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5.1 ‡ âπμ√ß

5.1.1  √–¬–√–À«à“ß®ÿ¥ Õß®ÿ¥

®“°√Ÿª    P P1 2  =  | x1 - x2 | = | x2 - x1 |

 ”À√—∫®ÿ¥ 2 ®ÿ¥ P1(x1, y1) ·≈– P2(x2, y2) „¥Ê ∑’Ë   P P1 2  ¢π“π°—∫·°π x À√◊Õ¢π“π°—∫
·°π y  “¡“√∂· ¥ß‰¥â«à“

1. ∂â“   P P1 2  ¢π“π°—∫·°π x ®–‰¥â  P1P2 =  | x1 - x2 |

2. ∂â“   P P1 2  ¢π“π°—∫·°π y ®–‰¥â  P1P2 =  | y1 - y2 |

„π°√≥’∑’Ë®ÿ¥ P1(x1,y1) ·≈– P2(x2, y2) Õ¬Ÿà∫π‡ âπμ√ß ÷́Ëß‰¡à¢π“π°—∫·°π x ·≈–‰¡à¢π“π°—∫
·°π y

∫∑∑’Ë

5

0 x

y

P2(x2,y2)

P(x2,y1)|x1-x2|
P1(x

1,y 1)
|y1-y2|

P1 P2

X1 X2

 1.
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®–‰¥â P1P2 =  
  

|  x  - x  |  + | y  - y  |1 2
2

1 2
2

À√◊Õ P1P2 =    (x  - x )  + (y  - y )1 2
2

1 2
2

μ—«Õ¬à“ß∑’Ë 1 ®ßÀ“√–¬–√–À«à“ß®ÿ¥μàÕ‰ªπ’È°—∫®ÿ¥ (0, 0)

1. (3, 4) 2. (-1, -3) 3. (s, t)

«‘∏’∑” Q √–¬–√–À«à“ß®ÿ¥ (x, y) °—∫®ÿ¥  (0, 0)  =    x  + y2 2

1. √–¬–√–À«à“ß®ÿ¥ (3, 4) °—∫®ÿ¥  (0, 0)  =    3 42 2 +  =   9 + 16  =   25  = 5

2. √–¬–√–À«à“ß®ÿ¥ (-1, -3) °—∫®ÿ¥  (0, 0)  =    (-1)  + (-3)2 2  =    1 + 9 =   10

3. √–¬–√–À«à“ß®ÿ¥ (s, t) °—∫®ÿ¥  (0, 0)  =    s  + t2 2

μ—«Õ¬à“ß∑’Ë 2 ®ßÀ“√–¬–√–À«à“ß®ÿ¥·μà≈–®ÿ¥μàÕ‰ªπ’È

1. (2, 5) ·≈– (9, 5) 2. (-5, 6) ·≈– (-5, -3) 3. (3, 4) ·≈– (2, 2)

4. (-1, -2) ·≈– (3, -4) 5. (2, 13) ·≈– (8, 5)

«‘∏’∑” Q √–¬–√–À«à“ß®ÿ¥ (x1, y1) ·≈– (x2, y2) §◊Õ    (x  - x )  + (y  - y )1 2
2

1 2
2

1. √–¬–√–À«à“ß®ÿ¥ (2, 5) ·≈– (9, 5)

=    (2 - 9)  + (5 - 5)2 2   =   49 + 0  =   49 = 7

2. √–¬–√–À«à“ß®ÿ¥ (-5, 6) ·≈– (-5, -3)

=    (-5 + 5)  + (6 + 3)2 2  =   0 + 81 =   81 = 9

3. √–¬–√–À«à“ß®ÿ¥ (3, 4) ·≈– (2, 2)

=    (3 - 2)  + (4 - 2)2 2  =    1 + 4  =   5

4. √–¬–√–À«à“ß®ÿ¥ (-1, -2) ·≈– (3, -4)

=    (-1 - 3)  + (-2 + 4)2 2  =   16 + 4  =   20  = 2  5

5. √–¬–√–À«à“ß®ÿ¥ (2, 13) ·≈– (8, 5)

