(f, ) +      (  (10)) 

      = ( ) + U(f, ) + ( )    (  (7)  (8)) 

 U(f, P) - L(f, P) 

      = ( ( ) + U(f, ) + ( )) - ( ( ) + L(f, ) + ( )) 

      = (U(f, ) - L(f, )) + ((  - ) + (  - )) 

        + ((  - ) + (  - ))   (  (6))     ... (11) 

 -M  f(x)  M  x  [a, a + ]        (  (4)) 

  = inf { f(x)  x  [a, a + ] }  -M   = sup { f(x)  x  [a, a + ] }  M 

 -   M    M   -   2M 

  -   2M 

 ((  - ) + (  - ))  (2M + 2M) =         ... (12) 

 (11)  (12)  U(f, P) - L(f, P)   +   U(f, P) - L(f, P)   

    0  P  [a, b]  U(f, P) - L(f, P)   

 f  [a, b]           (  5.1.7)       

 5.1.4  a, b  R  a  b  n  N 

  = a    -  =   i = 1, 2, ... , n 

 P = { , , , ... ,  }  [a, b] 

 P  n-regular partition of [a, b]  

 P  [a, b]  [a, b]  n   

[ , ], [ , ], ... , [ , ]   

  = a   =  -  =   i = 1, 2, ... , n 

    n-regular partition of [a, b] 

 5.1.13  f : [a, b]  R  [a, b]            ... (1) 

 n  N    n-regular partition of [a, b]            ... (2) 

  L(f, )  U(f, )   L(f, ) = U(f, ) 

 f  [a, b]  L(f, ) =  = U(f, ) 



 5  

  A  R  L(f, ) = A = U(f, )        ... (3) 

   0 

 U(f, ) - L(f, ) = U(f, ) - L(f, ) = A - A = 0 

 M  N   n  M   U(f, ) - L(f, )    

 U(f, )  L(f, )            (  5.1.1)  

  U(f, ) - L(f, )  = U(f, ) - L(f, ) 

 M  N   n  M  U(f, ) - L(f, )   

   [a, b]  U(f, ) - L(f, )   

 f  [a, b]  L( f ) = U( f ) =   (  5.1.7)    ... (4) 

 L(f, )  sup { L(f, P)  P  [a, b] }  

      = L( f )             (  5.1.3) 

      = U( f )             (  (4)) 

      = inf { U(f, P)  P  [a, b] }   (  5.1.3) 

       U(f, ) 

 L(f, )  L( f ) = U( f )  U(f, )  n  N         ... (5) 

 (3), (5)  2.3.5  A = L(f, ) = L( f ) = U( f ) = U(f, ) = A 

 L( f ) =  = U( f ) (  (4))  L(f, ) =  = U(f, ) 

 f  [a, b]  L(f, ) =  = U(f, )     

 5.1.8  f : [0, 1]  R  f(x) = x  f 

  f(x) = x  [0, 1]         (  3.2.1)  

 f  [0, 1]           (  5.1.11)  ... (1) 

 n  N 

  =   i = 0, 1, 2, ... , n  

  =   i = 1, 2, ... , n 

  = {  = 0,  = ,  = , ... ,  = ,  = 1 }  [0, 1] 

 i  { 1, 2, 3, ... , n } 

  f(x) = x   f( )  f(x)  f( )  x  [ , ] 

  f( )  f(x)  f( )  x  [ , ] 
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    f(x)    x  [ , ] 

   = sup { f(x)  x  [ , ] } =    = inf { f(x)  x  [ , ] } =  

  =    =   i = 1, 2, 3, ... , n 

L(f, ) =  = ( )( ) = (i - 1) = ( ) 

U(f, ) =  = ( )( ) = i = ( ) 

  L(f, ) = ( ) =   

    U(f, ) = ( ) =   

 L(f, ) =  = U(f, )            ... (2) 

 (1)  (2)  f =             (  5.1. )    

