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UNBEIY 5.1.1 1 [a, b] 1IuT08IWIUNGTI P = { x, x|, X5, -, X, } 13UNT1 HAKLINT

(partition) U84 [a, b] o a= Xg <X <Xy <..<x, =b

i P uaz Q (Junautinuues [a, b] waz P < Q
LRQLIINENIN HALLINK Q aztdganiNHawUsn® P (Q is a refinement of P)

wIanaalaytadn Q aztbuanin P

FBENILTY P = {0, %, % %, 1} 1Junautisnuaad [0, 1]
= 113 1 5 3 7 3 g7
Q={0, ¢ 7.3, 3. 2, 3. £ 1) Junautsnuzas [0, 1]
T={ ﬁ li=0,1,2 ..,100} unautianuaas [0, 1]

WNTIER A Q AZLHANIN P LAz T azduanin P



2 AMAAIAAIUITE taxn 41

HAUINUW (Upper sum) HAUINA (Lower sum) LAZHAUINIAWI (Riemann sum)

1 f: [a, b] > R idunsrisuiveviaaus [a, b]

WP ={xy, %, Xy, .., x, } \lUHAULINUEA [a, b]

Wz [xg, X1 [X() Xo) ooy [X gy X, ] - OUSUG203 [a, b]

W2 f J28UaU% [a, b IWTIZasi f TUaLwaU [xi. xINAAi=1,2, .. .n

IWTzai sup {f(x) )| x € [xy, x1} 86 uaz inf{f(x) | x € [x;;, x;]} dernadri=1,2, .., n
W12 f Jau1aus [a, b Wi sup { f(x) | x € [a, b]} U6 Wae inf{f(x) | x € [a, b]} e
1% M = sup{f(x) | x € [a, b]} udz m = inf{f(x) | x € [a, b]} W32 Azt m < f(x) < M Nne x < [a, b]
unea 5.1.2 1Wf: [a, b] - R idulsrizguivouiaaum [a, b] uaz P = { xy, x;, xy, -, x, } tTu
HALLINHUB [a, bl @IV i e {1,233, ..,n}

W M, =sup{f(x) | x € [x;y, x;1} m; =inf{f(x) | x € [x,y, x;]}uae Ax; = x; - x;

n
Uf, P)= > M; Ax; 38NN HALINUWVAY f LA8UNY P (upper sum of f with respect to P)
i=1

L(f, P) Z m; Ax; 38N HAUINA19VDY f LN8UNY P (lower sum of f with respect to P)
i=1

W, elxy, x;Inneie{1,2 . ,n}usz RE P, {c;, ¢y, oy ¢y D) = > flep)ay

1

1 L% 6 [
R(f, P, {c|, cprny € D) 3UNTY WALINTAIWIDDY f LABUNY P UAZNITIRBNAA ¢1, ¢y, ey )

lunsdiindiou R(E, P) laglaiszyima C aznansfia R, P, { ¢, ¢, , ..., ¢, }) NNnIdiasnaiian

Ci S [Xi—l’ Xl]nﬂﬂl’] i e {1,2, ey n}

Waene U(f, P), L(f, P) 138n91 The upper and lower darboux sum tWeidutfiss@lwnu

Gaston Darboux (14 August 1842 - 23 February 1917) inadasnaaiznansiea

ngugdun 5.1.1 W f: [a, b] » R iulsrigudvauiwaun [a, b] (1)
WP ={xy, x{) X, e, X, } I unauLanwes [a, b] . (2)
1% M = sup {f(x) | x € [a, b]} w8z m = inf{f(x) | x < [a, b]} .. (3)

22ld 1. mb - a) <L, P) < U@ P) < M(b - a)
2.1 ¢; e [xy, xglmndnie {1,2, .., n}ald L(F, P)<RE P, {¢|, ¢y, .o, ¢y DU P)
3. L(f, P) < R(f, P) < U(f, P)

PaNgew §wiL i e (1,2, .., n}

Woax = x - x4, M, =inf{f(x) | x € [x;_;, x;1} . (4)

. C=sup{f(x) | x € [x;;, x,]} wdz m,

1
WIEI [xy, x;]1c[a bl iWTzasibm< m, < M, <MynA1i=1,2,3,...,n ... (5)
q

@ n n
Wzasuw L, P) = > my Ax; < ) M; Ax; = U(f, P) ... (6)
i=1 i=1



T Ax; =(x; - xg)* (xy = x{)+ (X3 - X9)F ¥ (xy - X, )= x, - xg=b-a .. (7)
i=1
ULP) = 3 M; Ax;
i=1
< 'il M Ax; (31N (5))
=M il Ax; = M(b - a) (37N (7)) .. (8)
L(f, P) = _il m; Ax;
> il m Ax; (37N (5))
“m Y Ax; =m(b - a) (37N (7)) .. (9)

i=1
971 (6), (8) waz (9) 3ld m(b - a) < L(f, P) < U(f, P) < M(b - a)
We; elxy, x1nnfie{1,23, ..., n} . (10)

N (4) uaz (5) Az le m; <f(c;) < M,

1

"Qﬂﬂ"]i=1,2, 3,...,n

ml AX] Sf(C])Axl SMI AXI qqﬂﬂl’]lz‘l,z, 3, .., N

n

> m; Ax; <
i i=1

1 1

HIM:

—

L(f, P) <

H.M:

f(c;) Ax; < U(f, P)
i=1

WAz L(f, P) < R@ P, {¢;, ¢y ., ¢, 1) < U, P)
WWz3191n (10) Sewlwwesmsiien ¢; \lwyala 9 Alelu [x,_;, x;19neie{1,23,...,n}
IWzazti L, P) < R(F, P) < U(f, P) m|
nauun 5.1.2 1 f: [a, b] > R iudsitsudveviwaus [a, b] )
1% {a, b} \Junaurisnues [a, b] uaz {a, ¢, b} unauLsnuas [a, b] .. (2)
3216 L(f, {a, b)) < L(f, {a, ¢, b}) < U(f, {a, ¢, b}) < U(f, {a, b})
Bangon

mcﬁb“ y =f(x)

My
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Wm=inf{fix) | x € [a, b]}, m,, =inf{f(x) | x e [a, c]} w8z my, =inf{f(x)|x e [c,b]} ... (3)
WM =sup{f(x) | x € [a, b]}, M, =sup{f(x) | x € [a, c]} usz M, =sup{f(x) | x € [c, b]} ... (4)
WTEATU M < m, < M,  SMuAzm< my < M, <M .. (5)
LNTIEAN L(f, {a,b}) =m(b - a)
LR L(f, {a,c,b}) =m,(c-a)+ my(b-c)

>m(c -a)+m(b-c) (311 (5))

=m(b - a)
wazasiin L(, {a, b)) < L(F, {a, c, b)) .. (6)

Mye Meb

311 5.1.2

LNTIEAN U(f, {a, b}) =M - a)
LR U(f, {a,,c,b}) = M, (c-a)+ My (b-c)

<M(c - a) + M(b - c) (371 (5))

= M@ - a)

=U(f, {a, b})
LWS’]Z%x‘Ifu U(f, {a,c,b}) <U(f, {a, b}) .. (7)
lasnguijun 5.1.1 2zl6 L(f, {a, ¢, b}) < U(f, {a, ¢, b}) .. (8)
a1 (6), (7) waz (8) ald L(F, {a, b)) < L(f, {a, c, b}) < U(f, {a, c, b}) < U(f, {a, b}) O
ngugun 5.1.3 W f: [a, b] » R iuisrigudvauiwaun [a, b] ()
WP ={xy, x{) X, s X, } I unauLIn w03 [a, b] - (2)
W x" e[a,b]-P .. (3)
wld L, P) <L, PU{x" ) <UF PU{x"})<UF P)
vaigan I8 Ax; = x; - x;; NAAi=1,2, .., n
WTIETN @ = xp < x| <Xy << x, b UAZ X € [a, bl - { xq, X, Xg, 0, X, } . (4)
wzasiud k € {1,2,3, .., n} Al X < X< xp .. (5)

LN IZ RS [x4_1> x*] <Xy X s [x*, xplaIxes x¢ b, x - Xp_1 >0
%
e x - x >0 ... (6)

W m =inf{f(x) | x € [x,_;, x 1}



X
*n-1 X
i1 5.1.3
Wt =inf{fx) | x € [x,_, X 1} U8z t, = inf{f(x) | x e [x", x, 1} o (7)
W [xy g, X TS Ixp gy x D Wae [x, x 1S [x s % ] (3 (6))
WTIZREU my = inf{f(x) | x € [x,_;, x, 1} <inf{f(x) | x € [x,_;, x 1} = 4, . (8)
uaz my = inf{fx) | x € [x,_;, x, 1} <inf{fx) | x e [x", x, 1} = t, - (9)
WTIREWU my < 6, mp < 6, X - X,y >0 UAE x, - X >0 . (10)
. n k-1 n
i=1 i=1 i=k+l

k-1 " n
LR Lf, PU{x })= > my Ax; + t(x —xk_1)+t2(xk—x)+ > my Ax;

i=1 i=k+l

IWTIAZIU L P U {x" 1) - L P) = 1 (x" = x,q) + (% - x7) - my Ax,
>my (x" - x )+ m(xg - x)-m Ax, (310 (10))
= my (X = X)) - omye Ax
= my Axge = omy Ay
=0
Wzasiin LE P) < LE P U {x"}) . (1)

Y\
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I M =sup{f(x) | x € [x_;, x. 1}

W T, =sup{f(x) | x € [x,;, x'1}use T, =sup{f(x) | x e [x", x, I}

W [y, X T g x T Wae [x,x 1 S Ix gy xg ] (31N (6))
WTIZaE My = sup{f(x) | x € [x,_;, x 1} 2 sup{f(x) | x e [x,_;, X 1} =T, .. (12)
*
M, =sup{f(x) | x € [x,_;, x, 1} = sup{f(x) | x e [x", x, ]} = T, .. (13)
WTIRshU T, S My, T, < My, x - x, >0Udz x, - x >0 - (14)
) n k-1 n
i=1 i=1 i=k+1
x k-1 " " n
(153} U(f,PU{X })= Z M1 AXi+T1(X _Xk_1)+ Tz(xk _X)+ Z Ml Axl

i=1 i=k+1
WA U(f, P U {x }) - U, P) = Ti(x" - x; )+ To(x, - x )= M Ax,

<M (X = xp )+ M (x - x') = M Ax (31N (14))