=    (2 - 8)  + (13 - 5)2 2  =   36 + 64  =   100  = 10

μ—«Õ¬à“ß∑’Ë 3 ®ß· ¥ß«à“®ÿ¥ (1, 1), (-1, -1) ·≈– (-4, 2) ‡ªìπ®ÿ¥¬Õ¥¢Õß “¡‡À≈’Ë¬¡¡ÿ¡©“°
«‘∏’∑” „Àâ A = (1, 1), B = (-1, -1), C = (-4, 2)

� AB =   (1 + 1)  + (1 + 1)2 2  =   4 + 4  =   8

BC =   (-1 + 4)  + (-1 - 2)2 2  =   9 + 9 =   18
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CA =   (-4 - 1)  + (2 - 1)2 2  =   2  + 15  =   26

∴ AB2 + BC2  =  CA2

∴ ABC ‡ªìπ “¡‡À≈’Ë¬¡¡ÿ¡©“°

μ—«Õ¬à“ß∑’Ë 4 ®ßÀ“®ÿ¥ P ∫π·°π x ´÷ËßÕ¬ŸàÀà“ß®“°®ÿ¥ P1(1, 2) ·≈–®ÿ¥ P2(3, 5) ‡ªìπ√–¬–∑“ß‡∑à“°—π

«‘∏’∑” „Àâ P(x, 0) ‡ªìπ®ÿ¥ ÷́Ëß∑”„Àâ  PP1 = PP2

PP1 =
  (x - 1)  + (0 + 2)2 2

=   (x - 1)  + 42

PP2 =   (x - 3)  + (0 - 5)2 2

=   (x - 3)  + 252

∴    (x - 1)  + 42 =   (x - 3)  + 252

¬°°”≈—ß Õß∑—Èß Õß¢â“ß‰¥â

(x - 1)2 + 4 = (x - 3)2 + 25

(x2 - 2x + 1) + 4 = (x2 - 6x + 9) + 25

4x = 29

x =
  

29
4

¥—ßπ—Èπ ®ÿ¥ P ¡’‚§ÕÕ√å¥‘‡π∑‡ªìπ (
  

29
4  , 0)

μ—«Õ¬à“ß∑’Ë 5 ®ßÀ“®ÿ¥´÷ËßÕ¬Ÿà∫π·°π y ·≈–Õ¬ŸàÀà“ß®“°®ÿ¥ (2, 5) ·≈– (3, -7) ‡ªìπ√–¬–∑“ß‡∑à“°—π

«‘∏’∑” „Àâ P(0, y) ‡ªìπ®ÿ¥´÷ËßÕ¬ŸàÀà“ß®“° P1(2, 5) ·≈– P2(3, -7) ‡ªìπ√–¬–∑“ß‡∑à“°—π

∴    PP1 = PP2

  (0 - 2)  + (y - 5)2 2 =   (0 - 3)  + (y + 7)2 2

  4 + (y - 5)2 =   9 + (y + 7)2

¬°°”≈—ß Õß∑—Èß Õß¢â“ß‰¥â

4 + (y - 5)2 = 9 + (y + 7)2

4 + y2 - 10y + 25 = 9 + y2 + 14y + 49

-24y = 29

y = -
  

29
24

∴ ®ÿ¥∑’ËμâÕß°“√§◊Õ ®ÿ¥ (0, -
  

29
24 )
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μ—«Õ¬à“ß∑’Ë 6 ∂â“®ÿ¥ (4, y) Õ¬ŸàÀà“ß®“°®ÿ¥ (-5, 2) ·≈– (13, -6) ‡ªìπ√–¬–‡∑à“°—π·≈â« ®ßÀ“ y

«‘∏’∑” Q √–¬–®“° (4, y) °—∫ (-5, 2) = √–¬–®“° (4, y) °—∫ (13, -6)

  (4 + 5)  + (y - 2)2 2 =
  (4 -  13)  +  (y +  6)2 2

¬°°”≈—ß Õß∑—Èß 2 ¢â“ß‰¥â

(4 + 5)2 + (y - 2)2 = (4 - 13)2 + (y + 6)2

81 + (y2 - 4y + 4) = 81 + (y2 + 12y + 36)