 5.1.9  f : [0, 1]  R  f(x) =   f 

  f(x) =   [0, 1]        (  3.2.1)  

 f  [0, 1]           (  5.1.11)  ... (1) 

 n  N 

  =   i = 0, 1, 2, ... , n  

  =   i = 1, 2, ... , n 

  = {  = 0,  = ,  = , ... ,  = ,  = 1 }  [0, 1] 

 i  { 1, 2, 3, ... , n } 

  f(x) =    f( )  f(x)  f( )  x  [ , ] 

  f( )  f(x)  f( )  x  [ , ] 

  ( )   f(x)  ( )   x  [ , ] 

    = sup { f(x)  x  [ , ] } = ( )  

      = inf { f(x)  x  [ , ] } = ( )  

  = ( )    = ( )   i = 1, 2, 3, ... , n 

L(f, ) =  = ( ) ( ) =  = ( ) 

U(f, ) =  = ( ) ( ) =  = ( ) 



 5  

  L(f, ) = ( ) =   

    U(f, ) = ( ) =   

 L(f, ) =  = U(f, )            ... (2) 

 (1)  (2)   =            (  5.1.13)      

 5.1.14  f : [a, b]  R  a  c  b             ... (1) 

   [a, c]    [c, b]       ... (2) 

 1.     [a, b] 

  2. U(f,   ) = U(f, ) + U(f, ) 

  3. L(f,   ) = L(f, ) + L(f, ) 

   = { a = , , , ... , ,  = c }  [a, c] 

 a =       ...     = c 

  = { c = , , , ... , ,  = b }  [c, b] 

 c =       ...     = b 

 a =       ...     = c =       ...     = b 

    = { a = , , , ..., ,  = c = , , , ..., ,  = b } 

     [a, b] 

  =    

U(f, )  

 = sup { f(u)  u  [ , ] } (  - ) + sup { f(v)  v  [ , ] } (  - ) 

 = U(f, ) + U(f, ) 

L(f, )  

 = inf { f(u)  u  [ , ] } (  - ) + inf { f(v)  v  [ , ] } (  - ) 

 = L(f, ) + L(f, )                      

 5.1.15  f : [a, b]  R   

 a  c  d  b  f  [a, b]  f  [c, d] 

  a  c  d  b  f  [a, b]            ... (1) 

   0 

 f  [a, b] 

 P  [a, b]  U(f, P) - L(f, P)             ... (2) 
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  = P  { c, d }  

   [a, b]  P         (  5.1.4)  

 P    L(f, P)  L(f, )  U(f, )  U(f, P)   (  5.1.4)  

 U(f, ) - L(f, )  U(f, P) - L(f, P)             ... (3) 

 (2)  (3)  U(f, ) - L(f, )                  ... (4) 

     = [c, d]    

   [c, d] 

    = { a = , , , ... ,  = c, , , ... ,  = d, , ... ,  = b } 

   = {  = c, , , ... ,  = d } 

  = inf { f(x)  x  [ , ] }   = sup { f(x)  x  [ , ] }  i  { 1, 2, ... , n } 

 i  { 1, 2, ... , k } 

   -   0   -   0  

  (  - )(  - )  0 

 (  - )(  - )  0              ... (5) 

 i  { k + t + 1, k + t + 2, ... , n } 

   -   0   -   0  

  (  - )(  - )  0 

 (  - )(  - )  0             ... (6) 

U(f, ) - L(f, ) = (  - )(  - ) 

  (  - )(  - ) + (  - )(  - ) + (  - )(  - ) 

                      (  (5)  (6)) 

 = (  - )(  - ) 

 = U(f, ) - L(f, )                    ... (7) 

 (4)  (7)  U(f, ) - L(f, )   

    0    [c, d]  U(f, ) - L(f, )   

 f  [c, d]             (  5.1.7)   



 5  

 5.1.16  f : [a, b]  R  a  c  b  

 1. f  [a, c]  f  [c, b]  f  [a, b] 

 2.  f  [a, b]  f = f + f 

 3.  f  [a, c]  f  [c, b]   =  +  

  f : [a, b]  R  a  c  b 

1. ( )  f  [a, c]  f  [c, b]         ... (1) 

   0 

   0 

 f  [a, c] 