Mk(xk - Xk—l) - Mk AXk

Mk Axk - Mk AXk

=0

Wazasin U P U { x")) < U(F, P) .. (15)
lasnguiun 5.1.1 2la L, PU{x" ) <UF PU{x"}) .. (16)
0 (1), (15) wae (16) 3ld L(F, P) <L, P U {x )< U P U {x" }) < U(f, P) O
naugun 5.1.4 W f: [a, b] » R ulsrigudvauiwaun [a, b] ()
1% P, Q 1unauLisnuas [a, b] uaz P < Q .. (2)
alél L, P) < L(F, Q) < U(f, Q) < U(f, P)
Pangon lasnguiun 5.1.1 ald L, Q) < U(f, Q) .. (3)
Tagligy demszadguasnsdiirluimmansnsundli Q - P = @
WU 1 W Q - P={uy, uy, uy, o, 0, PINTIZASIM Q=P U {uy, uy ug, o u ) (4)

L, P) <LEPU{ud) (NN 5.1.3)

<LE PU{uy PDuU{u,) (NN 5.1.3)

=L, PU{u, u}
<L, PU{vu, u, Du{ug}) (ﬂf]HﬁUﬂ 5.1.3)
=L, PU{u, uy, us})

<LEPOU{u, uy, ug, .o, u )
=L(f, Q) (@1 (4))
Wszastin L(f, P) < L(F, Q) .. (5)



U, P) >U(f P U{u ) (NN 5.1.3)
>Uf, Pu{uy ) uiu) (NN 5.1.3)
=U(f, P U{u, uy)
>U(f, PU{u, u, Dufug)) (NN 5.1.3)
=U(f, PU{u, uy, u3})
>U(f, PU{u, uy, ug, .., u, })

- Ut Q) (AN (4))
IWzazti U, Q) < U(F, P)
N (3), (5) uaz (6) 32167 L(F, P) < L(f, Q) < U(f, Q) < U(f, P)

wuufi 2 WP = { xy, x;, Xy, -, x, } {IURALLINULDI [a, b]
fWMIVie{1,2 3, ..,n}

W m, =inf{f(x) | x € [xj_, x{1} wdz M; =sup{f(x) | x € [xj_;, x;1}

W xio, xi1nQ={yie, viy> Yiti-1 Yig, )
A
I@EJ‘Y] Xi-1 = Yio < Yil <...< yi,ti—l < yi,ti = Xi
WIzARIU T (xi, x{) N Q=D Ui t; =1 N8B x| = v 0 < ¥y = X

LAz M (X, X)) N Q2D UAI t, =2

I m, . =inf{f(x) | x e [yij1 viglynndnj=1,2, . ¢t

i,j i

TRl my; = inf{f(x) | x € [y;, vy 1} 2inf{f(x) | x € [xiy, x;1} = m;

my, = inf{f(x) [ x € [yj,, yio 1} 2 inf{f(x) | x € [xiy, x;1}= m;

mi,ti Inf{f ‘X € [y1t717 ylt ]}>Inf{f |X € [Xl 1> Xi ]}_ m

Wz M;; = sup{f(x) \xe[ylo yia 1} Ssup{f(x) | x € [xi_, xi]1}= M

1

M, = sup{f(x) | x € [y;;, yi,1} < sup{f(x) [ x € [xiy, xi1}= M

M;,. = sup{f(x) )| x e [¥io1 Yig, 1} < sup{f(x) )| x e xi, xjl}=M
INTIEATI mp < myp <M S M INAN =12, 4 wAs e i=1,2, .0
WWie{1,23 ..,n}
wldl m; (x; - x) = m; (Yig, = Yio)

M (Vi = Yig-1 ¥ Vi1~ 7 Yig ¥ Yig T Yir * Yin T Yio)

. (7)
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m; ((yy ¢

°11

=m (Vi © Vi) Tt milyin - oyi) F mi(yig - i)

~ Yigm) F et (Vi v (i~ i)

Sy (Vi = Vi) T T min(yin 7oy ) mi(yig - vip) (31 (7))
WEREW m; (% - X)) S myp (Vi = Vi) * e min(yin = yin) + myy(yvig — Yip)
"qrm"] ie{1,23, ..,n}

VNSRS T

n
2 omi(x - xg) <

(mi e (Yig, = Vi) ¥ ¥ min(yin = yi) ¥ myp (vig — ip))
iz i

M=

1

L(f, P) <

NN

(my e (Vi = Vi) * oo P min(yin = yip )+ miy(yip — Yip))

i=1

n
waen Q= U {{yio, yig» > Yit;-10 Yig; )

i=1
& n
Wzasw L(f, Q) = Y (my e (Vi = Yig—) * e min(yin = yip)+ miy(yig = vip))
i=1
WWTERsB L(f, P) < L(f, Q) .. (8)

1ﬁi€{1,2,37 ---1n}
2zl M;(x; - x;4)= Mi(Yi,ti - yi,O)
= Mi(Yig = Yigr * Vi T Vi Y ¥io T Yin * Yin T Vi)

= Mi((yie, = Yig-) - F (in = yvin) * (vig = vip)

M (Vi = Yig-) ¥t Mi(yin = vig) + Mi(yiy - vip)
2 M (Vi = Vi) ¥t Mip(yin = yin) * My (yip = yip) (31 (7))
LNINERE U I\/II(X1 - Xl—l) > Ml,tl (yl,tl - y1,t1_1)+ . MI,Z(y1,2 - yl,l ) + Ml’l(yl’l - yl’O)

nnenie {1,2,3,..,n}

LNTIZR I
n n
2 Mi(xi = xig) 2 2 (M (i = Vi) * o Mip(yin = vig) * My (yig = vip))
i=1 i=1
n
U P) 2 3 (M (Yig, = Vi) * % Mip(yip = yin) + Mg (yip = Yip))
i1

n
FNEIN Q = U {{ Yi,()1 yl,l 3 ey yi,ti71! yi’ti }}
i=1

& n
Wzazwn U(f, Q) = 3 (M (vig, = Vi) * et Mip(vig = i) + Myp(vig = vio))
i=1

et UG, P) > U, Q) - (9)
1N (3), (8) uaz (9) 3=l L(f, P) < L(f, Q) < U(f, Q) < U(f, P) O



A _a a o
UNn 5 annnia

unwen 5.1.3 Wt [a, b] - R idwlsiguivouiwaun [a, b] lasnguiun 5.1.1 azlddn
(U, P)|P \unauLsnuwwes [a, b} uaz {L{, P) | P \ukautisnuwes [a, b} Wwraiveuiwa
I U(f) = inf{U(, P) | P \lunautionuues [a, b]}

U(f) 138n31 awnNnIauw (upper integral) 283 f Ut [a, b]

1% L(f) = sup{L(f, P) | P \Junautsnuwes [a, b]}
L(f) 38031 annn3aans (lower integral) V89 f U [a, b]

1 L(f) = U(f) Wa3 a7 f anntnsalaum [a, b] ( fis Riemann integrable on [a, b] )
b b

uwazBufiniaues f us [a, b] deurinn L(f) = U(f) loayanwalunudan [ £ wia | f(x)dx
a a

o b
WWIzET L(F) = [ £ = U(f)
a

L2 b a
wazrwuald [ £ =-[f uaz [ £ =0
b a a

b
[ fx)dx 13undn BunnIadNALIABY f U [a, b] (definite integral of f on [a, b])

a

f 138N AQNAWNLNTA Uaz x 138NN Aulsasnisaniinia

a 138N ANAA9 (lower limit) VaINNIBUALNTA b L138N31 ANAUK (upper limit) V8INIBUALNTA
b b b P
= | A U a 1 s ' % s a a

[ £ swnsndewide [ f(x)dx Win [ f(o)dt lauazdiainulas lidunuaindsvasnsduiinsa
a a a
L™ 1 v 4 b
f88195.1.1 Wb >0 uaz f: [0, b] - R fhwualay f(x) = x 3amd [ f

0

wwada 1Wn e Nuaz x; = % nAA1i=0,1,2 ...,n (1)

INTIZRST Ax; = 2 MAeNi=1,2, ... n -2
i P

WP, ={x)=0,x =2, x,=2 =0 "« =b}ilunausnuzes [0, b]

L(f, P,) = i inf{f(x) | x € [x;_;, x;1}Ax;

i=1

=3y f(xi_l)(%)=% S f(xi ) (f(x) = x \Dularigunu)
i=1 i=1
_b < _b < (-Db _ b2 & 4 - b2, nm-D,_ b2 .1 b2
R R e B U Ul e e A M Gl A
i=1 i=1 n- j=1 n
WZRT 0 S LE P )< 25 usz lim L(, P)= lim Yo(1- 1)y= b (3)
S 2 now " now 2 n 2

& 2 @ o o A o
VTR (L(F, P )y = (%(1 - %));’f:1 WusnauLAN LAz IvaULYa

WWzagu  lim L(f, P, ) =sup{L(f, P.)|n=1,23, .} (MOuHUN 2.4.1) . (4)

n—ow
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b2
90 (3) uaz (4) azld sup{L(f, P,) | n=1,2,3, =2 ... (5)
W {L(F, P ) [ n=1,2,3 .} c{LEP)|P Lﬂuwaumrfumaa [0, b]}

Wszasti sup { L, P)|n=1,273 ..}<sup{L(f, P)| P dunautsnuuas [0, b]} = L(f) ... (6)

21 (5) uaz (6) azler bT < L(f) . (7)

zl sup {f(x) | x € [x;_;, x]}Ax;
1=

n b b n & € A @
=y f(xi)(;)= o > f(xp) (f(x) = x 1D uWINTHINULA)
i=1 i=1
_b < _b < ib _ b2 <& . _ b2 nm+D, _ b’ 1,_ b’ _ 2
Sa X NTp X gt X is ()= )< (D=
i=1 i=1 i=1 n
Wz 0 < U(F, P )< b2 uar lim U(f, P.)= lim ﬁm + 1y= v’ (8)
L <Uf, P) < < , P,
n—o nosow 2 n 2
& 2 & o o Y =
TR (U, P )y = (%(1 + %))le WuaauaalnuazduauLe
Wzasts lim U(f, P, ) =inf{U(f, P.)|n=1,23, ..} (NABHUN 2.4.1) .. (9)
n — oo
v b2
90 (8) uaz (9) a¢ld &= =inf{U(f, P, )| n=1,23, ..} .. (10)

W {U(F, P,) | n=1,2 3, ..} c{U(f, P) | P .lunauiisnuvas [0, b]}

Wi inf{U(F, P)|n=1,23 ..}>inf{Uf, P)|P \ukautisnuwes [0, b} = U(F) ... (11)

@ b2
210 (10) uag (11) 3ld U(f) < L (12)
b2 b2

LWL 2 suf)suf) < (@0 (7) Uaz (12))