-16y = 32

y = -2

μ—«Õ¬à“ß∑’Ë 7 ∂â“®ÿ¥ (x, y) Õ¬ŸàÀà“ß®“°®ÿ¥ P(1, 7), Q(8, 6) ·≈– R(7, -1) ‡ªìπ√–¬–‡∑à“°—π ·≈â« x + y
¡’§à“‡∑à“‰√

«‘∏’∑” Q √–¬–®“° (x, y) °—∫ (1, 7) = √–¬–®“° (x, y) °—∫ (8, 6)

  (x - 1)  + (y - 7)2 2 =   (x - 8)  + (y - 6)2 2

¬°°”≈—ß Õß∑—Èß 2 ¢â“ß‰¥â

(x - 1)2 + (y - 7)2 = (x - 8)2 + (y - 6)2

x2 - 2x + 1 + y2 - 14y + 49 = x2 - 16x + 64 + y2 - 12y + 36

14x - 2y = 50

7x - y = 25 ----- ❶

√–¬–®“° (x, y) ∂÷ß (1, 7) = √–¬–®“° (x, y) ∂÷ß (7, -1)

  (x - 1)  + (y - 7)2 2 =   (x - 7)  + (y + 1)2 2

¬°°”≈—ß Õß∑—Èß 2 ¢â“ß‰¥â

(x - 1)2 + (y - 7)2 = (x - 7)2 + (y + 1)2

x2 - 2x + 1 + y2 - 14y + 49 = x2 - 14x + 49 + y2 + 2y + 1

12x - 16y = 0

3x - 4y = 0 ----- ❷

❶ × 4 ‰¥â 28x - 4y = 100 ----- ❸

❷ - ❸ ‰¥â -25x = -100

x = 4 ·∑π„π  ❷  ‰¥â

12 - 4y = 0

4y = 12

y = 3

�  x + y = 7
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μ—«Õ¬à“ß∑’Ë 8 «ß°≈¡∑’Ë¡’®ÿ¥»Ÿπ¬å°≈“ßÕ¬Ÿà∑’Ë (0, 0) ´÷Ëß‡ âπ√Õ∫«ßμ—¥·°π x ∑“ß¥â“π∫«°Õ¬ŸàÀà“ß®“°®ÿ¥
A(1, 6) ·≈– B(-3, -2) ‡ªìπ√–¬–‡∑à“°—π ·≈â«√—»¡’«ß°≈¡π’È¬“«‡∑à“‰√

«‘∏’∑”   Q „Àâ«ß°≈¡π’Èμ—¥·°π x ∑“ß¥â“π∫«°∑’’Ë®ÿ¥ (x, 0)

∴ √–¬–®“° (x, 0) ∂÷ß (1, 6) = √–¬–®“° (x, 0) ∂÷ß (-3, -2)

  (x - 1)  + (0 - 6)2 2 =    (x + 3)  + (0 + 2)2 2

¬°°”≈—ß Õß∑—Èß 2 ¢â“ß‰¥â

(x - 1)2 + (0 - 6)2 = (x + 3)2 + (0 + 2)2

x2 - 2x + 1 + 36 = x2 + 6x + 9 + 4

-8x = -24

x = 3

∴ «ß°≈¡«ßπ’Èμ—¥·°π x ∑’Ë®ÿ¥ (3, 0)

∴ «ß°≈¡«ßπ’È¡’√—»¡’¬“« 3 Àπà«¬

μ—«Õ¬à“ß∑’Ë 9 ∂â“®ÿ¥ (x, y) ‡ªìπ®ÿ¥¬Õ¥¢Õß “¡‡À≈’Ë¬¡¥â“π‡∑à“ ÷́Ëß¡’®ÿ¥¬Õ¥¡ÿ¡Õ’° Õß¡ÿ¡Õ¬Ÿà∑’Ë (0, 0) ·≈–
(0, 4) ·≈– (x, y) Õ¬Ÿà„π§«Õ¥√—πμå∑’Ë 1 ·≈â« ®ßÀ“ (x, y)