   [a, c]  U(f, ) - L(f, )       ... (2) 

 f  [c, b] 

   [c, b]  U(f, ) - L(f, )       ... (3) 

  =                       ... (4) 

 (4)  5.1.14    [a, b]  

  U(f, ) - L(f, ) = (U(f, ) + U(f, )) - (L(f, ) + L(f, )) 

        = (U(f, ) - L(f, )) + (U(f, ) - L(f, )) 

          +             (  (2)  (3)) 

        =  

    0    [a, b]  U(f, ) - L(f, )   

 f  [a, b]             (  5.1.7)  

( )  f  [a, b] 

 f  [a, c] 

   0 

 f  [a, b] 

 P  [a, b]  U(f, P) - L(f, P)             ... (1) 

  = P  { c } 

   [a, b]  P   

 P    L(f, P)  L(f, )  U(f, )  U(f, P)   (  5.1.4)  

 U(f, ) - L(f, )  U(f, P) - L(f, P)             ... (2) 

 (1)  (2)  U(f, ) - L(f, )                  ... (3) 

  = { a = , , , ... ,  = b } 



  41 

 c    a  c  b  k  n - 1  c =  

  = { a = , , , ... , ,  = c, , ... ,  = b } 

 a =     , ... , ,  = c    ...   = b 

  = inf { f(x)  x  [ , ] }   = sup { f(x)  x  [ , ] }  i  { 1, 2, ... , n } 

  = [a, c]    

   [a, c]   = { a = , , , ... ,  = c } 

 i  { k + 1, k + 2, ... , n } 

   -   0   -   0  (  - )(  - )  0 

 (  - )(  - )  0              ... (4) 

  U(f, ) - L(f, ) = (  - )(  - ) 

   (  - )(  - ) + (  - )(  - )  (  (4)) 

  = (  - )(  - ) 

  = U(f, ) - L(f, ) 

                        (  (3)) 

    0    [a, c]  U(f, ) - L(f, )   

 f  [a, c]             (  5.1.7)  

 f  [c, b] 

   0 

 f  [a, b]  

 P  [a, b]  U(f, P) - L(f, P)           ... (5) 

  = P  { c } 

   [a, b]  P   

 P    L(f, P)  L(f, )  U(f, )  U(f, P)   (  5.1.4)  

 U(f, ) - L(f, )  U(f, P) - L(f, P)             ... (6) 

 (5)  (6)  U(f, ) - L(f, )                  ... (7) 

  = { a = , , , ... ,  = b } 

 c    a  c  b  k  n - 1  c =  

  = { a = , , , ... , ,  = c, , ... ,  = b } 

 a =     , ... , ,  = c    ...   = b 

  = inf { f(x)  x  [ , ] }   = sup { f(x)  x  [ , ] }  i  { 1, 2, ... , n } 



 5  

  = [c, b]    

   [c, b]   = { c = , , ... ,  = b } 

 i  { k + 1, k + 2, ... , n } 

   -   0   -   0  (  - )(  - )  0 

 (  - )(  - )  0              ... (8) 

  U(f, ) - L(f, ) =  (  - )(  - ) 

   (  - )(  - ) + (  - )(  - )  (  (8)) 

  = (  - )(  - ) 

  = U(f, ) - L(f, ) 

                        (  (7)) 

    0    [c, b]  U(f, ) - L(f, )   

 f  [c, b]             (  5.1.7)  

2.  f  [a, b] 

 f  [a, c]  f  [c, b]  f, f  f  

 f  [a, c]  

 L(f, )  f  U(f, )    [a, c] (  5.1.6) ... (1) 

 f  [c, b]  

 L(f, )  f  U(f, )    [c, b] (  5.1.6) ... (2) 

   [a, b] 

 1 c   

   = P  [a, c]   = P  [c, b] 

    [a, c]    [c, b] 

   =                     ... (3) 

   L(f, ) = L(f,   )  

     = L(f, ) + L(f, )           (  5.1.14) 

      f + f              (  (7)  (8)) 

      U(f, ) + U(f, )          (  (1)  (2)) 