& b2
INTIER W L(F) = > = U(f)

o b b b2 D
LATIZDS b (j) f= (j) x dx = >

b
f88195.1.2 Wb >0 uaz f: [0, b] — R fwualan fix) = x> e | f

0
wwada 1Wn e Nuaz x; = % nAA1i=0,1,2 ...,n (1)
INTIZRT Ax; = 2 MAeNi=1,2, ... n . (2)
i PR
Wp, ={x)=0,x=2,x,=20 x =0« =} dunsuisnnvas 0, b]
n
L, P)= Y inf{f(x) | x € [x;;, x]}Ax;
i=1
n b b n b e} 2 2 & o A [y
= > f(x )(;): o > f(x,4) = o > X, (f(x) = x? \JuWInTINULA)
i=1 i-1 =1
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_b 5 ((=Dby>_ b _ b (=Dm@n=D b g 1yp_ Ly 3
X (5 3_§(1> b (EREE = B - b
" 3 yae 1 - o b 1ys_ 1y b
WWzagu 0 <L(f, P )< b® wuaz lim L(f, )= lim 2 (1 2 - Ly=b .. (3)
n— o nowo O n n 3
& 3
WWzagun (L, P )% =(%( - 1)(2 - %)) | ilusduiinuiuasdvauiua
Wzagu  lim L(f, P, ) =sup{L(, P.)|n=1,23, .} (MOHUN 2.4.1) . (4)
n—oo
(% b3
0 (3) uaz (4) 9ld sup{L(F, P, )| n=1,23, ..} = L .. (5)

W3 {L(F, P, ) | n=1,2 3, ..} c{L({ P) | P 1Junaudsnuwes [0, b]}

Wszasti sup {L(F, P )|n=1,23, ...}<sup{L(,P)|P \Junautanuaas [0, b]} = L(f) ... (6)

N (5) wae (6) Az b ﬁ < L(f) . (7)

21 sup {f(x) | x € [x; |, x;]}Ax;
i=

n I L QI v,
=Y f(x)2)=2 > fx)=2 3 «? f(x) = x2 1TuNIfTUANL)
i=1 o "o
_b i (&)2 _ ﬁ i 2 = b_(n(n+1)(2n+1))
Tiop n® ) n’ 6
3
= b’ 1 1
=2+ Lyas 1
3
< %(1 + 1R+ 1)= b
& 3 : N 1 1y. b’
W3Rt 0 < U(F, P )< b% uaz lim U(f, )= lim 2 (1+ 1y2+ L)= 1" .. (8)
n— oo now O n n 3
Wz (U, P )%, = (b 1+ —)(2 + %))f:1 Wusauaauriiazdvauiaa
WTzazil lim U@ P )=inf{UF, P,)|n=123, .} (MOHun 2.4.1) - (9)
n — oo
v b3 .
270 (8) Uaz (9) 3l & =inf{U(f, P,) In=1,23, .} ... (10)

WEd (U, P, ) | n=1,2 3, ..} c{U(f, P) | P .dunauiisnuvas [0, b]}

Wi inf{U(F, P )| n=1,23, ..}>inf{U(, P) | P .Junautisnuvas [0, b]} = U(f) ... (11)

1N (10) waz (1) ale U(F) < % .. (12)
3
LW RLTEN b < L(f) < U(f) < bT (@0 (7) waz (12))
= b3
Wzasul L(f) = 2 = U(f)
o b b 3
wTzasiu [ £ = [ x2 dx= & O
0 0 3
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nauun 5.1.5 W f:[a, b] > R iludsisuiveviwaun [a, b] uaz P, Q tdunausnues [a, b]

a2ld L(f, P) < U(f, Q)

dafgew  L(, P) <L(f, P U Q) (MAHHUN 514 uaz P < P U Q)

<U(f, PuU Q) (MOBHUN 5.1.1)

< U(f, Q) (MABJUN 5.1.4 uaz Q c P U Q) O
nauun 5.1.6 W f: [a, b] » R iuisrigudvauiwaun [a, b] o (1)

azld 1. L(f) < U(f)

2.t f Bufitnsaleus [a, b] Wd2 L(F, P) < [ £ < U(f, P) NAKAULING P 289 [a, b]

o —

dangond s =({L(, P) | P \ukauLsnwwas [a, b)) . (2)
WTzaziL sup S = sup {L(F, P) | P ilunautsnuzes [a, b]} = L(f) )
19 Q (unauanued [a, b]
W33 L(F, P) < U(f, Q) nﬂwal,mangu P 284 [a, b] (NOBJUN 5.1.5)
wzasin UG, Q) Wuveuiwauwaas {L({, P) | P unautsnuwwes [a, b))
memmfu U, Q) Wuraulnauwes S stwmzifu sup S < U(f, Q)
IWTzazw sup S < U(f, Q) nnwmn_iar‘igu Q 184 [a, b]
NI RLTEN sup S \uwvaulaanes {UF, Q) | Q Hunautonuaas [a, b]}
LWL sup S <inf{U(f, Q) | Q Hunautonuaag [a, b]}
TR {U(f, Q) | Q unautanuaas [a, b]} = {U(f, P) | P 1 unauLanuas [a, b]}
IWTzaziw sup S <inf{U(f, P) | P \Duwautisnuzas [a, b]}
LNTIEA1 U(F) = inf{U(f, P) \ P i unauiianuas [a, b]} Wi sup S < U(f) .. (4)
1 (3) waz (4) 3le L(f) < U(f)

2. 1% f BufinIaleu [a, b]
o b
WWzEt L() = [ £ = U(f) .. (5)
a

19 P i JumauLisnuwas [a, b]

L(f, P) <sup{L(f, Q)| Q \lunautsnuzes [a, b}

= L(f) (Unitey 5.1.3)
b

=] (37N (5))

= U(f) (a7n (5))

=inf{U(f, Q) | Q Lﬂuwam_iaffumaa [a, b]} (Uniew 5.1.3)

< U(f, P)



l:l a [
UNn 5 annnia

v b
WzashL L(F, P) < [ £ <U(®, P)

a

WTZagu L, P) < [ £ < U(f, P) NNHAWLNNY P 204 [a, b]

® —

‘Ylt]vf]‘u‘n 5.1.7 (Riemann's condition for integral)

1% f: [a, b] > R JuWsnzuizauwau [a, b]

a2lé9n £ Buinsalduu [a, b] fdedla NN € > 0 AzdNALLINY P, 284 [a, b]
AW U P) - L P,) <e

BaNgow (=) suad f dufiinialaus [a, b]

LNTIZRs B L(f) = U(f) (Unhenu 5.1.3)
We>0

LNIEDIhTE £>0

W31230 L(f) = sup {L(f, P) | P iJuwauianuwes [a, b]} (Uniena 5.1.3)
LNTIZRe T L(f) - £ Tidwvouauuaas {L{, P) | P iunautanuvad [a, b]}
WWTIZRZHUTNAULINY P, 284 [a, b] fvilet L(f) - 5 <L Py) (NN 1.4.13)
WWIzaTUW -L(f, P)) < £ -L(f)

LWTIE1 U(F) = inf{U(f, P) \ P iJunausinwwes [a, b]} (Unieu 5.1.3)

LNTIZRE b U() + % laiduvavivasnsvas {U(F, P) | P iwwantinuaad [a, b]}

WzashudnaulIng P, 189 [a, b] MW U, P,y) < U(f) + s (NABHUN 1.4.13)
We, =p uUP,

Wzaztu P, tJunaudinuved [a, b], P < P, 4az P, P,

Wszastkl L(f, P) < U(F, P,) uaz U, P,) < U(f, P,) (MO¥HUN 5.1.4)

Wz L(f, P,) < UK, P,) uaz L(f, P) < L(f, P,) usz U(f, P,) < U(f, P,)
WWzaztu L, P) < L(F P,) < U(f, P,) < U(f, P,)

wzaziu U(E, ) - L, P,) < UM Py) - L(F, P)

<U(f)+ &+ £ () (@3N (4) uaz (5))
=&+ (U(f) - L(f))
=g+0 (@0 (3))

=&
WWTIzaZIU NNAN & > 0 axlinautany P, vad [a, b] AYIA UK, P,) - L(f, P,) <e
(<) auNd N6 € > 0 azdnautany P, 289 [a, b] MW UG, P,) - L(f, P,) <&

FUNG f Bufiinsa ldldus [a, b]

. (2)
. (3)

.. (5)

13
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IWTERzN L(F) # U(F) inzdn L(F) < U(F) (asfun 5.1.6) waz L(f) = U(f)
wszasiie L(f) < U(f) wszasiin U(F) - L(f) > 0

TWe = U(F) - L(f) i zaziin e > 0 . (9)
7N (7) e lNauLIN P, 184 [a, b] vl U, P,) - L(f, P,)<e¢
Wi U(f, P,) - L(F, P,) < U(f) - L(f) (71 (9))
U(f, P,) - U(f) <L(, P,) - L(f) .. (10)
W32 U(F) = inf{U(f, P) \ P i unauL N w8 [a, b]} uaz P, \DuHausnusos [a, b]
waizazin U, P,) > U(f) inTizazion UG, P,) - U(f) > 0 (1)
W33 L(f) = sup {L(f, P) \ P i unauLsnwas [a, b]} ez P, \DuHautsn o [a, b]
WIZat L(F) > L, P_) iWTzaziu L, P,) - L(f) <0 .. (12)
9 (10), (1) waz (12) 3216 0 < 0 Faudwlulaile nnzaziuiaund (8) laiase
wszaziin f Sufitnsaldumn [a, b] O
nguun 5.1.8 W f: [a, b] » R uisrigudvauiwaun [a, b] (1)

5 b
azld 1. a1 f Buflinaaldun [a, b] uaz L(f, P) < A < U(f, P) NNWAULAINU P 283 [a, bl uda [ £ = A
a
2. 91 f BufiinIa laus [a, b] uadazlein NNAN € > 0 AzdNALLINY P, 289 [a, b]

b
j f-e<L(f, P,)<Uf P,)< [ f+e
a

a

wangen 1. I f Bufiinsalduu [a, b] waz L(f, P) < A < U(f, P) INHALLINU P 849 [a, b] ... (2)

We>0

WWIZIN f BuinIa ldU [a, b]

WWTIZATRUANALLINY P, 284 [a, b] fvinler U, P.)-L(f, P)<e  (ABJun5.17) .. (3)

10 (2) 369 L, P) <A< UG P,) . (4)
b

W13 f Bufitnsaldun a, b] twszastin LT, P)< [ £ <UE P) (nOuun5.16) .. (5
a

b
N (4) uaz (5)vzld | [ £ - A|< U P,) - LT, P,) .. (6)

a

b
N @) uaz @) wld | [ -Al<e

a

, b
WAzl | [ £ - A <enndre>0
a

. b
WzaztL [ f = A (Naun 1.2.3)
a

2. 19 f: [a, b] > R uaz f BufitnIaldus [a, b] . (1)