«‘∏’∑”

  Q         AB = 4

∴   C(x, y) = C(x, 2)

  Q         CA = 4

  x  + 22 2 = 4
¬°°”≈—ß Õß∑—Èß 2 ¢â“ß‰¥â

x2 + 4 = 16

x2 = 12

x = 2  3

∴     (x, y) = (2  3, 2)  π—Ëπ§◊Õ  x > y

B

A
x

y

(0,4)

C(x,y)

(0,0)
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μ—«Õ¬à“ß∑’Ë 10 ‡ âπμ√ß AB μ—¥·°π x ·≈– y ∑“ß¥â“π∫«°‡ªìπ√–¬– 3 ·≈– 4 Àπà«¬μ“¡≈”¥—∫ ®ÿ¥μ—¥·°π
’∑—Èß Õß®–·∫àß AB ÕÕ°‡ªìπ 3  à«π‡∑à“Ê °—π ·≈â« ®ßÀ“®ÿ¥ A ·≈– B

«‘∏’∑”

Q C ‡ªìπ®ÿ¥°÷Ëß°≈“ß¢Õß A ·≈– D

0 =
  

x  + 3
2

1 � x1 = -3

4 =
  

y  + 0
2

1 � y1 = 8

� A(-3, 8)
·≈– D ‡ªìπ®ÿ¥°÷Ëß°≈“ß¢Õß BC

3 =
  

0 + 
2

2x � x2 = 6

0 =
  

4 + y
2

2 � y2 = -4

� B(6, -4)

μ—«Õ¬à“ß∑’Ë 11 ®“°√Ÿª �A(x, 4), B(-3, y), C(4, -2) ®ßÀ“æ◊Èπ∑’Ë “¡‡À≈’Ë¬¡ ABC
«‘∏’∑”

�ABC =
  

1
2  × BC ×  Ÿß

=
  

1
2   | -3 - 4 | × (6)

=
  

1
2  × 7 × 6  =  21 μ“√“ßÀπà«¬

0 x

y

B(x2,y2)

D(3,0)

C(0,4)

A(x1,y1)

0 x

y

A(x,4)

C(4,-2)B(-3,y)
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μ—«Õ¬à“ß∑’Ë 12 «ß°≈¡∑’Ëºà“π®ÿ¥ (-3, 2) ·≈– (-1, 4) ·≈–¡’®ÿ¥»Ÿπ¬å°≈“ßÕ¬Ÿà∑’Ë (a, 0) ®–¡’√—»¡’¬“«‡∑à“°—∫
‡∑à“‰√

«‘∏’∑”   Q √–¬–®“° (-3, 2) °—∫ (a, 0) = √–¬–®“° (-1, 4) °—∫ (a, 0)

  (-3 - a)  + (2 - 0)2 2 =   (-1 - a)  + (4 - 0)2 2

 ¬°°”≈—ß Õß‰¥â

(-3 - a)2 + (2 - 0)2 = (-1 - a)2 + (4 - 0)2

9 + 6a + a2 + 4 = 1 + 2a + a2 + 16

4a = 4

a = 1

∴   √—»¡’ = √–¬–®“° (-3, 2) °—∫ (1, 0)

=   (-3 - 1)  + (2 - 0)2 2

=   16 + 4

=   20

= 2  5

5.1.2  ®ÿ¥°÷Ëß°≈“ß√–À«à“ß®ÿ¥ Õß®ÿ¥

°”Àπ¥ P(  x,   y)  ‡ªìπ®ÿ¥°÷Ëß°≈“ß¢Õß à«π¢Õß‡ âπμ√ß  P1(x1, y1)  P2(x2, y2)

®–‰¥â P(  x,   y) = (
  

x  + x
2

1 2 , 
  

y  + y
2

1 2 )

μ—«Õ¬à“ß∑’Ë 13 ®ßÀ“®ÿ¥°÷Ëß°≈“ß√–À«à“ß®ÿ¥·μà≈–§ŸàμàÕ‰ªπ’È

1. (2, 3) ·≈– (4, 5) 2. (3, -
  

5
2 ) ·≈– (-3, -9)

«‘∏’∑” 1. ®ÿ¥°÷Ëß°≈“ß√–À«à“ß®ÿ¥ (2, 3) ·≈– (4, 5) §◊Õ (
  

2
2

 + 4 , 
  

3 5
2

 +  ) = (3, 4)

2. ®ÿ¥°÷Ëß°≈“ß√–À«à“ß®ÿ¥ (3, -
  

5
2 ) ·≈– (-3, -9) §◊Õ (

  

3 3
2

 - , 
  

-2 -  9

2

5

) = (0,-
  

23
4 )

0 x

y

P1(x1,y1)
P(x,y)

P2(x2,y2)
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µ—«Õ¬à“ß∑’Ë 14 ∂â“®ÿ¥°÷Ëß°≈“ß¢Õß à«π¢Õß‡ âπµ√ß‡ âπÀπ÷Ëß‡ªìπ (3, 1) ·≈–®ÿ¥ª≈“¬¢â“ßÀπ÷Ëß‡ªìπ (5, -7) ®ßÀ“
®ÿ¥ª≈“¬Õ’°¢â“ßÀπ÷Ëß

«‘∏’∑” „Àâ®ÿ¥ª≈“¬¢â“ßÀπ÷Ëß‡ªìπ (x, y)

∴ (3, 1) = (
  

5
2

 + x , 
  

-7 + y
2 )

∴
  

5
2

 + x = 3

5 + x = 6
x = 1

·≈–
  

-7 + y
2 = 1

-7 + y = 2
y = 9

∴ ®ÿ¥ª≈“¬Õ’°¢â“ßÀπ÷Ëß§◊Õ ®ÿ¥ (1, 9)

µ—«Õ¬à“ß∑’Ë 15 ‡ âπ¡—∏¬∞“π¢Õß “¡‡À≈’Ë¬¡ A(3, 6)  B(1, 2)  C(-3, 4) ∑’Ë≈“°®“°®ÿ¥ A ¡“¬—ß¥â“πµ√ß¢â“¡
¬“«‡∑à“°—∫‡∑à“‰√

«‘∏’∑”   Q „Àâ D ‡ªìπ®ÿ¥°÷Ëß°≈“ß¢Õß BC

∴ ®ÿ¥ D §◊Õ (
  

1 - 3
2  , 

  

2 4
2

 + )  =  (-1, 3)

∴ ‡ âπ¡—∏¬∞“π§◊Õ ‡ âπµ√ß∑’Ë≈“°®“°®ÿ¥¬Õ¥¡ÿ¡¢Õß ∆ ¡“·∫àß§√÷Ëß¥â“πµ√ß¢â“¡

∴ AD  =    (3 + 1)  + (6 - 3)2 2   =   16 + 9  =   25  = 5

µ—«Õ¬à“ß∑’Ë 16 ®ÿ¥°÷Ëß°≈“ß¢Õß à«π¢Õß‡ âπµ√ß∑’Ë‡™◊ËÕ¡√–À«à“ß®ÿ¥µ—¥¢Õß‰Œ‡æÕ√å‚∫≈“ xy = -6 °—∫‡ âπµ√ß
y + 2x = 4 §◊Õ®ÿ¥„¥

«‘∏’∑” À“®ÿ¥µ—¥¢Õß‰Œ‡æÕ√å‚∫≈“°—∫‡ âπµ√ß ‚¥¬°“√·°â ¡°“√¥—ßπ’È

xy = -6 ----- ❶

y + 2x = 4 ----- ❷

®“°  ❶  ‰¥â  y = -
  

6
x   ·∑π„π  ❷  ‰¥â

-
  

6
x  + 2x = 4

‡Õ“ x §Ÿ≥µ≈Õ¥‰¥â

-6 + 2x2 = 4x

2x2 - 4x - 6 = 0

x2 - 2x - 3 = 0

(x + 1)(x - 3) = 0