. b
WWzRET L(f) = [ f=U(f) (Unheny 5.1.3)
a

We>0
INTIZRSUUUNALLING P, 84 [a, b] vl U, P.)-L(f P )<e (NQBEHUN 5.1.7)

b
WIEI f BufitnTa e [a, b] LW Azt L(f, P)< [ f (NOBHUN 5.1.6)

o

90 (3) 3zl UF, P,) <L(f, P,) +¢

b
N @) wld L, P)+e< [ f+e<Uf P)+e

a

b
N (5) uaz (6) wld U, P) < [ f+e

a

90 (3) 9ld U(f, P,) - & <L(f, P,)

b
an (@) wld L(f, ) -e< [ f-e< U P,) -

a

b
N (8) uaz (9) wld | f-e<L(f, P,)

a

b b
N (@), (7) uaz (10) 9zld [ f-e<L(f, P,)<U(, P)< [ f+e

b
nauun 5.1.9 i f(x) = c nne x  [a, b] azldd [ f=c(b - a)
a

Baigaw I f(x) = ¢ NN x < [a, b]

WP = Xor Xps Xg, ooy X, b AUWRAWLNINWBA [a, b]

W M, =sup{fix) | x e [x |, x;]} uae m; = inf{f(x) | x € [x;_;, ]} NN i=1,2, ... n

W31 f(x) = ¢ e x € [a, b] TRt M; =cusz my =cNnei=1,2,..,n

1

n
W ax; = x; - xy AR i =1,2, ., n IWzazi Z Ax; =b - a

v n n n
Wzazuk L, P)= Y m Ax, = Y cAx; =c Y Ax, =c(b - a)
i=1 i=1 i=1
n n n
ey UFf,P)= > M;Ax; = 3 cAx; =c¢ ) Ax; =c(b-a)

i=1 i
LWi’lmzifu U(f) = inf{U(f, P) | P Lfluwal,l,iiaffuma\‘l [a, b]} =inf{c(b - a)}=c(b - a)
(153} L(f) = sup{L(f, P) | P Lfluwmmaﬂzmaa [a, b]} =sup{c(b -a)}=c(b - a)
Wszasiin L(f) = U(f) = c(b - a)

5 b
WNTIZaTT T BUALNTA ALY [a, b] WAz [ £ =clb-a) (NN 5.1.7)

a

15

. (2)

O
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o o . 1 Wa  x dudwanasings
@089 5.1.3 1A f: [0, 2] > R mnualay f(x) = ) o

0 e x tudrwinaasIngs
ILEAIIN f Budiinsa bailaun [0, 2]
wiwd@a WP = {x,, x|, x5, ., x, } {Hunawenuaas [0, 2]

T M, = sup{fix) ‘Xe[xll, x;1}uaz m; = inf{f(x) | x € [x;_;, x,]}Nnd1i=1,2 .., n

i
. 1 LlJE] X Lﬂ%ﬁ?u?%ﬂiiﬂﬂ:
L3121 f(x) = ) o
0 tWa x udrwinaasings
WRTUWIEN [x;_y, x;] Asdmanassnozuaziimineasines neni=1,2, .., n
WWTIZasUl M; = 1URz m; =0 i=1,2, .., n
& n n
Wazasun L, P)= Y m Ax; = > (0)Ax; =0
i=1 i=
n n
1 UR,P)= > M Ax; = Y (Ax; =(1) Y Ax; =2
i=1 i= i=1
Wzazuw  U(f) = inf{U(f, P) | P iunautsnuwes [0, 2]} = inf{2} = 2
LAz L(f) = sup{L(f, P) | P tdunautsnuvas [0, 2]} = sup{0} =0
WATIZRTT L(F) 2 U(F) iwsnzasiu f dufiinsa Ll lauw [0, 2]
wanane f Tsdudunsdidrednivesiariduiiveviaud f ufiinvalald O
3 e 1<x<2
M09 5.1.4 A f:[1,6] > RMnualas fix)= { 17 e x=2
-5 e 2<x<6

ILRAII f BUANIALAUU [1, 6]
WwRa We>0

T " = %min{1, E}LNTIALUU 0 < &" <1 LRz & <¢

* *

WP={xo=1x=2- 5 x, =2+ &, x; =6)

agld M, =sup{f(x) | x € [xy, x;1} =sup{f(x) | x e [1, 2 - L1} =sup{3}=3
m; =inf{f(x) | x € [x,, x;1} =inf{f(x) | x e [1, 2 - Z]}=inf{3}=3
M, =sup{f(x)|x e [x, x,]1} =sup{f(x) | x e [2 - & 2+ 5]} =sup{3, 17, -5} = 17
m, = inf{f(x) |xe[x1,x2]}—|nf{f(x|xe[2—:,2+Z—2]}=inf{3,17,—5}=—5
M; =sup{f(x) | x € [x,, x3]} = sup{f(x) | x e [2 + i, 6]} = sup{-5} = -5

my = inf{f(x) | x € [x,, x31} = inf{f(x) |xe[2+8— 6]} = inf{-5} = -5
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* * *

= - = € y_(2- E )= &
AXy = X, = X4 (2+45) (2 45) 43 . (1)

AX3=X3_X2=6_(2+Z_5)=4__

U(f, P) M. AXI = Ml Axl + M2 AXZ + M3 AX3 = SAXI + 17AX2 + (_S)AX3

1

1

1

1l
w ||'Mu

wae  L(f, P)= > my Ax; = m; Ax; + m, Ax, + my Axy = 3Ax; + (-5)Ax, + (-5)Ax;,
i=1
WTEazil U(f, P) - L, P) = (3Ax, + 17Ax, + (-5)Ax;) - (3Ax, + (-5)Ax, + (-5)Ax,)

*

_ )
=224x, =22(2%) (@10 (1))
3
- 44¢ *
= 5 <ege <g
WWTzazil Nndn & > 0 axlinaudanu P va4 [1, 6] vhlW U(E, P) - L(f, P) <&
WNTIZaTH f BUALNTA AU [1, 6] (NOBHUN 5.1.7)

1 aanaINITEIWIBE MILABNHALLIIN P U89 [1, 6] Uz P fiendui & aasiden P 19l mwn
sungnliininiasosamsdmontuld P = {1,2 - k, 2 + k, 6} ududon k lwmanvas ¢
Worlit 0 < k < 1 uaz U, P) - L(f, P) < ¢
U(f, P) =((2 - k) = 1)sup {f(x) ‘ xe[1,2-K}+ ((2+K)-(2-K))sup{f(x) ‘ xe[2-k 2+K]}
+(6 - (2+Kk)sup{f(x) | x € [2 + k, 6]}
(1 - k)(3) + (2k)(17) + (4 - k)(-3)
-17 + 36k
L(E, P) = ((2 - k) - 1)inf{f(x) | x € [1,2 - K]} + (2 + k) - (2 - K))Inf{f(x) | x € [2 - k, 2 + K]}

+(6 - (2 + K)inf{f(x) | x € [2 + k, 6]}
(1 - K)(3) + (2k)(-5) + (4 - k)(-5)
-17 - 8k

A (9 *
WNTIZRsW U(F, P) - L(f, P) = (-17 + 36Kk) - (-17 - 8K) = 44k < & & LNTIZRZUUAITREN I k < i

@ * *
INTIZashUEan k e (0, 1) uaz k < = lumsiwadnaduiaiien k = i3 O
o 19 .1 1 1 11
MI818 5.1.5 HO<w<1,neNLULA <w< =< <.< - < =<1

n+1 n n—1 3 2
d 11 11

1 e XG{ > o 5 _71}
We: w, 1] > R fvunalag fx) = . “;1 ‘; 31 21

0 e xe{_—=, .3 5 1}
ILRAII f BUANIA ALY [w, 1]
uwIAa e >0
nvmn1 1 <w< 1 Lo <11 oy

n+l n n-1 3 2
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& 1 1 1 1 1,1 1 1,1
LHTUU -wW < - - - < = - (= - < (= -
HATIEAEUR ~w n+1:>n n+1 n W:>4(n n+1) 4(n w)
_ 1,1 1
Wi = m'”{zoo( Rl S D
cazil __e Lol o1y e 11
LNTEREU 0 < 0 < 200(n+1)’0<6< 4(n n+1)u’a‘”0<6< 4(n w) (1)
u
un, 2 n-1, 2 113, 2 112’ 2 llL 3
Uy 31 Y
I, n-11 >0
} % 1 Ll T lL ’ T Jl T IL ¥’
o ! x 1
1 1 1 1 1 1
n+1 n n-1 3 2
519 5.1.5
[ _1 _1
1% un’z _H _6, un’l —H+6
1
Upgp S o7 "0 Uy = 7 *9
_ 1 _ 1
uzp =3 -9 uzp =3 +9
_ 1 _ 1
upp = 5 -5, upp =5 *9
u, =1-09, uq =1
Wnei23 4, ..}
1 1 1 1 1 1 1 1
O<n-1<n+1 < < - - — < - =
= n+1 n-1 = n(n+1) n(n-1) = n n+1 n-1 n
1 1 1 1 1
LWS’]ﬂwu% - —<.< - -=<1-=
n-1 n 2 3 2
<01 1 1 1,1 1 1 1
LNIIEDE U — - )<< (= -3F)<-=-(1- =
4(n—l n) 4(2 3) 4( 2)
: 1 1
s < (= -
LNTIEIN S 4(n n+1) (3 (1))
< 1,1 1 1,1 _1 1 1
LNIIERE U O < = - )<< (= -2)<=-(1- =
0 4(n—l n) 4(2 3) ( 2)
1

et 1 1 1
LAZREUW W < un,z < H < un,1 <u ) < — <..< 3 < u3, < u2,1 < E < L% < u1,2 <1

n-1, n-— 3

WP ={w, Upos Up gy Up o Upgqs ey U3, Ugp, Upg, Upy, Uy, 1}
Wi P LIukantenuues [w, 1]

uwas  inf{f(x) | x € w, u,,1}=0, sup{f(x) | x € W, u,,]}=0

Inf{f0) | x € [up s, upy 1} = sup {f(x) | x € [u,,, uy,1}=

inf { f(x) |Xe[un1,un_1,2]}=0, sup { f(x) |Xe[un1,un_1,2]}=0



If{f00) | x & [uy,, uy,13=0, sup {f(x) | x € [uy;, uy,1} =1
inf{f(q) | X & [uy5, u,13=0, sup{f(x) | x € [up,, u,1}=0
inf{f(x) | x & [u5, 11} =0, sup{f(x) | x € [u;,, 1]} =1
L(f, P) = O(up 5 = W)+ 0(uy; = uyp) + O(uy_5 = uy )+ O(uy gy = uy5) + o+ 0(1-uy5) =0

U, P) = O(un,z -w) + 1(un,1 - un,2) + 0(un—1,2 - un,l) + 1(un_1’l - un—l,z) + ... +1(1- u1,2)
= (upg = upp) F(up g —up o)+t (1)

= 2(8) + 2(8) + ... +2(8) + &

< n(2(5)
___&
<20 55587 (@0 (1))
<e
Wzaziis U, P) - L(f, P) <&
nitﬁ‘ﬁzL =w<l<L <...<l<l <1
n+1 n n—1 3 2
Y= Llming—¢e 1,1 _ _1
W' PR T Ty R Sl ),
SO € o 1,1 1
PANTIZREUY 0 < O < 300+ 1) Wz 0 <9 < 4(Il n+1) . (2)
u u u u
n+,1 n,2 n-1 2 3,2 2.2 u
u u L2
u
w n, 1 Y ‘ 3.1 ‘ 2,1
R el et
1 1 1 1 1 1
n+l n n—1 3 2
311 5.1.6
Wy 7 9
_ 1 _ 1
un,2_H_8’ un,l_H"-8
_ 1 _ 1
Upgp S o7 0% Uy = 7 *9
_ 1 _ 1
uzp =3 -8 uzp = 3 *+8
_ 1 _ 1
Uy =5 ~ 5, upp =5 *9
U12=1_8, un1=1
5 doruasla Ll _ 1 1l 1y 1,4 _1
luruaadoinuazle P T )<< g5 - < g9

19
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- 1,1 1
WIIEIN S < ~ (= - —— N (2
757 ) (31 (2))
& 1, 1 1 1,1 1 1 1

INTIZDREUY O < — - )<< (= -2)<=-(1- =

4(n—1 n) 4(2 3) ( 2)
LNIIERS T

1 1 1 1 1

w < un+1,1 < un,2 < H < un,] < un—1,2 < E <. < § < u3,2 < u2,1 < 5 < u2,2 < u1,2 <
WP ={w, Upiide Un2o Ungs Upog2s Upogs s U3, Uz, Upg, Upys Upg, 1}

Wzash P Ldunaudanuwas [w, 1]

usz  inf{f(x) | x e [w, U 13 =0, sup {f(x) | x e [w, Upapg 13 =1
inf{f(x) | x & [up,q;, uyo13=0,  sup{f(x) | x & [u,,;, u,,1}=0
inf{f(x) [ x € [up5, up 13=0,  sup{f(x) [ x € [u,,, uy 1} =1
inf{f(x) | x g upg 213 =0, sup{f(x) )| x e [upp vyl =0
inf { f(x) |xe[u22,u21]} sup { f(x) |X€[‘12,2!uz,1]}=1
inf{f0) | x € [uy, u,1}=0, sup {f(x) | x € [uy;, u,1}=0
inf{f) | x € [u,, 11} =0, sup{f(x) | x & [u;,, 11} =1
L(f, P) = O(un+1,] -w) + O(un72 - un+1,1)+ O(un’l - unjz) + .+ O(uhz - uz,l) +0(1 - ul,z) =0

U(f, P) = 1(upyp — W)+ 0(up 5 = upg )+ 1(up g —upo) + o+ 1(uy g = upn) 0wy — uyy)
+0(1 - up,)
= (upgyy W+ (upy —ugo)H(uy gy —up o)+t (uy —up,) (1 - uy,)
=3+ 2(8)+20)+..+2()+
<(n + 1)(2(5))

<2(n+1) (37N (2))

200(n+1)

<é€
WWzash U, P) - L(f, P) < ¢
WAL NNEN & > 0 azdinauenis P vad [w, 1] Al U, P) - L(F, P) < &
WNTIZRTI f BRI ALY [w, 1] (NOBJUN 5.1.7) O
o \ . . 1 Lfia i neN “ﬁlﬁ’ll‘ﬁyx:l
M88195.1.6 A f: [0, 1] > R Mnualay f(x) = B ) ) n

0 o lud neN ‘Ylﬁﬂﬁx:%

IUEAIIN f BuiinTa ldun [0, 1]
uwIAa e >0
‘Lﬁ”w=%min{1,g} (1)

LANTIZRE B 0 <w < 1 WAT w < % . (2)



unfi 5 duhinsa
LNIZIN % > 0 Wwzaziud n e N vl n < % <n+1 .. (3)
weis | 1 1 11
AU —— SWwW< — < — <. < = < = <1 .. (4)
n+l1 n n—1 3 2
‘ 1 o § neN fAmlwx=L
bWI2AN f(X) = 4 . . n
0 Ly 138 neN ﬂﬁ’llﬁx:%
o A - 1 LfiEl x € { ],l,...,l, %,1}
INTIZRE T [w, 1] > R Jgasidu f(x) = , n+ln 3 .. (5)
Y 0 Wa xe{— L L 1
n+1>n’ """ 37 2°
INTIZRs f BUALNTA LU [w, 1] (18814 5.1.5)
Iz RinauUn P* wad w, 1] AlA Ul P - LA PT) < o ... (6)
WP={0}u P
wzacn P Ldunautisnuaes [0, 1]
LNTIZRZIH L(f, P) =0(w - 0) + L(f, P ) =L(f, P") (7
Uae U, P) = 1(w - 0) + U(f, P*)
=w+ U@, P)
< Z+U(, P) (@ (2)) .. (8)
Wwzash U, P) - L(f, P) < L +u, P") - L(f, P*) (310 (7) uaz (8))
& 1
<£s+z (370 (6))
=&
WWTzazi NNAN & > 0 axdinaudany P 284 [0, 1] AvhlW U(E, P) - L(f, P) <&
WNTIZRTT f BUALNTA lEUH [0, 1] (NOBHUN 5.1.7) O
1 e x=0
M18819 5.1.7 1A 1 : [0, 1] > R Mnualas f(x) = 0 e xiduirwineasinoe
% e x =% LAz a,be N Uag ged(a,b) =1

ILFAIIN F BUANIA LAY [0, 1]

WHIAA I & > 0

LNIIERS T % >0

TWKeNuwzK>1+ 2 nTzastiuK>2uaz K> 2 uaes - < £ - (1)
€ € K 2

1o Y={% €[0,1]]|x=0w3a x = % \ia a, b e N Uaz ged(a, b) = 1 Uag b < K} . (2)

wzazin Y Wuwmasine W]y | =m - (3)

W3z 1 = % LA 1 < K LNIZa 0,1eY

WY ={y, vy, s vy JURZ ¥y < ¥yoy <o < ¥y,
Wzl 0=y, WAz y,, =1
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Wz Y LT UNaRLINUURI [0, 1Rz 0=y, < y, <..< y, =1 .. (4)

19 n idudwimaniz uae n > max{K, 2Tm }IATIZRCIY n > K Lz n > sz .. (5)
o _ A T e

WP ={xy, x;, X3, ., x, Y4B x; = Loynei=0,1,2,...,n .. (6)

wzacni P idunaustinuwes [0, 1] Wae Ax.

1

n
= % A i=1,2 ., nuaz Y Ax; =1 .. (7)
=1

1N @) wae (6) ld {0, 1} cP Y .. (8)
RUNG (PNY)-{0,1}#Q .. (9)
WxePnY)-{0 1} ... (10)
INTIZRLTH X € P UAY X € Y U8E X % 0 W8T X = 1 . (11)
W31 P = {0, % % s HT‘I 1} Az x = 0 LAz x = 1
Wszastnd u e {1,2, .., n - 1) il x = L ouaz & (0,1) .. (12)
w3123 n udwanians InTzasin ged(u, n) = 1 .. (13)
N (1), (12) uaz (13) 31d & e Y uaz ged(u, n) = 1 .. (14)
9 (2) waz (14) 9216 n < K S9audsnu n > K (30 (5))
zastuiaund (9) laase
stwmmfu PNY)-{0,1}=90
W31231 {0, 1} P A Y (30 (8)) ez (P A Y) - {0, 1} = @ wszasiu P A Y ={0, 1} ... (15)
stwmzifu {x, X0, e X 1 3Oy, Y30 s Yoy $=9 ... (16)
W A={ie{1,23 ..,n}Ix, x,1nY=0) .. (17)
B={ie{1,23 ...,n}|[x_,, 5,1 Y =D} .. (18)
mem:iqumB=®LLazAuB={1,2, 3, ...,n} .. (19)
W P = { xg, Xp) g0 s X, ) UHALLSAWDDI [0, 1], Y HaunFnm @2, 0 € Y uaz x, € Y
WTzazil | B | <m .. (20)
WieA
WAL [x . x;]1 € [0, 1WAz [x,,, ;] N Y =D . (21)
I x e [xi_1 x;]
W [x,, ;1Y =D usz0,1eY IWTZRZII X = 0 U8 X = 1 .. (22)
A3 1 x JudwIneasIng: INTIzazin f(x) = 0 LNTZazin f(x) < s
N3 2 x Wndwnasines
WAIIZIT X = 0 WAZ X = 1 U x Wudnwinasinegs
wszasiud u, v e N, u < v uae ged(u, v) = 1 vl x = u T f(x) = L@y

W 0< L <tuae[x,, x;,]NnY = mnzaziu L ¢y ... (24)
v v



l:l a [
UNn 5 annnia

RUNG v < K
INTIETN Y = {% e [0, 1] | a, b € N ez ged(a, b) = 1 ez b < K} (370 (2))
WAz u, v.e€ N, u <v ez ged(u, v) =1 (310 (23)) kaz v < K (310 (25))
WSz % e YW x = % Wz x € Y
Tzl X [x, 1, x;1 MY inadadaudany (21)
InTzastiaund (25) lase

IRt v > K

sz>o:>%si = f(x) < £ (31N (23) uaz (1))

K 2
& A o '
NNNIFBINTHAL LA f(x) < % nne x € [x;_, x]
wzasi M; = sup{f(x) | x e [x;, x1}< £
Wzl M, < % nneli e A
WNTIZREW > M; Ax; <Y %Axi (37N (26))
ieA ieA
= £ Z AXI
ieA
e n
1=
= %(1) (@71 (7))

WAk Y M, Ax; < £
. 2
ieA

WieB

lﬁxe [lel' Xl]

WW31231 0 < f(x) <1 7nei x e [0, 1] uae [x;_;, x;1< [0, 1]

IWTIZRTIW f(x) < 1 9N61 X € [x;_y, x;] TR M, = sup{f(x) | x € [x;, x;

WWTzasu M; <19nd1ie B

WAzl Y M, Ax, < Y (1)Ax;
ieB ieB

2 A

ieB

=y 1 (@ (7)

ieB

1
n ieB X
<L (m) (371 (20))

LWTIZI N > sz (37N (5)) LIWTIZRS T % < % WAz Y M, Ax; < %

ieB

23

... (25)

1}=1
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n
i=1

ieA ieB
< % + % (37N (27) WAz (28))
WNTzasi U(f, P) < ¢ ... (29)

Wie{1,23, ..,n}
W m, =inf{f(x) | x e [x,_;, x;1}
W31297 f(x) > 0 )NA1 x € [0, 1] uae f(x) = 0 o x wsmaneassngy nTzazin m; =0
AU LG P) = S m Ax, = 3 (0)Ax; =0 .. (30)
i1 i=1
31N (29) uaz (30) ald U(F, P) - L, P) < &
Wz nnal e > 0 d=lNauLaNs P 104 [a, b] Avinla Uf, P) - L(f, P) < ¢
Wi f Sufitnsalaum [0, 1]
NNEIAA 1INAIBEN 3.2.6 azlein
1. 1 ¢ WudnwIneaIIngs uaa f @imﬁadﬁqﬂ c
2. ™ ¢ L HwiwInaInge uan f"LaJ'@iaLﬁaaﬁﬁm C IWTzazT f ﬁ@@ﬁ"lﬁ@imﬁauﬂmﬁmuaﬁfu@?
Wi f ﬁaﬁwmufg@ﬁvm@imﬁaaLﬂuaﬁ’ﬁmuaﬁfuﬁuu [0, 1] uaz f BuANTa levuw [0, 1] O
nquHun 5.1.10 1% f: [a, b] - R
1.t f: [a, b] > R Duwsnzuliandr uar f Sufivnialauu [a, b]
2§ f:[a, b] » R Iwisrgulaiiuen uss f Sufitnialdum [a, b]
3. 81 f: [a, b] » R IuNIfTun 9887 waa f 8ufiinsa laus [a, b]
dangow 1. 1Wf: [a, b] > R 1dursriguliancn (1)
TRt f(a) < f(x) < f(b) nNAN x € [a, b] IWT1zasti f Seuiwaus [a, b] uas f(a) < f(b)
N3 1 f(a) = f(b)
W32 T2 [a, b] — R iuianawliand twszasin f(a) < f(x) < f(b) NNA1 x € [a, b]
WW31297 f(a) < f(x) < f(b) A1 x € [a, b] ez f(a) = f(b) WSz f(x) = f(a) YA x € [a, b]

b
laangufun 5.1.9 azled f Bufiinaalduu [a, b] uaz | £ = f@)b - a)
a

N3 2 f(a) < f(b)

WneN

¥ _ = - o - b-a o
WP ={xy, x|, Xp, 0, x, } 1087 xy =aUdE x; = x; | + —& yndi=1,2,..,n
WTzasiy P WunauLINUuUed [a, b] uaz Ax; = % nnei=1,2,..,n

Wie{1,2 ...,n}



A _a a o
UNn 5 annnia

Wi fidunsiauliansn a1n (1))

WAz my = inf{f(x) | x € [x;_;, x]}=f(x, ;)

bbRNE

WWIzasU m, =

WIzaziuu L, P, )=

LS
i=

Wnzaziu U, P,) - L(f, P

U, P,) = i M Ax; = Y f(x)2=2 =

M; = sup{f(x) | x e [xi_y, x; 13 =1(x;)

f(x_p) wae M; =f(x;)nneni=1,2,3,..,n

25

. (2)

(310 (2))

=y Mib;a_i _b;a
i=1 i=1
= b;a él (M, - m;)
=b;ai§%<ﬂa>—ﬂan>
= b;a(f(xl)—f(x0)+f(x2)—f(x1)+f(x3)—f(x2)+...+f(xn)—f(xn71))
_b-a

(f(x,) - f(xg))

b= (f(b) - f(a))

n

wszasiin UG, P)- L P )= (b—a)(f(b) - f(a))

Wes>o0

n

W31 a < b uae f(b) > f(a) INTIZasY (b_a)(f(gb)_f(a)) >0

1a8 The Archimedian Property of R (MABHUN 1.4.6) 3zl n e N vl (b_a)(f(gb)_f(a)) <n

wWzaziin 0o a)(fib) —f@)

SLﬁ/P: PIl ={X0, Xl’ Xz,...

b-a
n

LR AXI =

, x, ) tunauUINUDes [a, b]

“Qﬂﬂ"]i=1,2, ., n

. (4)
.. (5)

90 (3), (4) waz (5) agld U(E, P) - L(, P) = U(f, P,) - L(F, P, ) = (b‘a)(fib)‘f(a)) <

IWTIZRZI AT € > 0 Axdnautany P 284 [a, b] AvhlW U(F, P) - L(f, P) <&

NIz T f BuAnTa laus [a, b]

2. 1% f: [a, b] —» R Wudsrizuldiinen

(NOBHUN 5.1.7)

. (1)

WWTZAUY f(a) > f(x) > f(b) NNEN x € [a, b] INTzaLwY f Tuauiwaun [a, b] Uz f(b) < f(a)

N8 1 f(a) = f(b)

Wz 1 [a, b] — R Dwierigwldifindn inszaztiu fa) > f(x) > f(b) nNA1 x € [a, b]
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WW31297 f(a) > f(x) > f(b) A1 x € [a, b] uae f(a) = f(b) IWTE AT f(x) = f(a) YNA1 x € [a, b]

b
laangufun 5.1.9 2zled f Aufiinaalduu [a, b] uaz | £ =f@)b - a)
a

N3 2 f(a) > f(b)

¥wneN
WP, ={xo, x0 x5, s x, }1ABA xg =ause x; = x; + 222 yndni=1,2, .. ,n
WTzasiy P uunaULINUDed [a, b] WAz Ax; = b;a nnei=1,2, ..,
Wie{1,2 ...,n}
e fiunsisw i (an (1)
IATIZREUY  m, = inf{f(x) | x e [x, |, x;]} =f(x;)
wae M, =sup{f(x) | x € [x;;, x1}=f(x; )
WWTIZREHY m; = f(x;) WAz M; =f(x; ) Nnei=1,2, ... n . (2)
n n b n
Wzasiu L(, P Z m; Ax; = Y f(x)2=2 = 222 % f(x)
- i1 n -
- L b—a b-a <~
ey = Z M; Ax; = — === 2 f(x,)
- —1 i=
n n

Wzasiuw U(f, P ) - L(F, P)= Y M, Ax; - Y m; Ax;
i

=1 i=

=y M'b_a_i m. b—a

(f(xi_p) = f(x;) (371 (2)

= b-a (f(xg) = f(x;) +f(x;) - f(xy) + f(xy) - f(x3) + ... +f(x,;) - f(x,))

= 2=2(f(x) - f(x,))
_ (b-a)(f@-f(b)

€

Wzaztiu UG, P.) - L(F, P, ) = %:)‘f(b)) .3

We>o0

W31 a < b uae f(a) > f(b) INTIZRsIY (b_a)(f(ga)_f(b)) >0

1a8) The Archimedian Property of R (MABHUN 1.4.6) 3zl n e N Avinlat (b_a)(f(ga)_f(b)) <n
Wi bna (f(a) - f(b)) < ¢ . (4)

WP=P, ={xy, X, Xp, -, x, } {IUHAKLINUVE [a, b] .. (5)
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uae Ax; = b=a ypari=1,2, .. . n
n 9

0 (3), (4) uaz (5) 31d U(F, P) - L(F, P) = U, P,) - L(f, P.) = b;a (fla) - f(b)) < &
Wi NNA e > 0 A=A NAULINY P 109 [a, b] Pvinler U, P) - L(f, P) < ¢
IWTzastin f Buditnsalaum [a, b] (NN 5.1.7)

3. WA 1. uaz 2. 32ld31 81 £ : [a, b] > R Iulsnsumaden uaa f duiinsalovua, by O

NHYUN 5.1.11 61 f: [a, b] > R dafasun [a, b] udn f Bufitnsaleun [a, b]
Fafigowk 157 : [a, b] - R deifiasu [a, b] ()

We>o0

WANITIERE I —E— >0
b-a

W3 f aLihadun [a, b] LWTzazty f daliadalnlanaun [a, b]  (NOBHUN 3.4.6)

Wzasiugl 5 > 0 Al d1 u, v < [a, b] uas |u-v|<8us|fu)-fv)|< Tt . (2)
WneNuwszn> b—ga‘ Wi % <5 .. (3)
W xg =auas x; = x; + 222 yneni=1,2,3, .. ,n . (4)
WP={xy, x;, X9, ) X, } D unauL N w04 [a, b]

TR Ax, = b;a nme1i=1,23, ..,n .. (5)

Wie{1,2 ...,n}

W f doLioaun [x,_, x; ] u8e m; =inf{f(x) | x € [x;;, x]}

Wzt vi € lx s x;] Avinlet m, = f(v;) (MaBHun 3.3.11) ... (6)
Wz f daLiiasun [x;_y, x;] ude M; = sup{f(x) \ X € [x;_;, x;1}

Wzastul u, e [x, x] I M, = f(u;) (MaBHun 3.3.11) o (7)
W 0, v, e [xy, x ] NIz b, v, e [a, bl uaz | up - v, [ < x - xy .. (8)
9N (3) uaz (4) wld x, - x| = % <SuWTEazin | v, - v, | <8 .. (9)
90 (9) uaz (2) 2l | f(u;) - f(v,) | < - ... (10)
3N (6), (7) usz (10) azle | M; - m, | < Tt .. (11)

WTIZ3 m < M, LWTIRRETU | M, - m, | = M, - m,

v & £
WAz M; - my < .. (12)
WM M, - m < -5 nAAi=1,2,3,..,n .. (13)
b—a

UFP)-L(EP) = Y M Ax; - i m. Ax.

= i M b-a _ i m, 2=2 (@11 (5))
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< b-a i € (370 (12))

WWTIZaZIU NNAN € > 0 axlinautany P 284 [a, b] Avhl# UG, P) - L Py) <e
WNTIZRLT f BUALNTA I [a, b] (NOBHUN 5.1.7) O
NOBHUN 5.1.12 1 f : [a, b] > R 1uianduiivoviuaun [a, b] uas f datiaiun (a, b)

Wa7 f BUNNIA LAY [a, b]

Hagast W 1 : [a, b] > R fwaviue uas f datitasus (a, b) (1)
W f Srauae iwnzasiud K, > 0 ilW - K, <f(x) < K, N1 x € [a, b] ()
We>0
Wi
L i
4 = > > > ot > & >
WM = max{K,, 4(b }wm aziiu M K, >0 uaz M e 0 3)
casiian & & - |
wzasin £ >0,0< 4(b_a) <M uaz -M < f(x) < M 906 x < [a, b] .. (4)
e
0< b —a) <M
8 —
0< M <b-a

O<2(&)<b—a

+ & p- &
a* oM <P sm
a<a+ —— <b- -2 <b (AN (4) <& >0)
8M M M
TRt [a + =&, b - —] < (a, b) .. (5)
=+ f dauih sfg+ £ p- £
LN f @aLladu% (a, b) was [a VR b i ]< (a, b)
~astis f eaui + £ p_ &
INTZRe WY f A0LUIUY [a M’ b M ]
» :u",’ a a % + _E_ _ & a 1
INTIzRz f AuANTa laun [a T b 8M] (NOEHUN 5.1.11)

2
& A . & * € € Ao 9 o * * € a
Ly b+ + T oot - B} s
LAINEREUBUNILLSINY P WD [a SM b M ] VW]']I% U(f, P ) L(f, P )< 3 (Vlf]‘]:l'gll'ﬂ 5.1 7)

WNT1ZTN f AwALNIaleUw [a + -5, b - S Juay £ >
B+ gne P amd 0

v *_ _ e _ e
SL'HP —{yO =a+ 8—M,Y11 Y25 Y35 s Y2 Yw-l’ Yw _b_S_M}

W wkaLLsNwUed [a + =&, b - —] vl U P*) - L, PY) < .. (6)

£
2
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Wn=w+2
1ﬁ/ XO—aLLanI—yO—a"'& (7)
Xy T Y1, X3 T Yo, e, X, Ywols Xpo1 = Yy =D - ﬁ Wae x, =b .. (8)
. s ] , ) L B
}'0 a+ M 3’1 yz y“_:_]_ yW'_ b 8‘\"1
ae s +——ab
0" 2 %3 *p-2 n-1 *n
31t 5.1.7
LW?W:%Z‘if% 1. P={x0, X5 Xo5 X3, 005 X0, X1 X }LﬂuNﬂLLﬂdﬁt’%ﬂJﬂ\‘i [a, b]
2. my =inf{f(x) | x € [x, x;1} = inf{f(x) | x € [a, a + Vel
m, =inf{f(x) | x € [x;, x,1} =inf{f(x) | x € [y, v, 1}
my = inf{f(x) | x € [x,, x31} =inf{f(x) | x € [y;, vy, 1}
m, = inf{f) | x € [x, 5, x, (1} =inf{f(x) | x e [yw_l, yo 1}
m, =inf{f(x) | x e [x, |, x,1} = inf{f(x) | x € [b - £, b]}
n—1 W *
3. m, Ax; = Y inf{f(x) | x € [y, y;1}Ay; =L(f, P*) e
i=2 i=1
4. M, =sup{f(x) | x € [xy, x,1} =sup{f(x) | x € [a, a + )
M, = sup {f(x) | X € [xq, x2]}—sup{f |x S [y0 y]]}
My = sup{f(x) | x € [x,, x3]} = sup{f(x) | x € [y;, y,1}
M, =sup{f(x) | x e [x, 5, x, 1} =sup{fx) | x € [y, i, vo 1}
M, —sup{fx)|xe[xn1,x 1} = sup {f(x) |xe[b— , b]}
l'l— w %
5. Y M Ax; = Y sup{f(x)|xely_ y;1}ay; =U(f, P) (10)
i=2 i=1
, n
Wz LR P) = Y m; Ax
i=1
n-1
=m; Ax; + ) m; Ax; + m Ax
i=2

my Ax; +L(F, PT)+ m_ Ax, (a1 (9))

ml(ﬁ) +L(f, P*) + mn(ﬁ) (370 (7) 4z (8))
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n
IR UF,P) = > M, Ax;
i=1
n—1
= Ml Axl + Z Mi Axi + Mn Axn
i=2
= M, Ax; +U(f, P7)+ M Ax, (311 (10))
%
= M (g57) * U PO)+ M (o57) (@3N (7) Uaz (8))

wTzaziL UE, P) - L(, P)
= (M) () + UG PT)+ M (g80)) = (my () + LA PT) + my (557))

= (U(f, P*) - L(f, P*)) + £ ((M; - m;)+ (M, - m))

8SM
< (M - my)+ (M, - m,) (370 (6)) (1)
W32 -M < f(x) <M NNAT x € [a, a + ﬁ] (37N (4))

et _ € . _ e
st my = inf{f(x) | x € [a, a + o1}z -Musz M, = sup{f(x) |xeclaa+ arli<M
WNTIZaUW - m; <M Uaz M; <M WTzasii M; - m; <2M

luvhmaaidoanuagld M, - m <2M

LNTIERE U ﬁ((M1 -m)+ (M, - m))< ﬁ(ZM +2M) = % . (12)
0 (1) uae (12) 3216 UG, P) - L, P) < % + % WNTzazbi U, P) - L(f, P) < €

LWTIZAZTY NEN & > 0 azilalLaNk P 284 [a, b] Al UG, P) - L(F, P) < &

INTzaz f BuANTa laus [a, b] (NOBHUN 5.1.7) O

UNBEIN51.4 la beRusza<buazneN

% - o _ b-a
Wxy =ause x =

- X nei=1,2,...,n
q

WP ={xq, x;, xp, -, x, } T unauLINUDI [a, b]

NAWLIINY P 138N31 n-regular partition of [a, b]

WIzasb P LIumanUanued [a, b] NwLd [a, b] sanidu n Fdtaslasnainunineestitay

[xg, X1 [Xps X3] ooy [Xy_y» X, ] AAMUEIVEITIWNARUAYINAY D=2
IWIzast X, =a UA Ax; = x; - X = 22 naei=1,2, .., n
n 9

JaAnNad W LA \usanwoluny n-regular partition of [a, b]
naBHun 5.1.13 1% f : [a, b] - R JvouLwaUn [a, b] ()
1% n e N uaz Pn.reg 1) n-regular partition of [a, b] .. (2)
alddn a1 lim L, Pyreg) W8T lim U(f, P ) f uaz lim L(f, P, )= lim U(f, P )

n—ow n—w n — oo n — oo

W&Q f BuNnTe laun [a, b] Wee lim L(f, Pn.reg) =
n—o n—oo

b
[ £ = lim U, P reg)

®
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Y A 3 2 . _ _ .

TaNgaw 1 A € R uaz Tim L Py ) =A = Tim UG, Py ) - (3)

We>o

T dim U(F Pyy) - LT Py ) = lim U By ) = lim LG, Py ) =A-A=0
n—oow n— oo n—»oo

wzaziull M e N vl 1 n > M uda | ud  Pareg) ~ LG g ) | <&

W3 U(f, Py peg) 2 L Py ) (NOHUN 5.1.1)

WWERE | U, Py o) - L o) | = UG Pye) = LE Py )

IRl M e N Avhld & n > M ud U, Poreg) = L Preg) <€

< a . & Ao q o
INTIZRTIMANALLINT Py, o 989 [a, b] IIH UG, Pyp, pog) = L Py pog) < €

v v b
INTIEASTY f DUALNTA AU [a, b] tWTzazu L(f) = U(f) = [ (noudun 5.1.7) .. (4)
VW32 L(F, Py reg) < sup{L(f, P) | P unautonuag [a, b]}
= L(f) (Unhen 5.1.3)
= U(f) (@7n (4))
=inf{U(f, P) | P unautanuag [a, b]} (Uniew 5.1.3)
< U\, Pn.reg )
Wi L(F, P reg) < L(F) = U(F) UG, Py op) Mnfi n e N .. (5)
9N (3), (5) waznqujun 2.3.5 9ld A= lim L, Poreg) = L(F) = U(F) = Tim U(f, P ) =A
n—»ow n—»o
. b P b
W L(f) = [ £ = U(f) @1N (4)) tWzazus  lim L(f P reg) =[f = lim UG, P reg)
a n— oo a n— oo
b
\wTzaziin f Audnseldun [a, b] kA nlgnoo L(f, Py reg) =[f= nlE)noo U, Py eg ) O
a

1
f88195.1.8 W [0, 1] > R fmualas f(x) = x 33me | f

0
WWIAA LWT123N f(x) = x datiasus [0, 1] (NABHuN 3.2.1)
IWTzaz f BudtnTa laus [0, 1] (NOHUN 5.1.11) (1)
WneN
W =1L nnd1i=0,1,2..,n

n 9
IWTIZRgUl Ax; = L nAni=1, 2,

n 9

WP ={x0 =0, % = 1, x, = % cos X = b = 1) umaudanuues [0, 1]

Wie{1,23, ..,n}
Wz f(x) = x D TuRuL Inszasiu f(x;_p) <f(x) < f(x;) M x € [x;, x{]

Wi (il < 10 < (4

ypnanx e (121, 1
n a n n
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wszastn 12 <fx) < L e x e (121, 1
n n 9 n n

i—1

IATIZREHY M, = sup{f(x) | x € [x;_, x;]} = Lougz m; =inf{f(x) ) xelxy, x1}= =l

i

WNzastl M, = - ez my = =L wnd1i=1,2,3,..,n
n n a
n n . n
_ _ - 1y_ 1 _ 1 ,n(n-1
L Phreg) = 2 mjAx; = 3 (F=))= 5 X (i-1)= 5 (=57)
i=1 i=1 n- j=1 n
n n . n
- _ ivlyo 1 - 1 nn+1
u(f, P nreg - Z Mi AXi‘Z (;)(;)'—22 I——2( 2 )
= i=1 n i=1 n
1 i L (=D 1
LNTIEDIhTE n11_1)moo L(f, Py eg) = n11_1)moo I12( 5—)= 5
s 1 nm+Dy_ 1
o U Preg )= Tim 5 (750 2
ISR lim LT, Pype) = 3 = lim U(F, Py p) - (2)
n— o n — oo
1
N (1) uaz (2) zld [ f= % (NOBHUN 5.1.13) O
0
L™ 1 v 4 1
G819 5.1.9 [0, 1] > R fmualas f(x) = x* aamd [ f
0
UWIAA LN f(x) = x> datihadus [0, 1] (NOBHUN 3.2.1)
INTzaz f AuAinTa laus [0, 1] (NOBHUN 5.1.11) . (1)
TwneN
Wx =L yneni=0,1,2,..,n
n 9
IWNZAY Ax; = L nnd1i=1, 2,
n 9
I Pireg ={% =0, = % Xy = % L Xy = ngl, x, =1} dunautanuaas [0, 1]

Wie{1,23, ..,n}
Wz fx) = 2wl muRau inzasin X)) < () <f(x;) NMNeN x € [x;_;, x]
INTIZRTT f(i;‘) <f(x) < f(ﬁ) Nne x e [%, ﬁ]

WY awuu(“l) <f(x) < (ﬁ)2 e x [i;l, %]

IWTIERZUL M, = sup{f(x) | x € [x,_;. x,]} = (i)
o = 1; 2
WAy m; =inf{feq) | x e [x;y, 1} = (1)
Wzasts M, = (4)2 war my = (A=1)2 wnd1i=1,2,3,..,n
n n 1

n
L(f, Py reg) Z m; Ax; = )

i=1 i= n-

1y2 0y L& o 1 (D@0
(520 = 5 X d-n? = (e

I = S | n(n+1)(2n+1)
1 i= )_n_3i§1 1 __3( 6 )
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WEashk  lim L, P )= lim L (@ZD0E0=D, 1
n— o T8 n— o n3 6 3
. - 0 1 ,nm+H@n+D, _ 1
G U Pareg) = T s ()7
INTIZAEUR lim L(f, Pyee) = 5 = lim UG Pyoe,) - (2)
n— o . n— o ’
1
N (1) uaz (2) 3l [ £ = % (MU 5.1.13) O
0
naufiun 5114 1% f:[a,b] > Rusza<c<b o (1)
T p \Junautinwued [a, c] uaz P (Junaudanuwas [c, b] (2
[a,c] [c,b]

wld 1. P U Py HuHaULINUYS [a, b]

2. U(f, P[a,c] o P[c,b]) = U(f, P[a,c] )+ U, P[Cab])
B.L(f, Plae) Y Prepy) = L Pragg) * L Prey))

¥ A 3 (2 | . &
dafigen I8 P, 4 ={a= 1y, u, uy, ., 0 u,, = c} iHuHauLINwUei [a, c]

m-1’ “m

LWS’]ZQ:‘II% a=u,<uy <uy <..<u, ,<uy, =¢C

W Py ={c= Vo, Vi Voo s Vops vy = b} LIMHAULALES [c, b]
WIEZREHU C= vy < v) < vy <. <V < v, =D

AEasuh a= uy <u <uy, <..<u, ; <u, =C=vy< vy <vy,<..<v ;<vy =b

LR P[a,c] U P[c,b] ={a= Ug, Uy, Up, ey U g, U = C= Vg, Vi, Vo, ey Vg, Vp = b}
IRz P, g U P HIuNBULIIUEY [a, b]
W Pl = Praey Y Py

uf, p [a,b])

§ sup{f(u) | u e [u,_;, ul} (u, - u )+ i sup{f(v) | v e [vi;, vi1} (v; = viy)
i=1 i=1

U, Py o)+ U Py
L(f, Py )

m n

> inf{fu) | u e [u,, wld(u - u )+ Y inf{fv) | velvi . viI}(vi = vi )
i=1 iz

L(f, Ppyep) + LA Prepy) O

nuHun 5.1.15 1 £ : [a, b] » R 9zle

fha<c<d<b uas f BufitnIaldus [a, b] ud? f dufitnsalauu [c, d]

BaNgaw W a < c < d <buse f Bufinialaun [a, b] (1)
We>o0

VAT f BuTNTleun [a, b]

Wz uHALL9NY P 289 [a, b] Avinlat U(f, P) - L(f, P) < ¢ )
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W P" =P U {c, d}

Wzastin PT LunauLsnnes [a, b] uaz P = P (NOBHUN 5.1.4)
W P < PY wszasiin L, P) < L(F, P*) < U, P*) < U(, P) (NOBHUN 5.1.4)
wzastin U, PY) - L, P*) < UG, P) - L(f, P) .. (3)
N (2) wae (3) ld U, P*) - L(F, P )<e¢ . (4)

W P"=[cdn P
& sk &
zazii P idunaudanwual [c, d]
v *
1% P ={a= X X1 Xy s X TGy Xy Xpgos s Xjpy =d, Xiptql s =0 Xp =b}
ek
LLae P ={Xk=C, Xk+1,xk+2,...,xk+t=d}
W m; =inf(f(x) | x € [x;_y, x;]} uaz M; =sup{f(x) | x € [x,_;, x;]} i e {1,2 ., n}
WWie{1,2 ..., k}
W32 M; - m; 20 URE x; - x;_; 20
sk
WIIEREUB Y. (M - my)(x; - x;4)20 ... (5)
i=1
IWWie{k+t+1,k+t+2 ..., n}
W M; - m; 20 UAE x; - x;_ =0

WARIEREUH (M; - m;)(x; - x;,)=0

o n
WTIRRSUWW > (M - my)(x; - x;4)=0 ... (6)
i=k+t+1
k+t
U, P7) - L PT) = X (M - my)(x; - xi)
i=k+l
k k+t n
<2 (M- my)(xg - x) 2 (M - my)(xg - xi)+ (MG - my (x5 - X))
i=1 i=k+l1 i=k+t+l1

(@0 (5) uae (6))
= 2 (My = my)(x; = xi)
i=1
U@, P*) - L(f, P) (7
N (4) uaz (7) agle U, P™) - L, P)<e

WWTzazU NNAN € > 0 axlinaudany PT w4 [o, d] A UG PT) - L, PT) <

INTIERLTY f BUALNTA AU [c, d] (maujun 5.1.7) O



A _a a o
UNn 5 annnia

Nauun 5.1.16 19 f: [a, b] > Ruaz a<c < b azle

1. f BUNNIAbFUU [a, c] wae f BUNLNTAMELU [c, b] AdaLile f BudnTaldu [a, b]

b c b
2.t fuiinsaldumu [a, bjudd [ f=[ f+ [ f
a a C

b c b
3. 1 f Builinsaledun [a, o] uaz f Bufiinsaldun [c, bl uda [ £ = [ £+ [ f
a a C

ﬁaﬁg%ﬁlﬁ’f: [a,b] > Ruaza<c<b
1. (=) auud f BufinIaldus [a, ] waz f BuAnsalauu [c, b]
We>0
WSz % >0
VAT f BUTNIA ALY [a, ]
WWITRAZUUARALLING P, 4 289 [a, c] vl U, Praset) = L Py ) < 5
WNTIZ0 f BuTNTa laun [c, b]
LNTIEREUUUNALLIN Pre.p 284 [c, b] A UG, Prepy) — L Py < %
A Pl o) = Plac) Y Pre)
9N (4) UAZNOBHUN 5.1.14 a¢la Py py (DuNALLI9UYBY [a, b] uA:
U(F, P pp) = L Pl pp) = (UG B o) + U B ) = (LE Py o) + LE P y)))
= (U(f, Py op) = L Py ) + (U, P y) = L(E P )

< +

% % (31N (2) waz (3))
=&

LWL nne e >0 axdnauLeng Pr,p) 289 [a, b] Pvinlet U(f, Prpy) - L Prypp) <€

\WTzaztin f auinseldun [a, b] (NOBHUN 5.1.7)

(<) FUNG f BuAnIa Lo [a, b]

MILEadIN f Budinsalaus [a, o

We>o0

WA f BUTNTAleUn [a, b]

Wt NALLIN® P 289 [a, b] AW UG, P) - L(F, P) < ¢

W P =P U {c)

szasin PY I uNaLL9NwYaY [a, b] uaz P P

W P e PY mwszasiin L, P) < L(F, P¥) < U P*) < U(, P) (NBJUN 5.1.4)

wzastin U, PY) - L, P*) < U, P) - L(f, P)

N (1) wae (2) ld U, P*) - L, P*)<e¢

2 *
1w p ={a= X Xps Xg 5 s X =b}

35

. (1)

. (1)

. (2)
. (3)
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'
a

1 * & =) o £
IWN31z23Nce P LAz a<c<blwizasuul k<n -1 ‘YI‘YI’]IVS C= Xy

IWNTIZRZI P ={a= X X[y Xy ey X 1y X TC, Xp g, s Xp =b}
WNIIZRST a = Xg < X < Xgyeey Xp_py X TC< Xy <. < X =b
W m; = inf{f(x) | x € [x;;, x;1} 48z M; =sup{f(x) | x € [x;_y, x;]1}Nnei € {1,2, .., n}
2 sk *
I p™ = [@a,c] P
vastim P 15 o S o p* 4= _
WATIZRE WY P LWHALLNINWYY [a, c] WA P ={a = x;, X, X5, .., X} =C}

IWWie{k+1,k+2 ..., n}

& n
TIEREUB Y (M, - my)(x; - x;_;) =0 e (4)
i=k+1
sk sk k
Uf, P ) -LE P )= > (M; - my)(x; - x;)
i=1
k n
< Z (Ml - ml )(Xl - Xl—l) + z (Ml - ml )(Xl - Xi—l) (q}’]ﬂ (4))
i=1 i=k+l1
n
= 2 (M - my)(x; - xi)
i=1
=Uf, P*) - L(f, P)
<g (a7 (3))

WAt nnen &> 0 a=duauLenn P w9 [a, o AVl UE P - L P <6

Wzastin f Bufitnselaum [a, (NOBHUN 5.1.7)
AMILEAIIN f BuAnIalauss [c, b]

We>0

WWIEIN f BuiinIa laus [a, b]

LW tuENALLINS P 84 [a, b] AW UG, P) - L(F, P) < ¢ .. (5)
W P =P U {c)

Wwzasns PO oidunautnuuas [a, bl waz P < P

WASIZINT P < POzt L(F, P) < L(f, P*) < U@, P*) < U(f, P) (MR BHUN 5.1.4)
Wwzazs U, P7) - L(F, P*) < UG, P) - L(f, P) .. (6)
N (5) wae (6) aLla UG, P*) - L(f, P )<¢ . (7)
% p* ={a= X Xps X, s X =b}
WTzdnce PT Az a<c<biwmzasiui k<n - 1 il c = x,

& *
WNIzasuh P ={a = X X1 X5 e Xp_1» Xp TC Xpygy e X = b}
WNTIZREU a = Xg < X; < Xgy ey Xp_ps Xp TC< Xy <o <Xy =b

I m; = inf{f(x) | x € [x;;, x;1} 48z M; =sup{f(x) | x € [x;_;, x;]1}Nnei € {1,2, .., n}

1
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I P™ =[c, bl N P

& Wk e . & Aok
INTIZRWW P L wHNaLUInwua9 [c,bluae P ={c= Xier Xpqpls o0 X = b}
Wie{k+1,k+2 ..., n}

¢ k
WIIEREUR Y. (M,
i=1

- m)(x; - x;_4)=0 ... (8)

n

U, P)-L(E, PT)= Y (M, - m)(x; - x; )

i=k+l1
k n
< Z (M = m)(x; = x) + Z (M; = my)(x; = xj) (3N (8))
i=1 i=k+1

2 (M - my)(x; - x)

i=1
U, P*) - L(f, P)
<e (@ (7))

WWTzazIU NNAN € > 0 axlinautany PT w4 [o, b] AW UK PT) - L, P <e

INTIERLTY f BUALNTA AU [c, b] (NOHHUN 5.1.7)

2. 1% f BufinIaleuu [a, b]

o ) b C b
WWTzazil f Bufiinialaus [a, o] uas f Sufinialaum [c, b] inTzaziu [ f, [ fuaz [ f il
a a C

WA f BUuTNIAlaUn [a, ]

WIEREIU L, Py ) S [ TS UG Py o) NMWARLIT P, ) 983 [a, ¢] (NAEHLN 5.1.6) ... (1)

.]

®» —0
—h

WNTIZN f BUANTA ALY [c, b]
b

WIEREIU LT, P ) < [ £ UG Prg ) NNHAULIAW Prg ) 983 [c, b] (NAEHLN 5.1.6) ... (2)
C
1 P, ) nnauLIAL89 [a, b]
nstii1ce Py,
I P[ac] =P [a c uaz P, e =P e, b]

Wz P o] TunauLwYa9 [a, o] uas Pleb] Tunaunwuas [c, b]

USE Pl = Prac) VY Pl - (3)
= L(f, P[a,c] ) + L(f, Ple.b]) (NOHUN 5.1.14)
c b
<[+ f (30 (7) waz (8))
a C

< U Py )+ U Pl ) (0 (1) U8z (2))



